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Translator’s Preface 


Constance Reid, in Chapter VII of her book Hilbert, tells the story of the 
writing of the Zahlbericht, as his report entitled Die Theorie der algebrais- 
chen Zahlkörper has always been known. At its annual meeting in 1893 
the Deutsche Mathematiker-Vereinigung (the German Mathematical Society) 
invited Hilbert and Minkowski to prepare a report on the current state of 
affairs in the theory of numbers, to be completed in two years. The two 
mathematicians agreed that Minkowski should write about rational number 
theory and Hilbert about algebraic number theory. Although Hilbert had 
almost completed his share of the report by the beginning of 1896 Minkowski 
had made much less progress and it was agreed that he should withdraw from 
his part of the project. Shortly afterwards Hilbert finished writing his report 
on algebraic number fields and the manuscript, carefully copied by his wife, 
was sent to the printers. The proofs were read by Minkowski, aided in part 
by Hurwitz, slowly and carefully, with close attention to the mathematical 
exposition as well as to the type-setting; at Minkowski’s insistence Hilbert 
included a note of thanks to his wife. 

As Constance Reid writes, “The report on algebraic number fields 
exceeded in every way the expectation of the members of the Mathemati- 
cal Society. They had asked for a summary of the current state of affairs in 
the theory. They received a masterpiece, which simply and clearly fitted all 
the difficult developments of recent times into an elegantly integrated theory. 
A contemporary reviewer found the Zahlbericht an inspired work of art; a 
later writer called it a veritable jewel of mathematical literature”. 

Nearly 70 years after the publication of the Zahlbericht we find Serge 
Lang writing that “expositions of the theory of number fields are principally 
conditioned by it and by Artin’s Algebraic numbers and algebraic functions” 
and that the plan of his own book Algebraic numbers is in a certain sense still 
more or less that used by Hilbert. “The Bericht”, he writes, “contains a large 
number of computations and examples which still make it very pleasurable 
to read.” And in his 1970 book Algebraic number theory Lang encourages his 
readers to study inter alia older books like Hilbert’s Zahlbericht, commenting 
that “It seems that over the years, everything that has been done has proved 
useful, theoretically or as examples, for the further development of the theory. 
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Old, and seemingly isolated special cases have continuously acquired renewed 
significance, often after half a century or more.” 

It is surprising that no English translation of the Zahlbericht has ever 
been published. Whether we like it or not it seems that English has become 
the almost universal language of mathematics; so it is not inappropriate to 
mark the centenary of this magisterial work by translating it into English. I 
have not tried to reproduce Hilbert’s German style in English; in particular I 
have not imitated Hilbert’s characteristic Prussian use of the singular where 
it seems more natural in English to use the plural. I have followed Hilbert 
in numbering the sections, theorems and lemmas consecutively throughout 
the whole book - if only because no one can be expected after 100 years to 
refer to Hilbert’s Theorem 90 as Theorem 15.1. My aim has been to produce 
an English version approaching the clarity I was taught to strive after at the 
feet of my master, Emil Artin, when I prepared the notes of his Algebraic 
numbers and algebraic functions (the Zahlbericht of his day) in 1950-51. It 
pleases me to think that having begun my career by writing down the New 
Testament, so to speak, I should end it by translating the Old. 

I have to thank Springer-Verlag and especially their Mathematics Editor, 
Dr Catriona Byrne, for agreeing to publish this translation of the Zahlbericht 
and for engaging Franz Lemmermeyer and Norbert Schappacher to write the 
very scholarly introduction; they also made a number of helpful comments on 
the translation and modernised Hilbert’s References. In preparing the trans- 
lation I have had help and advice from four English-speaking Germanists, 
Margaret Adamson, Alison Andrews, Katherine Baxter and Alex Robertson 
and three German native speakers, Damaris Hermey, Sven Leyffer and Chris- 
tine Zoppke Donaldson: for all their assistance I am very grateful - I need 
hardly say that any inaccuracies or infelicities in the translation are entirely 
my responsibility. My friend Murray Macbeath has very kindly read and com- 
mented helpfully on much of my translation and I want to record my thanks 
for this. Not for the first time I have to express my gratitude to Nick Dawes 
for his assistance with the intricacies of ATX. Karl-Friedrich Koch has been 
very helpful in turning the IATpX files into the finished book. 

My wife has been a constant source of encouragement while I have been 
working on this project; for her support in this, as in everything I do, I am 
deeply grateful — and at least I did not expect her to follow Frau Hilbert’s 
example and copy out the manuscript! 


Dundee, Scotland, 10 April 1997 IAIN T. ADAMSON 


Hilbert’s Preface 


Number theory is one of the oldest branches of mathematics and the human 
mind became aware very early of some quite deep properties of the natural 
numbers. Nevertheless its status as an independent and systematic science is 
entirely an achievement of modern times. 

From time immemorial number theory has been renowned for the 
simplicity of its foundations, the precision of its concepts and the clarity of 
its truths; it has enjoyed these properties from the very beginning, whereas 
other branches of mathematics had to pass through a more or less extended 
development before the desire for confidence in the ideas and rigour in the 
proofs was met completely. 

So we are not surprised by the great enthusiasm which this subject has 
inspired among its devotees of all times. “Nearly all mathematicians who 
take up their time with number theory,” says Legendre in describing Euler’s 
love for the subject, “give themselves up to it with a certain passion.” We 
remember too the reverence which our master Gauss felt for the science of 
arithmetic, as, when he first succeeded in his desire to prove an outstanding 
arithmetic result, “the fascination of this investigation so enthralled him that 
he could not escape from it,” and when he praised Fermat, Euler, Lagrange 
and Legendre as “men of incomparable glory” since they “have unlocked 
the door of the sanctuary of this divine science and have shown with what 
abounding riches it is filled.” 

A special feature of number theory is that we often encounter difficult 
proofs for simple results easily understood intuitively. “This,” says Gauss, “is 
precisely what gives the higher arithmetic its fascinating charm, what made 
it the favourite science of the early surveyors, not to speak of its inexhaustible 
store of riches, in which it so far excels all other branches of mathematics.” 

Lejeune Dirichlet’s love for arithmetic is also well-known. We know too 
how Kummer devoted his scholarly activity before all else to number theory; 
and Kronecker gave expression to the essence of his mathematical perception 
in the words “God made the natural numbers; everything else is humans’ 
work.” 

With its simple prerequisites number theory is surely the field of 
mathematical knowledge whose results are easiest to understand. But to 
grasp and master completely the concepts and methods of proof in arithmetic 
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requires a high degree of facility in abstract thinking, and this fact is 
sometimes advanced as a reproach against the subject. In my opinion, 
however, all other branches of mathematics demand at least as great capacity 
for dealing with abstraction ~ assuming, that is, that we lay the foundations 
for them with the rigour and completeness which is really necessary. 

As for the position of number theory within the whole of mathe- 
matics, Gauss, in the preface to his Disquisitiones arithmetice, still 
understands it as a theory of natural numbers, with all imaginary numbers 
strictly excluded. Accordingly he did not classify cyclotomy as number theory 
properly speaking; but he added that “its principles are derived purely 
and simply from the higher arithmetic.” Along with Gauss, both Jacobi and 
Lejeune Dirichlet repeatedly and emphatically express their surprise at the 
close connexion between number-theoretic questions and algebraic problems, 
in particular the problem of cyclotomy. The central reason for this connexion 
is nowadays completely clear. Namely, the theory of algebraic numbers and 
the Galois theory of equations both have their roots in the theory of algebraic 
fields, and the theory of number fields has come to be the most essential part 
of modern number theory. 

The credit for having sown the first seeds of the theory of number fields 
also belongs to Gauss. Gauss recognised that the real source of the laws of 
biquadratic residues lay in an “extension of the field of arithmetic” as he put 
it, namely the introduction of integral imaginary numbers of the form a + bi; 
he posed and solved the problem of carrying over to these complex integers 
all the theorems of ordinary number theory, especially properties concern- 
ing divisibility and congruence relations. By a systematic development of 
this notion in the light of new far-reaching ideas of Kummer, Dedekind and 
Kronecker later arrived at the present-day theory of algebraic number fields. 

It is not only with algebra, however, but also with function theory that 
number theory enjoys intimate reciprocal relationships. We recall the numer- 
ous remarkable analogies which subsist between certain results in the theory 
of number fields and the theory of algebraic function fields of one variable; 
we think too of the profound investigations of Riemann by which the answer 
to the question of the distribution of prime numbers is made to depend upon 
knowledge of the zeros of a certain analytic function. Again, the transcen- 
dence of the numbers e and 7 is an arithmetic property of a certain analytic 
function, namely the exponential function. Finally, the important and far- 
reaching method devised by Lejeune Dirichlet for the determination of the 
class number of a number field rests on analytic foundations. 

At the deepest level too, periodic functions and certain functions with 
linear self-transformations touch upon the very essence of number; thus the 
exponential function e?"* is to be understood as the invariant for the rational 
integers in the sense that it is the fundamental solution of the functional 
equation f(z + 1) = f(z). Furthermore Jacobi had already noticed the close 
connexion between the theory of elliptic functions and the theory of quadratic 
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irrationalities; he had even suggested that in Gauss’s work the idea mentioned 
above of introducing imaginary integers of the form a+bi does not spring from 
purely arithmetic grounds but was called for by Gauss’s contemporaneous 
study of the lemniscate functions and their complex multiplication. Elliptic 
functions for suitable values of their periods and elliptic modular functions in 
all cases are the invariants of the integers of some fixed imaginary quadratic 
number field. These functions which we have called invariants have the power 
to produce solutions to certain profound and difficult problems concerning the 
corresponding number fields; and, conversely, the theory of elliptic functions 
is indebted to these arithmetic ideas and applications for a new stimulus. 

Thus we see how far arithmetic, the Queen of mathematics, has conquered 
broad areas of algebra and function theory and has become their leader. The 
reason that this did not happen sooner and has not yet developed more 
extensively seems to me to lie in this, that number theory has only in recent 
years become known in its maturity. Even Gauss complained about the dis- 
proportionately strenuous effort it cost him to determine the sign of a square 
root in number theory: “many other things held me up for fewer days than 
this took years” and then all at once, “like a flash of lightning,” he “solved 
the mystery.” Nowadays the erratic progress characteristic of the earliest 
stages of development of a subject has been replaced by steady and contin- 
uous progress through the systematic construction of the theory of algebraic 
number fields. 

The conclusion, if I am not mistaken, is that above all the modern 
development of pure mathematics takes place under the banner of number: 
the Dedekind and Kronecker definitions of the fundamental concepts of arith- 
metic and Cantor’s general construction of the concept of number lead to an 
arithmeticization of function theory and serve to realise the principle that 
even in function theory a fact can count as proved only when in the last 
resort it is reduced to relations between rational integers. The arithmeti- 
cization of geometry is accomplished by the modern investigations in non- 
euclidean geometry in which it is a question of a strictly logical construction 
of the subject and the most direct possible and completely satisfactory intro- 
duction of number into geometry. 

The aim of the present report is to describe the results of the theory 
of algebraic number fields, with their proofs, in a logical development and 
from a unified point of view and so to contribute towards bringing nearer 
the time when the achievements of our great classical authors of number 
theory become the common property of all mathematicians. Historical argu- 
ments and even discussions about priority have been completely avoided. To 
enable me to confine the description to a relatively small space I have been 
at pains throughout to trace the most productive sources and when a choice 
presented itself I have always given preference to the sharper and more widely 
used tools. The question of deciding which of several proofs is simplest and 
most natural cannot in most cases be settled in the abstract, but only after 
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examining whether the underlying principles can be generalised and used for 
further investigation do we obtain a reliable answer. 

The first part of the report deals with the general theory of algebraic num- 
ber fields; this theory appears to us as a mighty building supported on three 
foundation pillars: the theorem on unique factorisation into prime ideals, the 
theorem on the existence of units and the transcendental expression of the 
class number. The second part contains the theory of Galois number fields 
in which also the laws of general field theory are included. The third part is 
dedicated to the classical example of quadratic fields. The fourth part deals 
with cyclotomic fields. Finally the fifth part develops the theory of those fields 
which Kummer took as a basis for his researches into higher reciprocity laws 
and which on this account I have named after him. It is clear that the theory 
of these Kummer fields represents the highest peak reached on the mountain 
of today’s knowledge of arithmetic; from it we look out on the wide panorama 
of the whole explored domain since almost all essential ideas and concepts of 
field theory, at least in a special setting, find an application in the proof of 
the higher reciprocity laws. I have tried to avoid Kummer’s elaborate com- 
putational machinery, so that here too Riemann’s principle may be realised 
and the proofs completed not by calculations but purely by ideas. 

The theories treated in the third, fourth and fifth parts are all theories of 
particular abelian or relatively abelian fields. A further example of such a the- 
ory is the complex multiplication of elliptic functions, in that we understand 
this as a theory of those number fields which are abelian extensions of a given 
imaginary quadratic field. Studies of complex multiplication must, however, 
be denied inclusion in the present report since the results of this theory have 
not yet been worked out to such a level of simplicity and completeness that 
a satisfactory description can be given at present. 

The theory of number fields is a structure of wonderful beauty and har- 
mony; the most richly endowed part of this structure seems to me to be the 
theory of abelian and relatively abelian fields which Kummer by his work on 
the higher reciprocity laws and Kronecker by his studies in complex multipli- 
cation and elliptic functions have revealed to us. The deep insight into this 
theory which the work of these two mathematicians gives us shows us at the 
same time that in this field of knowledge an abundance of precious treasures 
still lies concealed, offering a rich reward for the scholar who knows the value 
of such gems and who lovingly applies the skill to win them. 

The five parts of the report which we described above are divided into 
chapters and sections, and in these we always state the theorems and lemmas 
first and follow them with their proofs. I think of the reader as a traveller: 
the lemmas are wayside halts; the theorems are larger stations signalled in 
advance so that the activity of the mind can rest there. Those theorems which 
according to their fundamental significance are main destinations or which 
appear suitably outstanding as departure points for further advances into as 
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yet undiscovered country are displayed in italics!; these are Theorems 7, 31, 
40, 44, 45, 47, 56, 82, 94, 100, 101, 131, 143, 144, 150, 158, 159, 161, 164, 166, 
167. 

My friend Hermann Minkowski has read the proofs of this report with 
great care; he also read most of the manuscript. His suggestions have led to 
many significant improvements, both ìn content and presentation. For all his 
help I offer him my most hearty thanks. 

My thanks are due also to my wife, who transcribed the whole manuscript 
and prepared the index. 

Finally I owe grateful acknowledgement to the Editorial Committee of 
the Deutsche Mathematiker- Vereinigung, in particular to Mr A. Gutzmer 
for reading the proofs, and to the publishers George Reimer for their wide- 
reaching cooperation in the production of the printed version. 


Göttingen, 10 April 1897 DAVID HILBERT 


! This has not been done in the present translation in which all theorems are 
printed in italics. 
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Introduction to the English Edition 
Franz Lemmermeyer and Norbert Schappacher? 


1. The Report 


David Hilbert’s (1862-1943) so-called Zahlbericht of 1897,? which appears 
here for the first time in English, was the principal textbook on algebraic 
number theory for a period of at least thirty years after its appearance. Emil 
Artin, Helmut Hasse, Erich Hecke, Hermann Weyl and many others learned 
their number theory from this book. Even beyond this immediate impact 
Hilbert’s Zahlbericht has served as a model for many standard textbooks on 
algebraic number theory through the present day—cf. for instance Samuel’s 
little book,? or the first chapter of Neukirch’s textbook.? As a matter of fact, 
except for minor details (see Section 4 below), at least the first two parts of 
Hilbert’s text can still today pass for an excellent introduction to classical 
algebraic number theory. 

But even though Hilbert’s presentation definitely left its mark on this ma- 
terial, the text does remain a Bericht, i.e., a report, commissioned as it was by 
the Deutsche Mathematiker- Vereinigung (D.M.V., the German Mathemati- 
cal Society), on the state of the theory around 1895. During the first years 
of its existence, the commissioning of comprehensive reports on all parts of 
mathematics was an important part of the activities of the D.M.V. The first 
ten volumes of the Jahresbericht contain thirteen such reports. David Hilbert 
and Hermann Minkowski were asked to write a joint report covering all of 
number theory. Eventually Hilbert and Minkowski decided to split the report, 
and it was agreed that Minkowski’s part should cover the elementary aspects 
of number theory like continued fractions, quadratic forms and the geometry 


1 The authors would like to thank René Schoof for helpful comments during the 
preparation of this introduction. 

? D. Hilbert, Die Theorie der algebraischen Zahlkörper, Jahresbericht der Deut- 
schen Mathematiker-Vereinigung 4 (1897), pp. 175-546, re-edited in D. Hilbert, 
Gesammelte Abhandlungen, vol. 1, Berlin, Heidelberg, etc.: Springer, 1932 (sec- 
ond edition 1970), pp. 63-363. — A French edition appeared in 1910 (in spite of 
its printed date): D. Hilbert, Théorie des corps de nombres algebriques, traduit 
par M.A. Lewy (professeur au lycée Voltaire), Annales de la Faculté des Sciences 
de l'Université de Toulouse, 1909, 3° fasc. 

3 P, Samuel, Théorie algébrique des nombres, Paris: Hermann, 1967. 

4 J. Neukirch, Algebraische Zahlentheorie, Heidelberg etc.: Springer, 1992. 
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of numbers. But in the end, only Hilbert’s part was actually written. It is 
interesting to compare Hilbert’s Zahlbericht for instance to the monumental 
report by A. Brilland M. Noether “on the development of the theory of alge- 
braic functions in former and recent times,” which is much more obviously 
historically oriented than Hilbert’s Zahlbericht, and much less of a systematic 
introduction to the field. On the applied side, there was for example a report 
on the development and the main tasks of the theory of simple frameworks.® 

Because it is above all a report, it is not in the Zahlbericht that one 
finds Hilbert’s most important, original contributions to number theory— 
although it does include Hilbert’s proof of the Kronecker-Weber theorem’ as 
well as the theory of higher ramification groups, i.e., Hilbert’s development 
from the early 1890s of Dedekind’s arithmetic theory of Galois extensions 
of number fields. Indeed, Hilbert’s most impressive original contribution to 
number theory came after the Zahlbericht; it was his conjectural anticipation 
of most of the theorems of Class Field Theory, based on a remarkably deep 
analysis of the arithmetic of quadratic extensions of number fields. This work 
appeared in two articles, in 1899 and 1902. The reader interested in this 
aspect of Hilbert’s &uvre will still have to read German—see the first volume 
of Hilbert’s Gesammelte Abhandlungen and Hasse’s appreciation of Hilbert’s 
number theoretical achievements therein.® 

Coming back to the Zahlbericht, for Hilbert reporting on the state of alge- 
braic number theory did not mean writing an inventory of theorems amassed 
in the course of the nineteenth century,? but rather the production of a con- 


5 A. Brill, M. Noether, Bericht über die Entwicklung der Theorie der algebraischen 
Funktionen in älterer und neuerer Zeit, Jahresbericht der Deutschen 
Mathematiker-Vereinigung 3 (1892-93), pp. 107-568. 

6 L. Henneberg, Bericht über die Entwicklung und die Hauptaufgaben der The- 
orie der einfachen Fachwerke, Jahresbericht der Deutschen Mathematiker- 
Vereinigung 3 (1892-93), pp. 567-599. 

For a review of early (purported) proofs of this theorem, see O. Neumann, Two 
proofs of the Kronecker- Weber theorem “according to Kronecker, and Weber”, J. 
Reine Angew. Math. 323 (1981), 105-126, in particular p. 125, and N. Schap- 
pacher, On the History of Hilbert’s Twelfth Problem, I: Paris 1900 — Zürich 

1932: The Comedy of Errors, in: Matériaux pour UVhistoire des mathématiques 
au XX siécle, Actes du colloque & la mémoire de Jean Dieudonné (Nice, 1996), 
“Séminaires et Congrès” 3 (1998), 243-273. 

D. Hilbert, Gesammelte Abhandlungen, vol. 1, Berlin, Heidelberg, etc.: Springer, 

1970. Hasse’s note; “Zu Hilberts algebraisch-zahlentheoretischen Arbeiten,” is 
on pp. 528-535. 

This may be what the D.M.V. had in mind, as they certainly were aware of 
H.J.S. Smith’s report on the theory of numbers [Collected Mathematical Papers 

1, 38-364] presented to the London Mathematical Society, which is an invalu- 
able document for anyone interested in the number theory of the 19th century, 
but lacks the coherence of Hilbert’s Zahlbericht. — One should also mention 
Paul Bachmann’s work in five volumes, the fifth volume of which was already 
written under the influence of Hilbert’s Zahlbericht: P. Bachmann, Zahlentheo- 
rie, Versuch einer Gesammtdarstellung, Leipzig: Teubner; vol. I, Die Elemente 
der Zahlentheorie (1892); vol. II, Die Analytische Zahlentheorie (1894); vol. III, 
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ceptually coherent theory, which would then also point the way to further 
research. It is because of this goal: to indicate, and thereby influence future 
directions of research, that Hilbert’s undertaking is most ambitious, and most 
open to criticism. Such criticism is of course easy to voice today, because we 
can base our judgement on another one hundred years of number theoretic 
research. Still, it is neither futile, nor is it a priori unjust, to put Hilbert’s 
text into this perspective, because the Zahlbericht was precisely written with 
the idea of steering the further development of the theory. 


2. Later Criticism 


Probably the most outspoken criticism of tendencies expressed in the Zahlbe- 
richt that has been published by an eminent number theorist is due to Andre 
Weil and concerns specifically Hilbert’s treatment, in the latter parts of the 
work, of Kummer’s arithmetic theory of the cyclotomic field of £-th roots of 
unity, for a regular prime number £. In fact, Weil’s introduction to Kummer's 
Collected Papers begins:!° 


The great number-theorists of the last century are a small and select 
groupofmen. ... Most of them were no sooner dead than the pub- 
lication of their collected papers was undertaken and in due course 
brought to completion. To this there were two notable exceptions: 
Kummer and Eisenstein. Did one die too young and the other live 
too long? Were there other reasons for this neglect, more personal 
and idiosyncratic perhaps than scientific? Hilbert dominated Ger- 
man mathematics for many years after Kummer’s death {in 1893). 
More than half of his famous Zahlbericht (viz., parts IV and V) is 
little more than an account of Kummer’s number-theoretical work, 
with inessential improvements; but his lack of sympathy for his pre- 
decessor’s mathematical style, and more specifically for his brilliant 
use of p-adic analysis, shows clearly through many of the somewhat 
grudging references to Kummer in that volume. 


It seems difficult to prove—or to disprove, for that matter—Weil’s suspi- 
cion that it was Hilbert’s influence which prevented the timely publication of 
Kummer’s collected papers. Hilbert and Minkowski in their correspondence 


Die Lehre von der Kreistheilung (1872); vol. IV, Die Arithmetik der quadrati- 
schen Formen (part 1, 1898; part 2, 1923); vol. V, Allgemeine Arithmetik der 
Zahlkörper (1905). 

10 E.E. Kummer, Collected Papers, edited by André Weil, vol. 1, Heidelberg etc.: 
Springer, 1975, p. 1. 
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about the Zahlbericht—at a time when Minkowski was still trying to con- 
tribute his share to a more extensive report on number theory—deplore the 
fact (and blame the Berlin Academy for it) that Eisenstein’s collected papers 
had not been published.!! An analogous comment by Hilbert or Minkowski 
about Kummer’s collected papers is not known; instead, there is direct evi- 
dence that Hilbert complained to Minkowski about how unpleasant he found 
it to have to work through Kummer’s papers.!* This is also evident in the 
Zahlbericht; for instance in the preface: “I have tried to avoid Kummet’s elab- 
orate computational machinery, so that here too Riemann’s principle may be 
realized and the proofs completed not by calculations but by pure thought.” 8 

Readers of the first generation, echoing Hilbert’s announcement, have 
praised the Zahlbericht in particular for having simplified Kummer.'4 Thus 


11 See H. Minkowski, Briefe an David Hilbert, mit Beiträgen und herausgegeben 
von L. Rüdenberg und H. Zassenhaus, Berlin, Heidelberg, New York: Springer, 
1973, p. 72, Minkowski to Hilbert 12-4-1895: “Eisensteins Werke gesammelt her- 
auszugeben, wäre wirklich eine Pflicht und ausgeführt ein Verdienst; und für die 
Berliner Akademie wäre es eine ewige und wohlverdiente Schande, wenn jemand 
sonst dieses Unternehmen angriffe.” 

12 See loc. cit., p. 75f, Minkowski to Hilbert 22-1-1896: “Ich bin doch etwas zu spät 

an das Referat gegangen. Jetzt finde ich natürlich viele hübsche Probleme, von 

denen es ganz schön gewesen wäre, wenn ich sie erledigt hätte. Die Jordanschen 

Aufsätze sind eigentlich recht interessant. Aber wenn Dir schon die Kummerschen 

Rechnungen unangenehm waren, so würden die Jordanschen Operationen, sein 

‘pour fixer les idées’ Dir einen wahren Ekel einjagen.” 

D. Hilbert, Gesammelte Abhandlungen, vol. 1, Berlin, Heidelberg, etc.: Springer, 

1970, p. 67 (cf. p. X of the translation below): “Ich habe versucht, den großen 

rechnerischen Apparat von KUMMER zu vermeiden, damit auch hier der Grund- 

satz von RIEMANN verwirklicht würde, demzufolge man die Beweise nicht durch 

Rechnungen, sondern lediglich durch Gedanken zwingen soll.” The picture of 

Riemann that Hilbert alludes to here was central in Felix Klein’s campaign to 

elevate Riemann beyond comparison. For instance, Klein confronted Riemann 

with Eisenstein, whom he called a Formelmensch, a man of formulas. A nice tit 
for tat is to be found in Carl Ludwig Siegel’s article Über Riemanns Nachlaß zur 
analytischen Zahlentheorie from 1932—see C.L. Siegel, Werke, edited by Chan- 
drasekharan and Maaß, New York, Berlin, etc.: Springer, vol. I, p. 276, where 

Siegel, after having gone through Riemann’s formidable handwritten notes on 

the zeta function, remarks: “The legend according to which Riemann found the 

results of his mathematical work via ‘big general’ ideas, without using the formal 
tools of analysis, does not seem to be as widespread any more as in Klein’s time.” 

Hilbert’s proofreader and friend Minkowski, however, was less enthusiastic when 

he read Hilbert’s treatment of Kummer’s theory for the first time: He found the 

calculations still rather “involved,” and Hilbert’s proof of the reciprocity law “not 
easy to read.” — see H. Minkowski, Briefe an D. Hilbert, mit Beiträgen und her- 
ausgegeben von L. Riidenberg und H. Zassenhaus, Berlin, Heidelberg, New York: 

Springer, 1973, p. 86: Minkowski to Hilbert 17-11-1896: “... 20 Seiten habe ich 

bereits durchgesehen, bis zu der Stelle [around §126?], wo die langen Rechnun- 

gen anfangen. Sie sind doch noch ziemlich verwickelt.” and p. 92, Minkowski 
to Hilbert 31-1-1897: “Dein Beweis des Reziprozitatsgesetzes ist nicht leicht zu 
lesen.” Minkowski’s subsequent. sentence indicates that this refers to the proof 
given in §§155-161 of the Zahlbericht. At this point, Minkowski may not have 
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Hasse in 1932 mentions Kummer’s “complicated and less than transparent 
proofs”, which Hilbert replaced by new ones.!® In 1951, however, Hasse added 
an afterthought describing the two rival traditions in the history of number 
theory: on the one hand, there is the Gauss-Kummer tradition which aims at 
explicit, constructive control of the objects studied, and which was carried 
on in particular by Kronecker and Hensel. The Dedekind-Hilbert tradition, 
on the other hand, aims above all at conceptual understanding. Although 
less critical of the Zahlbericht than Weil, Hasse saw the need to plead for an 
“organic equilibrium” of both approaches to number theory, as opposed to 
the “domination” of Hilbert’s approach. !® 

Emil Artin, in an address for a general audience given on the occasion 
of Hilbert’s 100th birthday in 1962, acknowledged the “great simplification” 


known yet that Hilbert was going to give an alternative proof in §§166-171 of 
the Zahlbericht. 

15 D), Hilbert, Gesammelte Abhandlungen, vol. 1, Berlin, Heidelberg, etc.: Springer, 
1970, p. 529: “HILBERT gibt hier neue, von den umstandlichen und wenig durch- 
sichtigen Rechnungen KUMMERs freie Beweise.” 

16 See H. Hasse, Über die Klassenzahl abelscher Zahlkörper, Berlin: Akademie- 
Verlag, 1952; Reprint Berlin etc.: Springer, 1985, p. VII - VIII: “Der Sinn dafür, 
daß die explizite Beherrschung des Gegenstandes bis in alle Einzelheiten mit der 
allgemeinen Fortentwicklung der Theorie Schritt halten sollte, war bei Gauss 
und später vor allem noch bei Kummer in ganz ausgeprägter Weise vorhanden. 

. Unter dem beherrschenden Einfluß, den Hilbert auf die weitere Entwick- 
lung der algebraischen Zahlentheorie ausgeübt hat, ist jedoch dieser Sinn mehr 
und mehr verlorengegangen. Es ist typisch für Hilberts ganz auf das Allgemeine 
und Begriffliche, auf Existenz und Struktur gerichteten Einstellung, daß er in 
seinem Zahlbericht alle mit der expliziten Beherrschung des Gegenstandes sich 
befassenden Untersuchungen und Ergebnisse von Kummer und anderen durch 
kurze Hinweise oder Andeutungen abtut, ohne sich mit ihnen im einzelnen zu 
beschäftigen, wie er ja auch die mehr rechnerischen, konstruktiven und daher der 
expliziten Durchführung leicht zugänglichen Beweismethoden Kummers syste- 
matisch und folgerichtig durch mehr begriffliche, numerisch schwerer zugängliche 
und kaum kontrollierbare Schlußweisen ersetzt hat. Auch Dedekind mit seiner 
stark begrifflichen, schon tief ins Axiomatische vorstoßenden Methodik hat an 
dieser Entwicklung entscheidenden Anteil, während auf der andern Seite die 
mehr konstruktiven Methoden von Kronecker und Hensel die Kummersche Tra- 
dition weiterführen, sich aber gegenüber dem beherrschenden Einfluß Hilberts 
nur schwer durchsetzen, bis dann allerdings in letzter Zeit entscheidende Er- 
folge gerade dieser Methodik den Boden für die Rückkehr zu einem organischen 
Gleichgewicht beider Richtungen bereitet haben.” 

Zassenhaus shares Hasse’s point of view in his note Zur Vorgeschichte des 
Zahlberichts, in: H. Minkowski, Briefe an D. Hilbert, mit Beiträgen und heraus- 
gegeben von L. Rüdenberg und H. Zassenhaus, Berlin, Heidelberg, New York: 
Springer, 1973, p. 17-21): “Andererseits hat D. HILBERT mit charakteristischer 
Energie, aber auch, historisch gesehen, mit einer gewissen Einseitigkeit praktisch 
die Disziplin der algebraischen Zahlkörpertheorie aus dem historisch gegebenen 
Material herausmodelliert.” 
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that Hilbert achieved in presenting Kummer’s results.!7 According to Olga 
Taussky’s recollections, however, “it was only ... at Bryn Mawr, that Emmy 
[Noether] burst out against the Zahlbericht, quoting also Artin as having said 
that it delayed the development of algebraic number theory by decades.” 18 
We have no way of knowing what Emmy Noether might have had in mind 
when she made the remark remembered by Taussky, and we do not want to 
speculate on this. Let us look instead a bit more closely at Hilbert’s treatment 
of Kummer’s theory. 


3. Kummer’s Theory 


The results of Kummer’s theory which both Hilbert and Weil, in rare unison, 
refer to as the highest peak of Kummer’s number theoretic work!? were the 
general reciprocity law for £-th power residues, in the case of a regular odd 
prime number £, together with the theory of genera in a Kummer extension of 
Q(¢z) which had to be developed along the way. Hilbert refers to both as the 
arithmetic theory of Kummer fields. The general reciprocity law is first dealt 
with in the Zahlbericht in §§154~165, based on Eisenstein’s reciprocity law 
which relates a rational to an arbitrary cyclotomic integer. The reciprocity 
law and its Ergänzungssätze (complementary theorems) are stated as Satz 
161. Hilbert’s presentation makes sytematic use of the power residue symbol 
(see in particular the momentous and original Satz 150 of the Zahlbericht), 
as well as the local Hilbert symbols. At the bad places the latter are given 
explicitly by Kummer’s logarithmic derivatives—see $131. Today we would 
call this an “explicit reciprocity law,” in the sense of the research development 


17 E, Artin, Collected Papers, New York, Berlin, etc.: Springer, 1965, p. 549: Hil- 
bert “machte durch große Vereinfachung die Ergebnisse Kummers einem größeren 
Leserkreis zugänglich” _ 

18 See Emmy Noether, a tribute to her life and work, edited by Brewer and Smith, 
M. Dekker 1981, p. 82, cf. p. 90. — Olga Taussky was one of the young mathe- 
maticians who helped with the editing of the first volume of Hilbert’s Gesammelte 
Abhandlungen. She claims loc. cit. that Hilbert’s original publications were full 
of errors of all kinds. But the only changes made by the editors of the collected 
works that we are aware of is the unfortunate replacement, in Hilbert’s arti- 
cle Über den Dirichlet’schen biquadratischen Zahlkörper (Math. Ann. 45 (1894), 
309-340], of the somewhat unusual abbreviation “bzglf.” for “bezüglichenfalls” 
in Hilbert’s original text, meaning “respectively,” by the word “beziiglich,” which 
means “with respect to”. 

19 T), Hilbert, Gesammelte Abhandlungen, vol. 1, Berlin, Heidelberg, etc.: Springer, 
1970, p. 66 (p. X of the translation): “Es ist die Theorie dieses Kummerschen 
Körpers offenbar auf der Höhe des heutigen arithmetischen Wissens die äußerste 
erreichte Spitze...” — E.E. Kummer, Collected Papers, edited by André Weil, 
vol. 1, Heidelberg etc.: Springer, 1975, p. 9: “This is the peak he [Kummer] 
sighted for the first time in January 1848, and whose summit he reached ten 
years later.” 
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given new impetus in the late 1920s by Artin and Hasse and which continues 
to the present day.?° The product formula for the local Hilbert symbols, i.e., 
“Hilbert’s reciprocity law,” appears in this treatment almost negligently as 
an auxiliary result, Satz 163 in 8162. 

However, once Hilbert has established all of Kummer’s theory, he sets out 
afresh, in 88166-171, to reprove all of it, but avoiding this time Kummer’s 
explicit formulz for the symbols at the bad places, and controlling them 
instead via the product theorem, by information gathered at the primes not 
dividing £. It may have been especially this second presentation of Kummer’s 
theory that struck readers as a simplification, or at least as a way to get rid 
of Kummer’s computational approach. Weil’s wholesale claim quoted above, 
to the effect that Hilbert had only “inessential improvements” to offer on 
Kummer’s theory, does not seem to do justice to Hilbert’s double attempt 
to come to grips with this theory, even though, of course, whether or not his 
presentation is seen as an improvement over Kummer may be in the mind of 
the beholder. 

Working up towards his general reciprocity law, Kummer’s central achieve- 
ment was to build up genus theory for Kummer extensions of Q(¢z). Accord- 
ingly, genus theory plays a very important role in the Zahlbericht. This is 
quite different from what we are used to nowadays: for instance, the books 
by Samuel or Neukirch cited above never even mention genus theory. One rea- 
son for its disappearance in our time was Chevalley’s introduction of idéles, 
which made it possible to develop class field theory without going through the 


20 P, Furtwängler, Die Reziprozitätsgesetze für Potenzreste mit Primzahlexponenten 
in algebraischen Zahlkörpern I, II, III, Math. Ann. 67 (1909), 1-31; 72 (1912), 
346-386; 74 (1913), 413-429; T. Takagi, Über das Reziprozitätsgesetz in einem 
beliebigen algebraischen Zahlkörper, J. of the College of Science Tokyo 4 (1922); 
Coll. Papers, 179-216; E. Artin & H. Hasse, Die beiden Ergänzungssätze zum 
Reziprozitätsgesetz der |" -ten Potenzreste im Körper der I"-ten Einheitswurzeln, 
Abh. Math. Sem. Hamburg 6 (1928), 146-142; Coll. Papers Artin (1965), 142- 
158; H. Hasse, Über das Reziprozitätsgesetz der m-ten Potenzreste, J. Reine 
Angew. Math. 158 (1927), 228-259; Math. Abh, I, 294-325; K. Iwasawa, On 
explicit formulas for the norm residue symbol, J. Math. Soc. Japan 20 (1968), 
151-165; I. Shafarevich, A general reciprocity law, Am. Math. Soc. Transl. 4 
(1956), 73-106; J. Coates, A. Wiles, Explicit reciprocity laws, Journées arithm. 
Caen 1976, Astérisque 41/42 (1977), 7-17; A. Wiles, Higher reciprocity laws, 
Ann. Math. 107 (1978), 235-254; A. Brückner, Ezplizites Reziprozitätsgesetz 
und Anwendungen, Vorlesungen aus dem Fachbereich Mathematik der Univer- 
sität Essen, 1979; G. Henniart, Sur les lois de réciprocité explicites, J. Reine 
Angew. Math. 329 (1981), 177-203; B. Perrin-Riou, Théorie d’Iwasawa des 
représentations p-adiques sur un corps local, Inventiones Math. 115 (1994), 81- 
149; K. Kato, General explicit reciprocity laws; to appear in the forthcoming first 
volume of the Korean journal: Advanced Studies in Mathematics; as well as re- 
cent unpublished work by P. Colmez, as well as by F. Cherbonnier & P. Colmez 
[to appear in Journal AMS]. — With these last papers, history has come around 
full circle in that the “explicit” laws have themselves been absorbed into a new 
general abstract theory. 
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notorious index calculus of the ideal-theoretic approach via genus theory.?! 
Let us take a closer look at how genus theory is treated in Hilbert’s Zahlbe- 
richt. 

Genus theory has changed dramatically since it was created by Gauss 
(who himself followed in the footsteps of Euler and Lagrange).?? Given an 
extension K/k of number fields, we can define the genus class group of K as 
the factor group of the ideal class group of K corresponding by class field 
theory to the extension FK/K, where F is the maximal abelian extension 
of k such that FK/K is unramified. Genus theory in Hilbert’s Zahlbericht is 
the special case where K/k is a Kummer extension of prime degree £, with 
k = Q(¢¢) a regular cyclotomic field. 

Whereas Kummer, in the tradition of Gauss and Dirichlet, used the power 
residue symbol to define genera,* Hilbert built his theory on the norm residue 
symbol. Using the concept of factor groups (which Hilbert is so successful in 
avoiding as a theoretical notion—see below), his definition™ boils down to 
the following: Let 2 be an odd prime, k be a number field containing the group 
pie of £-th roots of unity, assume that the class number A of k is not divisible 
by £, and let K = k( ł4/p ) be a Kummer extension of k; assume moreover that 
the class number h of k is not divisible by £ and let h* be an integer such that 
hh* = 1 mod £. Let pi,..., p: denote the primes of k that ramify in K/k, and 
define a homomorphism X : k* — yj by the rule ar— ($£), e, ($£). 
Let X(E) denote the image of the unit group E of k* under X, and define 
the homomorphism x from the group of invertible ideals of K to u/X{E) 
by putting x(A) = X(a) - X(E), where a is a generator of the principal 
ideal N kA". This is clearly well defined, and ideals of K having the same 
image under y are said to belong to the same genus. The kernel of y is called 
the principal genus. The fact that norms are norm residues implies that each 
genus is a collection of ideal classes. 


21 See for instance Hasse’s Zahlbericht, I §6, p. 23-24; Ia, 810, 8812-16. — Helmut 
Hasse's follow-up to Hilbert’s Zahlbericht, also called “Hasse’s Zahlbericht,” ap- 
peared in three parts [Part I, Jahresbericht D.M.V. 35 (1926), 1-55; part Ia, 
ibid. 36 (1927), 233-311; part II, Ergänzungsband 6 (1930), 1-201]. It contains 
a presentation of Takagi’s class field theory including Artin’s reciprocity law and 
Furtwängler’s principal ideal theorem, which appeared just in time for inclusion. 
See e.g. G. Frei, On the development of the genus group in number fields, Ann. Sci. 
Math. Quebec 3 (1979), 5-62. For modern presentations of genus theory see the 
books of D. Zagier [Zetafunktionen und quadratische Körper. Eine Einführung 
in die höhere Zahlentheorie, Berlin, Heidelberg, etc.: Springer, 1981] for the 
quadratic and A. Fröhlich [Central extensions, Galois groups, and ideal class 
groups of number fields, AMS 1983.) for the general case. 

E.E. Kummer, Uber die allgemeinen Reciprocitätsgesetze der Potenzreste, Col- 
lected Papers I, 673-687, in particular p. 678. 

See Zahibericht, §66 and §84 for quadratic fields and equivalence in the usual 
and strict sense, respectively, and §150 for Kummer fields. 
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This definition is also valid for £ = 2 and equivalence in the usual sense 
if one is willing to use infinite primes; these were, however, introduced by 
Hilbert only after his Zahlbericht was written.?° 

The main problem of genus theory was to find a formula for the number 
of genera. Traditionally, this is accomplished by proving a lower and an upper 
bound which are called the first and the second inequality, respectively (these 
are special cases of the corresponding inequalities of class field theory). 

To see the connection of genus theory with the general reciprocity law, 
recall Gauss’s second proof of the quadratic reciprocity law: Let ¢ denote 
the number of distinct primes dividing the discriminant of k. Then the first 
inequality of genus theory says that there are at most 2'~! genera, i.e., that 
#Cl+(k)/Cl*+(k)? < 2¢-!. Using this information, a special case of the 
quadratic reciprocity law can be proved as follows. Let p = 1 mod 4 and 
q be odd primes and assume that (p/q) = +1. Then q splits in k = Q(,/p), 
and by the first inequality k has odd class number h. Thus +g* is the norm 
of an integer from k, and considering this equation as a congruence modulo 
p yields (+q"/p) = +1; but since (-1/p) = +1 and h is odd, this implies 
(q/p) = +1. 

Kummer’s line of attack was similar (the basic idea in both proofs is the 
observation that norms are norm residues modulo ramified primes), but he 
soon found?® that the first inequality would not suffice for a proof. In fact, 
Kummer’s as well as Hilbert’s first proof (see §160 of the Zahlbericht) both 
use that the number of genera in certain extensions is exactly £. The three 
main differences of the proofs are: 


1. Kummer’s proof uses the first supplementary law, which he had derived 
earlier using cyclotomy,”” whereas Hilbert can do without it. 

2. Kummer works in a certain subring of the ring of integers Ox of the 
Kummer extensions A; Hilbert transfers the whole theory to Ox. 

3. Although Kummer occasionally derived necessary conditions for an inte- 
ger in k to be a norm from K, the theory of the norm residue symbol is a 
genuine achievement of Hilbert, and it is here that he goes beyond Kum- 
mer: see e.g. Satz 167, which is a special case of Hasse’s norm theorem. 


75 D, Hilbert, Uber die Theorie der relativ-Abelschen Zahlkörper, Gesammelte Ab- 
handlungen I, 483-509, in particular 86. 

26 «Wegen dieses Umstandes reicht auch der gefundene Satz, daß die Anzahl der 
wirklichen Genera nicht größer ist, als der Ate Teil der möglichen, nicht aus, 
sondern es ist nöthig, daß die Anzahl der wirklichen Genera genau gefunden 
werde, wozu andere Prinzipien erforderlich sind, als welche Gauß zur Ergründung 
dieser wichtigen Frage für die quadratischen Formen angewendet hat.” [Über die 
allgemeinen Reciprocitätsgesetze der Potenzreste, Collected Papers I, 673-687, 
in particular p. 682]. 

27 “und zwar unter einem erheblichen Aufwande von Rechnung”, as Hilbert remarks 
in 8161. 
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4. A Few Noteworthy Details 


Let us now look more closely at a few places where Hilbert’s treatment in the 
Zahlbericht differs from what one is used to today. The first such instance 
occurs when Hilbert proves the unique factorization of ideals into prime ideals 
in the ring of integers of an algebraic number field via Leopold Kronecker’s 
theory of forms and Dedekind’s so-called “Prague Theorem”—see §§5-6.78 
Hilbert does, however, also point out alternative proofs of this key result, at 
the end of 86. 

Since we are today looking back on the Zahibericht from a distance of 100 
years, a few proofs there strike us as somewhat roundabout. For instance, in 
the proof that precisely the prime divisors of the discriminant are ramified 
as well as in his discussion of the splitting of primes, in particular of those 
dividing the discriminant of a generating polynomial (see 8810-13 ofthe Zahl- 
bericht), Hilbert switches again from Dedekind’s ideal-theoretic language to 
Kronecker’s theory of forms. Modern proofs built upon Hensel’s p-adic theory 
may be more appealing. 


A special feature of Hilbert’s Zahlbericht which the unsuspecting reader 
may not be prepared for is the very uneven usage of notions from abstract 
algebra. Thus, while the notion of fields and their arithmetic is at the very 
heart of Hilbert’s concept of algebraic number theory, and even though Hil- 
bert uses the word “(Zahl)ring” for orders in algebraic number fields, this 
must not be taken as evidence that Hilbert employs here parts of our current 
algebraic terminology the way we would do it; rather than referring to a 
general algebraic structure,?? the word “ring” is used for sets of algebraic 
integers which form a ring in our modern sense of the word. Similarly, but 
much more obviously for the modern reader, Hilbert does not have at his 
disposal general abstract notions from group theory that could unify the 
discussions of situations that we immediately recognize as analogous. Most 
striking is the absence from the Zahlbericht of the notion of quotient groups.°! 


28 For the background of this argument, see H.M. Edwards, The Genesis of Ideal 
Theory, Archive Hist. Exact Sciences 23 (1980), 321-378; here in particular: 
section 13, pp. 364-368. 

29 According to I. Kleiner, From numbers to rings: the early history of ring theory, 
Elem. Math. 53 (1998), 18-35, the modern axiomatic definition of a field is due 
to Steinitz (1910), that of a ring to Fraenkel (1914) and Sono (1917). 

° This omission seems to be deliberate: in his letter from 21-7-1896 (loc. cit.), 
Minkowski suggested that the inclusion of a few lemmas on Abelian groups in 
§100 would allow the reader to enjoy Hilbert’s proof of the theorem of Kronecker- 
Weber without distractions (“Damit der Leser zu einem völlig ungestörten 
Genusse desselben komme, möchte ich empfehlen, die gebrauchten Hilfssätze 
über Abelsche Gruppen mit Andeutungen ihrer Beweise vorweg in 8100 zu 
absolviren.”] 

31 Factor groups were first defined by O. Hölder, Zurückführung einer algebraischen 
Gleichung auf eine Kette von Gleichungen, Math. Ann. 34 (1889), 26-56; they 
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Thus, when we would say that “G/H is cyclic of order A,” Hilbert has to write 
elaborate prose: “the members of G are each obtained precisely once when 
we multiply the members of H by 1,9,...,g"~! where g is a suitably chosen 
member of G” (see e.g. Zahlbericht, Sätze 69, 71 and 75). 


Contrary to these points, which, from our vantage point, may be consid- 
ered as shortcomings, but which the Zahlbericht shares with most other texts 
on the subject before Hecke’s book from 1923, some other unusual features 
of the text have to be counted among its pearls. In fact, theorems 89-94 may 
be regarded as the first highlight of the Zahlbericht. Here Hilbert did “point 
the way to further research.” 


Hilbert’s Satz 89 says that the ideal class group is generated by the classes 
of prime ideals of degree 1. In the special case of cyclotomic fields, this result 
is due to Kummer.*? It is a very special case of the density theorems of class 
field theory, such as Chebotarev’s, but it is accessible without analytic meth- 
ods. Already Max Deuring®® remarked that this theorem has been somewhat 
neglected. This is also demonstrated by the fact that Hilbert’s proof of this 
theorem has not been simplified in 100 years. Even worse: it was only in 1987 
that Lawrence Washington** noticed a gap in it — which is, however, easy 
to fix. 


Hilbert’s Satz 90. Again it was Kummer®® who discovered (in the special case 
of Kummer extensions of Q(¢,)) what is probably the most famous theorem 
from the Zahlbericht. It is hardly necessary today to recall that E. Noether 
generalized Satz 90 considerably; in cohomological formulation, her result 
reads H!(G,K*) = 1, where K/k is a normal extension of number fields 


are discussed in Weber’s Algebra 2, Braunschweig 1896, but authors ranging all 
the way from Heinrich Weber himself (Ueber Zahlengruppen in algebraischen 
Körpern, Math. Ann. 48 (1897), 433-473) to Erich Hecke (Vorlesungen über die 
Theorie der algebraischen Zahlen, Leipzig 1923, where Chapters II and III are 
devoted to Abelian groups) found it necessary to explain to their readers the 
concept of groups in general, and of factor groups in particular. — See L. Corry, 
Modern algebra and the rise of mathematical structures; Science Networks, vol 
17, Basel, Boston (Birkhauser) 1996, in particular Chapter III, for an extensive 
discussion of Hilbert’s position in the development of modern abstract algebra. 
E.E. Kummer, Über die Zerlegung der aus Wurzeln der Einheit gebildeten com- 
plezen Zahlen in ihre Primfaktoren, Collected Papers I, 211-251, in particular 
pp. 241-243, 

In M. Deuring, Newer Beweis des Bauerschen Satzes, J. Reine Angew. Math. 
173 (1935), 1-4, one reads in reference to Satz 89: “...ist eine naturgemäße 
Verallgemeinerung eines wenig beachteten Satzes in Hilbert’s Zahlbericht.” 

L.C. Washington, Stickelberger’s theorem for cyclotomic fields, in the spirit of 
a and Thaine, Théorie des nombres, Quebec, Canada 1987, 990-993 
1989). 

E.E. Kummer, Uber eine besondere Art, aus complezen Einheiten gebildeter 
Ausdrücke, Collected Papers I, 552-572; in particular p. 553, and Uber die all- 
gemeinen Reciprocitätsgesetze unter den Resten und Nichtresten der Potenzen, 
deren Grad eine Primzahl ist, Collected Papers I, 699-839; in particular p. 754. 
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with Galois group G. Satz 90 is the statement H -1(G,K*) = 1 for cyclic G 
which follows from H 1(G, K*) = 1 using the periodicity of Tate’s cohomology 
groups for cyclic G. 
Hilbert’s Satz 91 on the existence of relative units was to be the first in a series 
of generalizations of Dirichlet’s unit theorem.*® A similar result had been 
proved by Kummer?” in a slightly different form. The theorem is contained 
implicitly in the index computations in Hasse’s Zahlbericht (Ia, §12; Fußnote 
25). 
Hilbert’s Satz 92. Once more, this is a result which was inspired by work 
of Kummer.*® In cohomological form, the statement reads H7!(G, Ex) Æ 
1 (here K/k is a cyclic extension of prime order p and Galois group G). 
Today this is part of the standard theorems in class field theory known as the 
“Herbrand index of the unit group”, which says that in fact # H~!(G, Ex) = 
p: (Er: NEx) for cyclic extensions of number fields that are unramified 
everywhere, 
Hilbert’s Satz 94. This is a forerunner of the principal ideal theorem of class 
field theory. It does not, however, contain Satz 94 as a special case. In contrast 
to Theorems 89-92, Satz 94 cannot be traced back to Kummer. In fact, it 
is very likely that Kummer did not even think about the possibility of ideal 
classes becoming principal in extensions: his invalid proof °° that the class 
number of cyclotomic fields is divisible by the class number of any subfield is 
based on the implicit assumption that ideals do not capitulate. 

It seems that the phenomenon of capitulation was discovered by Kronecker 
in connection with his investigations of his Jugendtraum: Kronecker* noticed 


36 See for instance J. Herbrand, Sur les unités d’un corps algébrique, C. R. Acad. 
Sci. Paris 192 (1931), 24-27; and E. Artin, Über Einheiten relativ galoisscher 
Zahlkörper, J. Reine Angew. Math. 167 (1932), 153-156. 

37 BLE. Kummer, Uber die allgemeinen Reciprocitätsgesetze unter den Resten und 
Nichtresten der Potenzen, deren Grad eine Primzahl ist, Collected Papers I, 
699-839; in particular pp. 785-792. 

38 FE. Kummer, Zwei neue Beweise der allgemeinen Reciprocitätsgesetze unter den 
Resten und Nichtresten der Potenzen, deren Grad eine Primzahl ist, Collected 
Papers I, 842-882. 

39 EE, Kummer, Bestimmung der Anzahl nichtäquivalenter Klassen für die aus 
Aten Wurzeln der Einheit gebildeten complexen Zahlen und die idealen Factoren 
derselben, Collected Papers I, 299-322; in particular, p. 320-322. Weil remarks 
in this connection (ibid, p. 955): “In other contexts, of course, he had many 
examples of non-principal ideals in a given field which become principal in some 
bigger field.” What Weil has in mind here is probably Kummer’s observation 
on p. 209 of the article Zur Theorie der komplexen Zahlen, Collected Papers I, 
203-210: “Ich bemerke nur noch, daß sie [die idealen Zahlen] ... immer die Form 


"/(P(a)} annehmen, wo (a) eine wirkliche complexe Zahl ist, und A eine ganze 
ahl.” Of course this can be read as “every ideal a of k becomes principal in 
the extension k( W/m), where a” = (u),” but one may want to be careful about 
assuming that this was Kummer’s way of seeing things. 
40 L. Kronecker, Ueber die Potenzreste gewisser complexer Zahlen, Monatsber. 
Berlin (1880), 404-407; Werke II, 95-101. 
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that k = Q(./—31 ) admitted an unramified cyclic cubic extension K in which 
every ideal is principal and remarked, referring to the splitting behaviour of 
prime ideals of k in this extension, that “it is exactly this fact which contains 
a clear hint at the future development in the theory of power residues, in 
particular for the cases excluded in Kummer’s investigations.” 4! 

Hilbert’s remarks after the proof of Satz 94 are quite mysterious: we do 
not know what to make of his claim that the results of Satz 94 can easily 
be extended to relatively abelian extensions with relative different 1 whose 
degree is not necessarily a prime. It is easy to make his proof work for cyclic 
extensions of prime power degree, and an elementary argument shows that 
Satz 94 then holds for cyclic extensions of arbitrary degree. But there are 
problems even with extensions K/k of type (p,p): of course the statement 
that there is a nonprincipal ideal in k that becomes principal in K continues 
to hold, but the claim that the class number of k is divisible by p? does 
not follow easily.?? In fact, the correct generalization of Satz 94, namely the 
claim that in unramified abelian extensions K/k there are at least (K : k) 
ideal classes that become principal, was only proved in 1991 by reduction to a 
group theoretic problem via Artin’s reciprocity law.?? Incidentally, Kronecker 
in his earlier writings used the word ‘Abelian’ for what is called ‘cyclic’ today. 


Stickelberger’s Theorem (Satz 138) gives the prime ideal decomposition of 
Gauss sums; its treatment in Hilbert’s Zahlbericht is remarkable in two ways: 
first, Hilbert does not state (let alone prove) Stickelberger’s theorem at all, 
but is content with the special case** already known to Jacobi and Kummer. 
In fact, he does not even mention Stickelberger’s article in this connection 
although he lists it in his references. The reasons for this omission are not 
clear; one may speculate that Hilbert had read Stickelberger’s article only 
superficially. 

In 1933, while working on their paper on the congruence zeta function, in 
particular of Fermat curves, Hasse and Davenport proved a general version 
of the result due to Jacobi and Kummer. In February 1934, Davenport then 


4! Joc. cit., p. 101: “Es ist genau dieser Umstand, welcher einen deutlichen Hinweis 
auf die Weiterentwicklung der Theorie der Potenzreste namentlich auch für die 
in den Kummerschen Untersuchungen ausgeschlossenen Fälle enthält.” 

42 P, Furtwängler could prove Satz 94 for unramified extensions of type (p, p) in Uber 
das Verhalten der Ideale des Grundkörpers im Klassenkörper, Monatsh. Math. 
Phys. 27 (1916), 1-15, and a cohomological proof for the more general case 
(p",p) can be found e.g. in R. Bond, Unramified abelian extensions of number 
fields, J. Number Theory 30 (1988), 1-10. 

43 See H. Suzuki, A generalization of Hilbert’s theorem 94, Nagoya Math. J. 121 
(1991), 161-169; for more on capitulation, see K. Miyake, Algebraic investigations 
of Hilbert’s Theorem 94, the principal ideal theorem, and the capitulation problem, 
Expos. Math. 7 (1989), 289-346. 

44 This is actually the only place in the Zahlbericht that we are aware of where 
Hilbert does not go to the borders of what was known. 
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discovered this generalization in Stickelberger’s paper, and Hasse®? promptly 
blamed Hilbert for not including it in the Zahlbericht. This episode indicates 
how much the generation of number theorists after Hilbert relied on the Zahl- 
bericht as a comprehensive reference for the subject. 

The second observation concerning Hilbert’s approach to Stickelberger’s 
theorem is that he ties it in with his study of normal integral bases (simply 
called ‘normal bases’ by Hilbert). A normal basis of a normal extension k/Q 
is an integral basis of the form {tv : t € Gal(K/Q)} for some integral v € k 
(see §105). For fields k of prime degree £ Hilbert associates to each such 
normal basis a “root number” N =v +¢-ty+...¢4-!. tly, where ¢ is a 
primitive 2th root of unity (see §106). Satz 133 and Satz 134 characterize root 
numbers by four properties,“ and Satz 135 gives the prime ideal factorization 
of root numbers up to conjugacy. In the special case where the normal basis is 
generated by Gaussian periods, the root number is a Gauss sum ( “Lagrangian 
root number” in Hilbert’s terminology).*” 

None of these results related to Stickelberger’s theorem made it into the 
list of theorems that Hilbert considered to be “departure points for further 
advances” (see the Preface to the Zahlbericht), and at first history seemed 
to agree with Hilbert. In fact, after the contributions of Andreas Speiser and 
Emmy Noether,*® the topic of normal integral bases lay dormant for 40 years. 
Then, however, things changed dramatically; for a description of the activities 
during the 1970s, the reader may consult Section I §1 in Albrecht Frohlich’s 
book.?? Research in this area is continuing vigorously at the moment. 


We hope that the special features of Hilbert’s Zahlbericht justify this first 
English edition of it, and will enable it to hold its own as a classical text that 
readers will be happy to consult along with the many excellent textbooks 
on algebraic number theory which are available today, 100 years after the 
Zahlbericht was written. 


45 Hasse to Davenport, 22-2-1934: “Moreover the old proof and the whole matter 
seems to have slipped from the minds of our generation, presumably owing to 
Hilbert’s inconceivable not giving it in his Zahlbericht.” We thank Peter Roquette 
for this information. The letters from Hasse to Davenport are kept in Trinity 
College, Cambridge, UK. 

46 The fourth property, namely that w is not an £th power in k, should be added 
to Satz 133; it follows at once from ¢ -tR = N. 

47 Cf. A. Weil’s ironical remarks in La cyclotomie jadis et naguere, Sem. Bourbaki 
1973/74, no. 452 (juin 1974), Springer Lecture Notes Math. 431, or Œuvres 
scientifiques 3 (1980), 311-328. 

48 A. Speiser, Gruppendeterminante und Körperdiskriminante, Math. Annalen 77 
(1916), 546-562; E. Noether, Normalbasis bei Körpern ohne höhere Verzweigung, 
J. Reine Angew. Math. 167 (1932), 147-152. 

49 A. Fröhlich, Galois module structure of algebraic integers, Berlin, Heidelberg, 
etc.: Springer, 1983. 


Part I 


The Theory of General Number Fields 


1. Algebraic Numbers and Number Fields 


81. Number Fields and Their Conjugates 


A number a is called an algebraic number if it satisfies an equation of degree 
m of the form 


ar 4 aja™ l + aga™-24+..-+4, =0 


where a1, @2,..-, âm are rational numbers. 
Let a, ,...., K be a finite number of arbitrary algebraic numbers; then 
the collection of all rational functions of a, 8, ..., x with integer coefficients 


forms a closed system of algebraic numbers which is called a number field, 
field or domain of rationality (Dedekind (1, 2), Kronecker (16)). Since in par- 
ticular the sum, difference, product and quotient of two numbers of a field 
are also numbers of the field, it follows that a field is invariant under the four 
arithmetic operations of addition, subtraction, multiplication and division. 


Theorem 1. In every field k there is a number 3 such that all other 
numbers of the field are polynomials in 3 with rational coefficients. 


The degree m of the equation with rational coefficients of lowest degree 
satisfied by such a number 9 is called the degree of the field k. The number 
v will be called a generator of the field. The equation of degree m satisfied 
by v is irreducible over the field of rational numbers. Conversely, each root 
of such an irreducible equation generates a number field of degree m. Let 
F, 0”, ..., OD be the other (m — 1) roots of the equation; we call the 
fields k’, k”, ..., kO™-)) generated by Y, 3”, ..., O™-D the conjugate fields 
of k. If a is any number in the field k and 


a= Cy t+ coh +--+ en! 


4 1. Algebraic Numbers and Number Fields 
where cı, €2, .--, Cm are rational numbers, then the numbers 


a! = c1 Head + tm) 


amd =c + cgp TD +e Cm( GD m 


which are obtained from a by means of the substitutions t = (J: 0’), ..., 
em=D = (8 : 9mD)) respectively are called the numbers conjugate to a. 


82. Algebraic Integers 


An algebraic number a is called an algebraic integer, or briefly an integer, if 
it satisfies an equation of the form 


ar + aya! 4 aga™ * +--+. H am = 


where the coefficients a1, a2, ..., @m are all rational integers. 


Theorem 2. Every polynomial expression F in arbitrarily many algebraic 


integers a, B, ..., K with integer coefficients is again an algebraic integer. 
Proof. We denote by a’, a”, ..., 8’, BY, ..., 6’, «”, ... the numbers 
conjugate to a, B, ..., x respectively and form all expressions of the form 


F(a, ß,...,x), F(a’, B,...,6), F(a, B’,...,6),-.., 
..., F(a, B,.:.,8),..., F(a’, B,...,K),... 


The well-known theorem on symmetric functions then shows that all the 
coefficients of the equation satisfied by all these expressions are integers, 
while the coefficient of the highest power of the unknown is 1. 


In particular, the sum, difference and product of two integers are again 
integers. Thus the property of integrality is preserved under the three oper- 
ations of addition, subtraction and multiplication. An integer y is said to be 
divisible by an integer a if there exists an integer 8 such that y = aß. 


Theorem 3. The roots of an equation of arbitrary degree r of the form 
a”? +aairmar?+.. + =0 


with algebraic integer coefficients a1, a2, ..., Gr are algebraic integers. 
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Theorem 4, When an algebraic integer a is also rational then it is a 
rational integer. 


Proof. Suppose œa = a/b where a and b are rational integers relatively 
prime to one another and b > 1. If œ were to satisfy an equation whose 
coefficients a1, a2, ..., Gm are rational integers then, on multiplying this 
equation by b™-!, we would obtain 

am 
> = —aya™! — aga™ 7b —--»-— amb™ 1 = A 


where A is a rational integer, and this is impossible (Dedekind (1), Kronecker 


(16)). 


§3. Norm, Different and Discriminant of a Number. 
Basis of a Number Field 


Let a be a number in the field k; let a’, ..., a{””D be the conjugates of a. 
Then the product 
n(a) = aa! +++ am) 


is called the norm of the number a. The norm of a number a is always a 
rational number. The product 


6(a) = (a - a )(a — a”) -+- (a — am-D) 


is called the different of the number a. The different of a number in the field 
k is again a number in k. When we write for short 


f(z) = (z - a)(a - a’). (z — a) 


ru 


we have 


Finally the product 


d(a) _ (a _ a)’ (a _ a")? a (a! _ a”)? on (ar _ alm=Dy2 
1 & a? ra’ am-ı 2 
_ jl a’ (a')? pa (ajm! 
1 am) (alm-Dy)2 ... (qim-Dym-1 


is called the discriminant of the number a. The discriminant of a number is 
a rational number, and up to its sign it is equal to the norm of the different; 
we have in fact d(a) = (~1)™™-)/2n(6(a)). 
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If a is a generator of the field its different and discriminant are nonzero. 
Conversely, when the different and discriminant of a number are nonzero it 
generates the field. If a is an algebraic integer then its norm, different and 
discriminant are also integers. 


Theorem 5. In a number field of degree m there always exist m integers 
Wt, W2, +., Wm with the property that every other integer w of the field can 
be represented in the form 


w = aiw + aawa +++ + AmWm 
where @1, Ga, ..., Gm are rational integers. 
Proof. Let a be a generator of the field. Then every number w can be 
represented in the form 
W= T1 trate: tra”! 


where r1, r2,..., Tm are rational numbers. Passing to the conjugates of w we 
obtain 
I t i > 
w =ri trea + +rmla)” L 


wD = ry + raa D 4 try (al DL, 


and hence (in an easily understood abbreviated notation) we have, 
for s = 1, 2,..., M, 


r |1,@,...,W,...,a77}| 
3 — _ _ 
ll,a,...,a@97!,,..,am™-1| 
~1 -1 -1 
o [a.w am l,a. aT a 
IL,a,...,‚arl,...,‚am-1]2 

As 

d(a)’ 
where As, being an integer polynomial function of a, a’, ..., a -)) and 
w, w’,...,w'™-)) is an integer. On the other hand A, is equal to the rational 


number r,d(a) and hence, by Theorem 4, A, is a rational integer. Thus every 
integer w can be expressed in the form 


v= Aı + Agat-:-+ Ama! 


d(c) (1.1) 


where A1, Aa, ..., Am are rational integers and d(«) is the discriminant of 
the generator a. 
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Now let s be any of the numbers 1, 2, ..., m; we consider all the integers 
of the field expressible in the form 


O1 + 020 +.::+0,0°! 
Ws = MMMM 


d(a) 
wo = rar +orar! 
dc) 
„ao = OC +OPar-+0Par? 
i d{cx) 
where the coefficients O, OD, O@), ...are all rational integers. We may 


suppose that O, is nonzero and is the greatest common divisor of all the 
numbers Oş, ow, oP, .... Then the m numbers w1, wa, ..., Wm form a 
set with the desired property. Namely, let w be any integer, expressed in 
the form (1.1); then, according to the defining condition for wm, we must 
have Am = amOm where am is a certain rational integer. Then, however, the 
difference w* = w — amim has the form 


* 


_ T+ Aa +o + Aa? 
7 d(a) | 


Here now we must have A* _, = âm-10m-1; consideration of the difference 
w** = w* — Am—-1Wm-) and repetition of the procedure leads to the result of 
Theorem 5. 


The numbers w1, ..., Wm are called a basis for the set of all integers of 
the field k or, briefly, a basis for the field k. Every other basis wf, ..., wñ of 
the field is given by formule of the type 


wi = Qiwi +--+ GımWm 


Pau Be Ba Er rer 


3 * 


where the determinant of the integral coefficients a is +1 (Dedekind (1), 
Kronecker (16)). 


2. Ideals of Number Fields 


84. Multiplication and Divisibility of Ideals. Prime Ideals 


The first important problem in the theory of number fields is the formulation 
of the laws concerning the factorisation of algebraic integers. These laws 
have a wonderful beauty and simplicity, exhibiting a precise analogy with the 
elementary laws of factorisation in the theory of rational integers and having 
the same fundamental importance. They were first discovered by Kummer for 
the special case of cyclotomic fields (Kummer (5,6)); their investigation for 
general number fields is due to Dedekind and Kronecker. The fundamental 
ideas of the theory are as follows. 

An ideal a in a field k is a set of infinitely many algebraic integers 
1, &,.,. with the property that every linear combination Aıaı +Aaa2 +: -- 
(in which Aı, Aa, ... are algebraic integers in k) again belongs to the set a. 


Theorem 6. In each ideal a there exist m numbers ti, ..., im such that 
every other number in the ideal can be expressed as a linear combination of 
the form 


liti +: + Imim 
where li, ..., lm are rational integers. 


Proof. Let s be any of the numbers 1, 2, ..., m; consider all the numbers 
of the ideal of the form 


bg = Jiwi +: + Jaws, 
€D = Don +o + JI do, 


Pr a a oy 


where J, J“), ... are rational integers. We suppose that J, is nonzero and is 
the greatest common divisor of all the numbers J,, JP, .... It then follows, 
as in the proof of Theorem 5, that the m numbers t1, ..., im have the desired 
property. 
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The numbers t1, ..., im are said to form a basis of the ideal a. Every 
other basis cj, ..., t% of the ideal is given by formule of the type 
i = aly +: + amim 
tm = ümitli +--+ + Ammim 


where the determinant of the integral coefficients a is +1. 

If &ı,...., Qr are any r numbers of the ideal a such that every number 
in the ideal can be expressed as a linear combination of a), ..., a, with 
coefficients which are algebraic integers of k, we write 


a = (Q1,...,Qr). 
If a = (a,...,a,) and b = (ßı,..., 8s) are two ideals then the ideal formed 
by taking all linear combinations of aj, ..., @r, Bis ..., Bs is denoted by 


(a, b), ie. we write 


(a, b) = (a1,-.-;Qr,B1,..., 8s). 


An ideal which consists precisely of all the numbers of the form Aa, where 
a is a fixed nonzero integer of the field and A is an arbitrary integer of the 
field, is called a principal ideal and is denoted by (a), or briefly by a when 
there is no risk of confusion with the number a. 

Each number a of an ideal a is said to be congruent to 0 modulo a; we 
denote this by 


a = 0 (mod a). 


If the difference of two numbers a and @ is congruent to 0 modulo a we say 
that œ and 8 are congruent to one another modulo a and we write 


a = B (mod a); 
otherwise they are said to be incongruent to one another and we write 


a #8 (mod a). 


If we multiply each number of an ideal a = (a),...,a,) by every number of a 
second ideal b = ((1,..., 8s) and form all linear combinations of the products 
with algebraic integer coefficients from the field, the new ideal so obtained is 
called the product ab of the two ideals a and b; thus 


ab = (a1f1,.. -Qr Außer. Arßs)- 


An ideal c is said to be divisible by an ideal a if there exists an ideal b such 
that ce = ab. If an ideal e is divisible by the ideal a then all the numbers of 
¢ are congruent to 0 modulo a. We have the following result concerning the 
divisors of an ideal. 
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Lemma 1. An ideal i is divisible by only a finite number of ideals. 


Proof. Let ı be an arbitrary nonzero number in the ideal i; let n be the 
norm of ¢. If a is any divisor of the ideal 1 then the rational integer n is 
obviously congruent to 0 modulo a. Let 


Oy = 44101 + "+ QimWms +; Om = OmiW1 +: + AmmWm 
be a basis for a, where a)),..., @mm are rational integers. Let aji, .- - , Qnm 
be the smallest positive residues of a11, . . -, @Gmm respectively modulo n. Then 
a = (ayıwı ++ Q1mWmı:.:;Amımwı + + ammm) 
_ ! / t +. i 


and this latter representation of the ideal divisor a leads immediately to the 
assertion of the lemma. 


An ideal distinct from 1 which is divisible by no ideal other than itself 
and the ideal 1 is called a prime ideal. Two ideals are called relatively prime 
to one another when they have no common ideal divisor other than 1. Two 
integers œ and @ or an integer œ and an ideal a are said to be prime to one 
another when the principal ideals (a) and (8) or the principal ideal (œ) and 
the ideal a respectively are prime to one another (Dedekind (1)). 


85. Unique Factorisation of an Ideal 
into Prime Ideals 


We have the following fundamental result. 


Theorem 7. Every ideali can be represented in one and only one way as 
a product of prime ideals. 


Dedekind has recently given a new exposition of his proof ( Dedekind (1)). 
The method of proof followed by Kronecker is based on his theory of the 
algebraic forms belonging to a number field. The significance of this theory of 
forms becomes clearer if we first derive the theorems of ideal theory directly; 
for this purpose the following lemma plays an essential part. 
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Lemma 2. If the coefficients a1, Ga, ..., 81, Ba, ...of two poly- 
nomials in one variable 


F(z) = T" +agz""!4+---, 
G(x) = Air’ + Bar! +- 
are algebraic integers and the coefficients yi, yo, ... of the product 
F(z)G(z) = yirt + yart] ++ 


are all divisible by the integer w then each of the numbers aıfı, aıßa, ..., 
aaßı, &282, ... is also divisible by w (Kronecker (19), Dedekind (7), Mertens 
(1), Hurwitz (1, 2)). 


From this lemma we obtain easily the following sequence of theorems 
(Hurwitz (1)). 


Theorem 8. Corresponding to each ideal a = (a1,...,a,) we can find an 
ideal b such that the product ab is a principal ideal. 


Proof. We set 
F(x) = at" + agt! p- 
and l l 
PO (z) = aa” ta War... (=1,...,m-1), 


where the al are the numbers conjugate to a,; we form 


m-1 
R= I] F(z) = p +p +>, 

i=1 
where ĝi, G2, ... are integers of the field k. Then FR = nU where n is a 
rational integer and U is a polynomial whose (integer) coefficients have no 
common factor. From this it follows that n is congruent to 0 modulo the 
product of the two ideals a and b = (81, 82,...). Lemma 2 shows moreover 
that conversely each number a;ß@r is divisible by n. Hence we have ab = n. 


Theorem 9. Leta, b, c be ideals such that ac = be; ifc #0 thena = b. 


Proof. Let m be an ideal such that cm is a principal ideal (æ). Since 
ac = be we have acm = bem or aa = ab, whence a = b. 
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Theorem 10. If all the numbers of an ideal c are congruent to 0 modulo 
an ideal a then c is divisible by a. 


Proof. Let m be an ideal such that am is a principal ideal (a). Then all 
the numbers of the ideal mc are divisible by & and consequently there is an 
ideal b such that me = ab. Then amc = aab, ie. ac = aab and soc = ab, 


Theorem 11. Jf the product ab of two ideals is divisible by a prime ideal 
p then at least one of the ideals a, b is divisible by p. 


Proof. Suppose a is not divisible by p. Then the ideal (a, p) is a divisor of p 
distinct from p and hence must be (1). Thus 1 can be expressed as 1 =a+7 
where & is a number in a and 7 is a number in p. Hence if 8 is any number 
in b we have 8 = a8+7 = aß (mod p). By hypothesis a8 = 0 (mod p) and 
consequently 8 = 0 (mod p). Thus b is divisible by p. 


We can now prove Theorem 7, the fundamental theorem of ideal theory, 
as follows: if i is not itself a prime ideal let i = ab where a is a divisor of i 
distinct from i and 1. If now one of the factors a, b is not a prime ideal we can 
represent it in the same way as a product, obtaining a factorisation i = a’b’c’, 
and proceed in this way. The procedure terminates because, according to 
Lemma 1, there are only finitely many divisors of the ideal i. If r is this finite 
number of divisors then i cannot be expressed as a product of more than 
r factors, for a representation of the form i = a,...a,41 would imply the 
existence of r +1 mutually distinct ideal factors 


1,0102,01,0903,...,4) °-- Ary. 
The final stage of the procedure produces the desired representation 
i=pq---l. 


This representation is unique. For if we also had i = p’q’---U then i would 
be divisible by p’ and hence, by Theorem 11, one of the factors p, q, ..., I, say 
p, would be divisible by p’; hence we would have p = p’ and consequently, by 
Theorem 9, the equation q---( = q’---(’ and we deal with this in the same 
way. 


The fundamental Theorem 7 has the following easy consequence. 


Theorem 12. Every ideali of the field k can be expressed as the greatest 
common divisor of two integers K, p. 


Proof. Let « be any integer divisible by i. If there were an integer p 
divisible by i such that p/i is prime to «/i then we would have i = (xk, p). 
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We find such an integer p as follows: let pi, ..., Pr be all the prime 
ideals dividing «s; if i = pl- pē" where the a; > O then the r ideals 
0; = perth... piii tpg tI... yar+1 have no common factor. So there are r 


numbers 6;, with 6; in 0;, such that 


that +. 


a;+1l 


; and we define 


If a; is any number which belongs to pf‘ but not to p 
p= 01d, +--+ + 0,6, 


then p is precisely divisible by each p% but not by p@‘t?. 


§6. Forms of Number Fields and Their Contents 


The Kronecker theory of forms (Kronecker (16)) is concerned with the 
following additional concepts. 

A polynomial F in arbitrary many variables u, v, ..., whose coefficients 
are algebraic integers of a field k is called a form of k. The conjugate forms 
F’,..., F™-D of a form F are obtained by replacing the coefficients of F in 
order by their respective conjugates. The product of F with all its conjugates 
is a polynomial in the variables u, v, ... with rational integral coefficients; 
we may write this polynomial in the form nU(u,v,...) where n is a positive 
rational integer and U is a polynomial whose coefficients are rational integers 
with no common factor. We call n the norm of the form F. When the norm 
of F is 1 we call F a unit form. A polynomial whose coefficients are rational 
integers with no common factor is called a rational unit form. Two forms are 
said to be content-equal! to one another (denoted by >) when their quotient 
is equal to the quotient of two unit forms. In particular, every unit form ~ 1. 
A form H is said to be divisible by the form F if there exists a form G such 
that H ~ FG. A form P is called a prime form when P is not divisible (in 
the sense of content-equality) by any form other than 1 and itself. 

The relation of Kronecker’s theory of forms to ideal theory becomes clear 


when we remark that to every ideal a = (aı,...,ar) a form F can be 
constructed by multiplying the numbers a;, ..., a, by arbitrary distinct 
products of powers of the indeterminates u, v, ...and adding the resulting 
products. Conversely, each form F with coefficients a, ..., œ, produces an 


ideal a = (aı,...,@r). This ideal a is called the content of the form F. We 
have now the following. 


1 In Kronecker’s terminology “equivalent in the narrow sense” 
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Theorem 13. The content of the product of two forms is equal to the 
product of their contents. 


Proof. Let F and G be forms with arbitrary variables and coefficients 
Q1,...,@, and ĝi, -.- , 8a respectively and let the coefficients of the product 
H = FG be, ..., ye. Further, let p° and p? be the highest powers of a 
prime ideal p which divide a = (a1,...,a,) and b = (ßı,...,8s) respectively. 
Let us arrange the terms of the two forms F and G first of all according to 
decreasing powers of u and then, for each power of u, according to decreasing 
powers of v and so on. Let aufv! --- be the first term of F in this arrangement 
whose coefficient œ is divisible by no higher power of p than the a-th; and 
let Bu” v! be the first term of G whose coefficient @ is divisible by no higher 
power of p than the b-th. Then obviously the coefficient y of yulth'y!+!... 
in H is divisible by no higher power of p than the (a + b)-th. All the remain- 
ing coefficients of H are, however, also divisible by p°t®, The assertion that 
(01,...50r)(B1,-++ 586) = (1y+++4%) follows at once. 


We have, in particular, as an easy consequence of Theorem 13, that each 
unit form has content 1 and, conversely, that each form whose coefficients 
have greatest common ideal divisor 1 is a unit form. It follows that content- 
equal forms have the same content and, conversely, that all forms with the 
same content are content-equal. In particular any two forms with the same 
coefficients are content-equal. 


Further consequences of Theorem 13 are as follows. 


Theorem 14. For any given form F there exists a form R such that FR 
is content-equal ta an integer. 


Theorem 15. If the product of two forms is divisible by a prime form P 
then at least one of the two forms is divisible by P. 


Theorem 16. Every form can be represented (in the sense of content- 
equality) in one and only one way as a product of prime forms. 


These theorems run parallel to Theorems 8 and 11 and the fundamental 
Theorem 7 of ideal theory. 


Apart from the ways followed by Dedekind and Kronecker there are in 
addition two simpler approaches to the proof of the fundamental Theorem 
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7. One method is based on the theory of Galois number fields; see Sect. 36 
( Hilbert (2,3)). The second method proceeds from the theorem that the ideals 
of a field are distributed into a finite number of ideal classes. The basic idea 
of the proof can be viewed as a generalisation of that which leads to the 
well-known Euclidean algorithm to determine the greatest common divisor 
of two rational integers (Hurwitz (3)). 


3. Congruences with Respect to Ideals 


87. The Norm of an Ideal and its Properties 


The theory of the factorisation of ideals in a field which we developed in 
Chapter 2 allows us to carry over to the numbers of an algebraic number 
field the elementary theorems of the theory of rational numbers. We describe 
first the following general ideas and results. 

The maximum number of algebraic integers of a field which are incongru- 
ent to one another modulo an ideal a is called the norm of the ideal a and is 
denoted by n(a). 


Theorem 17. The norm of a prime ideal p is a power of the rational 
prime p divisible by p. 


Proof. Suppose there are f integers wi, ..., wy of a basis for the field 
which are independent in the sense that they satisfy no congruence of the 
form 

arwi + Haws = 0 (mod p) 


with aı, ..., ay rational integers not all divisible by p and which have the 
further property that each of the remaining m — f integers of the basis is 
congruent modulo p to an expression of the form awi +: + aswy. Then 
every integer of the field is congruent modulo p to such an expression and 
it follows at once that there are exactly pf mutually incongruent integers 
modulo p. 


The exponent f is called the degree of the prime ideal p. 


Theorem 18. The norm of the product ab of two ideals is equal to the 
product of their norms. 


Proof. Let a be a number divisible by a chosen as in the proof of Theorem 
12 so that a/a is an ideal prime to b. If £ runs through a set of n(a) integers 
incongruent to one another modulo a and 7 through a set of n(b) integers 
incongruent to one another modulo b the expression £ + an produces a com- 
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plete set of integers incongruent to one another modulo ab; this set consists 
of n(a)n(b) integers. 


Theorem 19. Let 


41101 + ''' + amm, 


tl 


| 
2 
3 

£ 
+ 
+ 
[=] 
3 

i 
3 


bm 


be a basis for an ideal a. Then its norm n{a) is equal to the absolute value of 
the determinant of the coefficients a. 


Proof. Let us consider the original basis for a which we found in the proof 
of Theorem 6. In this basis the coefficients a,, are all zero for s > r and the 
coefficients a,, are all positive. Thus the determinant of the coefficients a is 
the product aıı ...@mm. On the other hand the expression 


uw +++ + Umm 


for 
u = 0,1,...,@11 —1,...,Um =9,1,...,@mm — 1 


represents a complete set of integers mutually incongruent modulo a. This 
completes the proof of Theorem 19. The converse of the theorem is obvious. 


The connexion with Kronecker’s theory of forms becomes clear from the 
following theorem. 


Theorem 20. Let F be a form with content a. Then the norm of the 
form F is equal to the norm of the ideal a, i.e. n(F) = n(a). In particular 
the absolute value of the norm of an integer a is equal to the norm of the 
principal ideal (a). 


Proof. Let t1, ..., ¿m be a basis for the ideal a and consider the form 
F = tiui +: + emim. 


Then we have 


wF = hist + limim; 
ümf = lmit ++ Immim; 
where li, ..., imm are linear forms in ui, ..., tm with rational 


integral coefficients. We prove first that the determinant |l s| of the 
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forms lil, ..., lmm is a rational unit form. Suppose to the contrary that 
the coefficients of the determinant |/,,| were all divisible by a prime number 
p. Then there would be m forms L,,..., Lm with rational integer coefficients 
not all divisible by p such that 


Lilit e+ Lmimi = 0 (mod p), 


Lilim ++ ZImimm = 0 (mod p). 


From this it follows that 
(Liwi ++ Imum)F=0 (mod pa). 


So the product la is divisible by pa, where [ is the content of the form 
Liwi +: + Imwm: Hence I is divisible by p: but this cannot happen since 
a number of the form awi + +--+ @mWm with rational integer coefficients 
Ql, ..., Gm can be divisible by p only if all the coefficients a), ..., dm are 
divisible by p. 

By the multiplication theorem for determinants we have 


wi E reo Wm E 
wi F” z wh E” _ 
dem... werd pm) 
hi * Im il zE bm 
fo) ne lom ti Un 
lmi © dimm md md 


and hence by cancellation of the factor 


Wy tee Wm 

wi te Wh 

m-1) m-1 
wh I wi ) 


we have the relation FF’... Fr) ~ n(a), or n(F) = n(a). The second part 
of the theorem follows when we set F = a(ujw, +--- + UmWwm)- 


When we apply the substitution t = (0: 9°) to all the numbers qj, ao, 

of an ideal a the resulting ideal a’ = (t’a), t/ag,...) is called the ideal 
conjugate to a by the substitution ¢’. If we consider the composite field of 
k, k', ..., k(m-V Theorems 18 and 20 show us that the product of a and all 
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its conjugate ideals is a rational integer, namely n(a).! From this fact arises 
a new definition of the norm of the ideal a which corresponds precisely to the 
definition of the norm of a number œ and which moreover is capable of an 
important generalisation. See Sect. 14. 


Theorem 21. In each ideal i there can be found two numbers such that 
the greatest common divisor of their norms is the norm ofi. 


Proof. Let a = n(i). As in the proof of Theorem 12 we find a num- 


ber a in i such that a/i is prime to a. Then, if a’, ..., a”"V are the 
numbers conjugate to a and i’,..., i(”-1) are the ideals conjugate to i, we 
have a’/i’, ..., a™-) /il™-1) and hence n(a)/n(i) = n(a)/a prime to a. 


Hence n{i) = a = (a™, n(a)) = (n(a),n(a)). 


§8. Fermat’s Theorem in Ideal Theory. 
The Function y(a) 


As a result of the same considerations as in the theory of rational numbers 
we have the following result corresponding to the Fermat theorem (Dedekind 


(1)). 


Theorem 22. Jf p is a prime ideal of degree f then every integer w of the 
field k satisfies the congruence 


WP =w (mod p). 


The generalised Fermat theorem is also easily carried over to the number 
field situation. The following theorems can also be proved without difficulty 
(Dedekind (1)). 


Theorem 23. The number of integers incongruent to one another modulo 
an ideal a and prime to a is 


1 1 1 
a) = n(a)( 1 - —— )I1- ——~]}:-:-(1-—~ 
ela) =l- E E e) C e 
where pi, Pa, ..., Pr are all the distinct prime ideals dividing a. 


If the ideals a and b are prime to one another we have 
y(ab) = p(a)y(b) 


! See p.34 paragraph 2. 


§8. Fermat’s Theorem in Ideal Theory 21 


and for each ideal a we have 


Yo) = n(a) 


where the summation extends over all the ideals t dividing a. 


Theorem 24. Every integer w prime to an ideala satisfies the congruence 
we) =] (mod a). 


For example, if p is a prime ideal of degree f then every integer w prime to 
p satisfies the congruence 


wel) =] (mod p?). 


We have also the following results. 


Theorem 25. Ifaı,...., a, are ideals pairwise prime to one another and 
Q1,.--,Q, are arbitrary integers then there exists an integer w which satisfies 
the congruences 


w=a, (modq),....w=a, (moda,). 


Theorem 26. A congruence of degree r modulo a prime ideal p of the 
form 
az” +a,27-!4---+a, =0 (mod p) 


where œ, 01, ..., a, are integers ink and a #0 (mod p) has at most r roots 
incongruent to one another modulo p. 


Theorem 27. Let p be a prime ideal which divides the rational prime 
number p. If a ts a root of the congruence 


az” +a,2""1+.---+a, =0 (mod p) 


where a, ai, ..., A, are rational integers, then a? is also a root of the same 
congruence. 


Proof. We denote the left hand side of the congruence by F(x). Then, ac- 
cording to the Fermat theorem, we see that the congruence F(z?) = (F(r))? 
(mod p) holds identically in r, and this fact implies the assertion of the 
theorem. 
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89. Primitive Roots for a Prime Ideal 


An integer p of the field k is called a primitive root for a prime ideal p when 
the first pf — 1 powers of p form a complete set of pf — 1 integers prime to p 
which are mutually incongruent modulo p. Here again the same reasoning as 
in the rational number case leads easily to the following result. 


Theorem 28. There are &(p/ — 1) primitive roots for the prime ideal p, 
where ©(pf —1) is the number of rational integers incongruent to one another 
modulo pf — 1 and prime to pf — 1, 


A theory of primitive roots for the powers of a prime ideal p has not yet 
been developed; but we can easily obtain the following (Dedekind (6)). 


Theorem 29. Let p be a prime ideal of the field k. Then there exists 
an integer p of k such that every other integer of k is congruent modulo 
an arbitrarily high power p! of p to a certain polynomial in p with rational 
integer coefficients. 


Proof. Let p* be any primitive root for p. Then obviously each integer in 
k is congruent modulo p to a certain polynomial in p*. Let 


P(p*)=0 (mod p) 


be the congruence modulo p of lowest degree with rational integer coefficients 
satisfied by p*. If the degree of P is f’ no expression of the form 


a +a + taplo) 


with rational integer coefficients aı, a2, ..., af can be congruent to 0 modulo 
p unless all the coefficients a1, aa, ..., af: are congruent to 0 modulo p. Since 
on the other hand every integer of the field must be congruent to an expression 
of the above form it follows that f = f”. 

In the situation where P(p*) = 0 modulo p? we set p = p* + 7 where 7 
is an integer divisible by p but not by p*. Then since, according to Theorem 


27, 
Te (Pl) (mod p), 


we must have 


dP(p* 
P(p) = Plot +n) = Plo) +r HE) 40 (mod 5”) 
The number p has the desired property. If a1, ag, ..., ay run through all 
expressions of the form a; + azp +... + asp”! where aj, a9, ..., ay are 
integers from the range 0, 1, ..., p— 1, it is easily seen that the sums 


ay + a2P(p) +--+ {P(o} 
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represent integers incongruent to one another modulo p!; and since there are 
pf! numbers of this form it follows that they exhaust all the incongruent 
residues modulo p!. Clearly the same property holds for all integers congru- 
ent to p modulo p?. 


We use this last result to give the following representation of the ideal p. 


Theorem 30. Let p be a prime ideal of degree f. Then there is an integer 
p ink with the property described in Theorem 29 such that 


p= (p, P(p)) 


where P(p) is a polynomial in p of degree f with rational integer coefficients. 


Proof. Let p = pfa where a is an ideal not divisible by p. Let a be an 
integer not divisible by p, though possibly by a. According to Theorem 24 
we have a?/(?/-1) = 1 (mod p?). If we replace the number p found in the 
previous proof by par’ (rp! ~1) the new number p still has the property of 
Theorem 29. Since the last coefficient of the polynomial P(p) cannot be 
divisible by p it follows that for the new number p we must have P(p) prime 
to a, i.e. p = (p, P(p)). 


A. The Discriminant of a Field and its Divisors 


810. Theorem on the Divisors of the Discriminant. 
Lemma on Integral Functions 


The discriminant d of a field k is defined by the equation 


t t 
d= wi Wm 
m-l m-—l 
(m—1) werd 
where wi, ..., Wm form a basis for k; the discriminant d is a rational integer. 


For the development of field theory the investigation of the ideal factors of 
the discriminant is of central importance. We have the following fundamental 
theorem. 


Theorem 31. The rational prime numbers which divide the discriminant 
d of a number field k are precisely those primes which are divisible by the 
square of a prime ideal of k. 


The proof of this theorem has given rise to considerable difficulty; it was 
first carried through by Dedekind (Dedekind (6)). Hensel has given a second 
proof and thereby supplemented the Kronecker theory of algebraic numbers 
in an important respect. Hensel’s proof depends on the following ideas intro- 
duced by Kronecker (Kronecker (16), Hensel (4)). 

Let uj, ..., Um be indeterminates, and let w1, ..., wm be a basis; then 


E = WU +--+ + Umm 


is called the fundamental form of the field k. This obviously satisfies the 
equation 


(2—Wy U1 —- ++ —Wmtm)(f—w} u —* Wi Um) 


(2 werd, — +. wily) = 0 


which can be put in the form 
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L” + Um! 4 Wa”? +. + Uy, =0 


where Ui, ..., Um are polynomials in ui, ..., Um with rational integer 
coefficients. This equation of degree m is called the fundamental equation. 
In order to be able to work with the concepts just described it is necessary 
to carry over the theorems concerning factorisation of polynomials in one 
variable z modulo a rational prime number p (Serret (1)) to the more general 
case where the polynomials contain not only the variable x but also the m 
indeterminates ui, ..., Um as parameters. 

In what follows we shall always use the term integer polynomial to mean 
a polynomial in variables or indeterminates with rational integer coefficients. 
An integer polynomial Z(z;%),...,tUm) is said to be divisible modulo p by 
another integer polynomial X (z; u1,...,üm) if there exists a third integer 
polynomial Y (z; u1,..., um) such that the congruence 


Z=ÄY (mod p) 


holds identically in the variables z, u1, ..., um. An integer polynomial P is 
called a prime polynomial modulo p if it is divisible modulo p by no integer 
polynomials other than those which are congruent modulo p to a rational 
integer or to P itself or to a product of P by a rational integer. The usual 
laws of divisibility of polynomials of one variable hold here also; in particular 
we have the following result which is easily established using the well-known 
Euclidean recursive procedure. 


Theorem 32. If X andY are integer polynomials in £, u1, ..., Um which 
have no common divisor modulo the rational prime number p then there exists 
an integer polynomial U in ui, ..., Um alone which is not congruent to 0 
modulo p such that 

U=AX+BY (mod p) 


where A and B are suitable integer polynomials in £, ui, ..., Um. 
Our next object is the factorisation of the left hand side F of the funda- 
mental equation into prime polynomials modulo the prime p. We first prove 


the following lemma. 


Lemma 3. If p is a prime ideal of degree f dividing p then there exists 


a prime polynomial modulo p, H (x; u1,..., Um), of degree f in x such that 
when x is replaced by the fundamental form € the coeffictents of the powers 
and products of ui, ..., Um in IT(€; uy,...,Um) are divisible by p but are not 


all divisible by p* nor by any prime ideal distinct from p which divides p. 


Proof. Let p = pa where the ideal a is not divisible by p. Let p be a 
primitive root for p which has the properties described in Theorems 29 and 
30. Let P(e) be an integer polynomial of degree f associated with p (as in 
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Theorems 29 and 30) such that p = (p, P(p)). P(x) is a prime polynomial 
modulo p, for otherwise p would satisfy a congruence modulo p of degree less 
than f. We set 
p = aiw Hiie HH OmWm, 

where @),..., @m are rational integers, and suppose that the coefficient of of 
in P(p) is 1. Since P(p) = 0 (mod p) it follows from Theorem 27 that we have 
also P(p?) = 0, P(o”) 0, ..., P(o) = 0 (mod p); so the congruence 
P(x) = 0 (mod p) has the f mutually incongruent roots p, p”, ..., pP’ and 
hence 


P(x) = (z - p)(x — pP) --- (£ — pP) (mod p) 


identically in x. Thus the elementary symmetric functions of p, p?,..., pP 
are all congruent modulo p to certain rational integers. 
Since each integer of the field k is congruent modulo p to a polynomial in 
p we can write 
E = L(P; ul,- Um) (mod p) 


where L is an integer polynomial in p, ui, ..., um. According to what was 
proved above the expression 


(2 — L(p; ur,- .-,Um))(T — L(p?; u1, ..,Um)) e (2 — L(p? "3 u1., Um)) 


is congruent modulo p to an integer polynomial in z, ui, ..., Um; we write 
this polynomial in the form 


IT (z;u1,...,Um) = 2f +V) +V}, 


where Vi, ..., Vp are integer polynomials in u1, ..., tm. Obviously the fun- 
damental form € satisfies the congruence in x 


H(z; ui,..., üm) =O (mod p). 


Since the polynomial I/(z;aı,...,am) = P(x) modulo p it follows that 
p = (p, H(p;@1,...,@m)) and hence the coefficients of the powers and 
products of u1, ..., Um in H(z; u1,..., Um) are not all divisible by p? nor by 
any prime ideal distinct from p dividing a. Since P(x) is a prime polynomial, 
so also a fortiori is I(x; u1,..., Um) 


Lemma 4. If (z; u1,..., Um) is an integer polynomial which is congruent 
to O modulo p identically in u1, ..., Um as soon as we replace x by the funda- 
mental form € then P(x; u1,..., Um) is divisible modulo p by II(z; u1,..., um). 


Proof. Suppose, to the contrary, that ® and J have no common factor 
modulo p. Then, according to Theorem 32, there is an integer polynomial U 
in ul, -.., Um alone, not congruent to 0 modulo p, such that U = AS + BH 
modulo p, where A and B are integer polynomials in £, t1, ..., tm. From 
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this it follows, when we replace x by the fundamental form é, that U = 0 
modulo p and hence modulo p, which is not the case. 


Lemma 5. Let © be an integer polynomial in £, ui, ..., Um which is 
congruent to O modulo p° identically in uj, ..., Um whenever x is replaced 


by the fundamental form €. Then © is divisible modulo p by IT®. 


Proof. Suppose @ = IT’ F (mod p) where e’ < e and F is an 


integer polynomial in T, u1, ..., 4m which is not divisible modulo p by 
II. Then it follows that all the coefficients of powers and products of 
Us... Um in {IT(E€;u1,..., Um) }® F(E; u1,...,tm) must be divisible by pë. 


Let J7(€;u1,.-.,Um) and F(€;u1,..., Um) be arranged according to descend- 
ing powers of u, the coefficients of powers of u, according to descending 
powers of u, and so on. If then 7 is the first coefficient in 7(€) which is not 
divisible by p? and « the first coefficient in F(£) which is not divisible by 
p (if there are any such) then we would have 7® « = 0 (mod p€) which is 
not possible. So all the coefficients of F (£) are divisible by p; hence it follows 
by Lemma 4 that F(z; u1,...,Um) is divisible modulo p by H (€; u1, ..., Um). 
This contradicts our hypothesis. 


§11. Factorisation and Discriminant 
of the Fundamental Equation 


From Lemmas 3, 4 and 5 we deduce the following important facts concern- 
ing the factorisation of the left hand side of the fundamental equation. 


Theorem 33. If the rational prime number p factorises as p = pe (pe _ 
then the left hand side F of the fundamental equation decomposes modulo p 
in the form 

F=IM°(I’)®.-: (mod p), 


where II, II’, ... are distinct prime polynomials modulo p; further, if 
F = MM)" -++ pG 


then G is an integer polynomial in the variables T, ui, ..., Um which is not 
divisible modulo p by any of the prime polynomials IT, IT’, .... 


Theorem 34. The congruence of degree m 


F(z;t1,-..;Um) =9 (mod p) 
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derived from the fundamental equation is the congruence of lowest degree in 
x with rational integral coefficients which is satisfied modulo p by the funda- 
mental form £. 


Proof. Let @ be an integer polynomial in z, u1, ..., um such that the 
congruence (r) = 0 (mod p) is satisfied by the fundamental form £. Let the 
distinct prime ideal divisors p, p’, ... of p have degrees f, f’, ... respectively. 
Taking norms we have p™ = pet!’ + and som = fe+f'e’+---. Let II, IT’, 


... be the prime polynomials in z, u1, ..., Um belonging to the prime ideals 
p, p’, ... respectively as in the preceding lemmas. It follows from Lemma 5 
that 


@ = H(I) --- YW (mod p), 


where ¥ is an integer polynomial. Since H, I’, ... have degrees f, f’, ... 
respectively, it follows that ® must be of degree at least m in z. When we 
take ® to be the left hand side F of the fundamental equation we obtain the 
assertions of Theorem 34 and the first part of Theorem 33. 

Finally, suppose G(x) were divisible by II(z) say. Then the fundamental 
form € would satisfy the congruence G(r) = 0 (mod p) and hence also the 
congruence I7®(x){IT')® (x)--- = 0 (mod p®*'), According to Lemma 5 this 
is not possible; so the second part of Theorem 33 is established. 


These results imply a sequence of important theorems on discriminants. 


Theorem 35. The greatest numerical factor of the discriminant of the 
fundamental equation is equal to the discriminant of the field. 


Proof. We set 
Uiw ++ Umum 
E = Uznwi + + Umum (4.1) 
Eri = Umwi t + Ummüm 
where U11, -.., Umm are integer polynomials in u1, ..., um. Let U be the de- 


terminant of these m? polynomials. If it were the case that all the coefficients 
of U were divisible by a rational prime number p then it would follow that 
there were m integer polynomials Vi, ..., Vin of u1, ..., Um not all congruent 
to 0 modulo p such that 


VU +: + VmUmı = 0 (mod p) 


be ee te eae 


ViUim ++ VmUmm = 0 (mod p) 
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identically in ui, ..., um. From this it would follow that the fundamental 
form £ satisfied the congruence 


Vi + VE +... + VmE™ ! =0 (mod p) 


which is of degree less than m. According to Theorem 34 this cannot 
happen; so it follows that the determinant U is a rational unit form. 
Using the multiplication theorem for determinants we deduce from equations 
(4.1) that 


1 £ e gr! wI vee Wm 
1 é! u. (em) -y wi zr Wha 
1 Em) a (eim- 1)ym-1 wer a werd 


Squaring this relation we obtain d(é) = U?d or d(£) > d, where d(£) is the 
discriminant of the fundamental equation and d is the field discriminant. 


By solving the equations (4.1) we obtain in addition the following result: 


Theorem 36. Every integer of the field k can be expressed as a rational 
integral function of degree m — 1 in the fundamental form €. The coefficients 
of this function are integer polynomials in ul, ..., Um divided by the rational 
unit form U (Kronecker (16), Hensel (4)). 


§12. Elements and Different of a Field. Proof of the 
Theorem on the Divisors of the Discriminant 
of a Field 


Theorem 35 allows us to factorise the field discriminant d as a product of 
ideal factors. The m — 1 ideals 


tt 


| 
€ 

| 
£ 
© 
3 

| 
€ 
> 


em) = ((uy — wf), (wm - WY) 


are called the elements of the field k. These are ideals which in general do not 
belong to the number field k; on the contrary the product? = e'e”... md; 
an ideal of the field k.! The elements e’, ..., e(”-) are in fact the contents of 


1 See p. 34, paragraph 2. 
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the forms €—£’,..., E-E(MD respectively and so we deduce from Theorem 
13 that the ideal d is the content of the different of the fundamental form, 
i.e. of 


OF _ 2 _ eh)... (e elm) 
me m (E= E) (E= ED) 


and this is a form of the field k. The ideal d is called the different? of the 
field. Its norm is equal to the greatest numerical factor of the discriminant 
of the fundamental form, and since this (according to Theorem 35) is equal 
to d we have the following theorem. 


Theorem 37. The norm of the different of a field is equal to its discrim- 
inant. 


The congruence 


‚ ,_, OIT' 
ore) = em (ry + e IT°( IT’) I , 
shows further that the different of the field is always divisible by p°—! and in 
the case that the exponent e is prime to p by no higher power of p. Taking 
the norm we deduce that the discriminant of the field is always divisible by 
pf(e-1)+e'(f'-1)+-- and when the exponents e, e’, ... are all prime to p by no 
higher power of p. This completes the proof of the fundamental Theorem 31 
stated at the beginning of Sect. 10. 


+... (mod p) 


§13. Determination of Prime Ideals. Constant Numerical 
Factors of the Rational Unit Form U 


The actual calculation of the prime ideals which divide a given rational prime 
number p can be carried out according to Theorem 33 by factorising the left 
hand side of the fundamental equation. It is useful to know, however, in what 
circumstances the parameters u1, ..., Um in the fundamental equation may 
be given special values. To this end we introduce the following considerations. 

We obtain the discriminants of all the algebraic integers of a field when we 
let the parameters u1, ..., Um in U?d run through all the rational integers. 
The greatest common divisor of all these discriminants may not coincide with 
the field discriminant d for it may very well happen that the rational unit form 
U may produce for all integral values of ui, ..., Um a collection of numbers 
with a fixed divisor other than +1. This fact illuminates the significance of 
the use of the indeterminates u1, ..., Um. We can also easily find a necessary 
and sufficient condition that the rational prime number p be such a fixed 
divisor of U; the condition is that U be expressible in the form 


2 Dedekind calls it “das Crundideal”. 
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pV + (uf - u )Vı ++ (uh — um)Vm 


where V, Vi, ..., Vm are integer polynomials in u1, ..., tm (Hensel (1, 2, 
5)). 

Let us suppose it is possible to give the indeterminates ti, ..., Um Ta- 
tional integer values a1, ..., am such that the rational unit form U becomes 
a number not divisible by p. Then in dealing with the decomposition of the 
rational prime number p the fundamental equation may be specialised by 
replacing the form € by a = aıwı +--+ + mm. In fact, under this hypoth- 
esis, it follows easily from Theorem 36 that every integer w of the field is 
congruent modulo p to an integer polynomial in a and accordingly an integer 
polynomial in a of degree less than m cannot be divisible by p unless all 
its coefficients are divisible by p. Let us denote by P(x), P’(x), ... the poly- 
nomials in x alone obtained from H(z; u1,..., Um), I (T; U1,- ., Um), ... by 
the substitutions uı = a1, ..., Um = âm. Then P(z), P’(xr), ... are prime 
polynomials incongruent to one another modulo p and 


p = (p, P(a)), p’ = (p, P(a)),.... 


In fact if, after removal of the factor p, P(a) still contained a prime factor of 
p, p’ say, we would have 


{P(a)} {P'(a)} T {P"(a)} «+ =0 (mod p), 


which, according to what we said above, cannot be the case since the left 
hand side of this congruence is a polynomial in œ of degree less than m. 

Conversely we have the easily proved result: If p = p*(p’ je... is the 
decomposition of p in the field k, where p, p’, ... are distinct prime ideals 
of degrees f, f’, ...respectively and we can associate to the prime ideals 
p, p’, ... integer polynomials P(r), P’(xr), ...in one variable x with degrees 
f. f’, ... respectively which are prime polynomials incongruent to one an- 
other modulo p then there exists a number a = aywı +--:+@mWm for which 
the corresponding value of U is not divisible by p. The non-existence of such 
mutually incongruent prime polynomials P(x), P’(z),.... thus provides a new 
necessary and sufficient condition that the prime number p be a fixed numer- 
ical factor of U (Dedekind (4)). 

Each of the two essentially different conditions which we have found in 
this paragraph can be used to produce numerical examples for number fields 
in which U actually has fixed numerical factors other than +1 (Dedekind (4), 
Kronecker (16), Hensel (1, 2, 5)). 

We should notice, however, that the form U loses the property of contain- 
ing a fixed numerical factor when we allow the indeterminates u1, ..., Um 
to run through all the algebraic integers of a suitably chosen number field in 
which all the numbers represented by U in this way have greatest common 
divisor 1 (Hensel (5)). 


5. Extension Fields 


814. Relative Norms, Differents and Discriminants 


The concepts of norm, different and discriminant can be generalised in an 
important way. 

Let K bea field of degree M which contains all the numbers of a field k 
of degree m; we say that k is a subfield of K and that K is an extension of 
k or a relative field with respect to k. Let © be a generator of the field K. 
Among the infinitely many equations with coefficients in k satisfied by © let 
the following equation of degree r 


O +0,07'4+---+a, =0 (5.1) 


be of least degree; aj, ..., a, are then well-determined numbers in k. The 
degree r is called the relative degree of the field K with respect to k; we have 
M = rm. The equation (5.1) of degree r is irreducible in the field k. The 
remaining r — 1 roots, 0’, ..., @°~") of equation (5.1) are called the relative 
conjugate numbers of © and the fields K’,..., K-") generated by 0’, ..., 
@'"-1) respectively are called the relative conjugate extensions of K. If A is 
any number of the field X and we have 


A=n+nO+--+ yO, 


where 7, ..., Yr are numbers in k, then the numbers 
A = NERO HT, 
ACD = yı +y OTD) +e +y (007D)! 
obtained from A by means of the substitutions T’ = (O : ©), ..., pr-1) = 


(8 : EV) respectively are called the relative conjugate numbers of A. If 
we apply the substitution 7’ to all the numbers of an ideal J the ideal 3’ 
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which we obtain ıs called the relative conjugate ideal of I corresponding to 
the substitution T”. 


The product of a number A with its relative conjugate numbers 
N,(A) = AA. AD 


is called the relative norm of the number A with respect to the field k. The 
relative norm N,(A) is a number in k. IE J = (A),..., Ag) is any ideal of K 
then the product of 3 with all its relative conjugate ideals 


N,(3) = II... TOY 


is called the relative norm of the ideal J. The relative norm N,(T) is an ideal 
of the field k. For if U1, ..., Us are indeterminates the coefficients of the 
expression 


(A1U1 +... + AgUs)(A{U1 +... + AgUs) (Al PU, +...+A$ Us) 


are integers of k whose greatest common divisor must, according to Theorem 
13, coincide with the above product of ideals. 


Let aj, ..., a, be any numbers of k and i = (aı,...,«a,) the ideal of k 
which they determine; these numbers also determine an ideal J = (a),..., a5) 
of K. This ideal is not to be thought of as different from i. Conversely, an 
ideal J = (Aj,...,Ag) of K is to be regarded as an ideal i of k precisely 
when J can be represented as the greatest common divisor of certain inte- 
gers Q1,..., a, of the field k. That we are entitled in these circumstances to 
regard (a1,...,a@,) both as an ideal of k and as an ideal of K is shown by 
the following theorem: if a1, ..., as and aj, ..., a}. are integers in k such 
that the two ideals J = (aı,...,a,) and J* = (af,...,a%.) of K coincide 
then the ideals i = (a1,...,a@5) and i* = (aj,...,a%.) of k also coincide. In 
fact it follows from the hypothesis that if a* is one of the numbers aj ,..., 
až. then we have an equation of the form a* = Ajai ++: + A,a,, where 
Aı,.:., As are integers in K; if we take relative norms of both sides of this 
equation we see that in the field k the number a*” must be divisible by i’; 
hence a* must be divisible in k by i and so i* must be divisible by i. By the 
same argument i must be divisible by i*; hence i= i*. 


The expression 
A,(A) = (A= A)(A- AM) + (A= ACY) 
represents a number of the field K; it is called the relative different of the 
number A with respect to the field k. The expression 
D(A) — (A _ A'A _ A”)? tae (41-2 _ Alt1))2 
is called the relative discriminant of the number A. Up to its sign the relative 


discriminant of a number is equal to the relative norm of its relative different: 
we have in fact D(A) = (—1)"-)/2N,(Ag(A)). 
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Let N1, ..., Nm form a basis for the field X. Then the ideal 
Dp = EEE"... er) 
formed by multiplying ther — 1 elements 
€ = (AR), (Rm - m): 


tee Eur eee 


ED = (R = RTI). (Oe ~ My?) 
is called the relative different of the field K with respect to k. If 
Z = SAU ++ NRMUM 
is the fundamental form of K then the relative different of = is 
AS) = (5-8). (2-207), 


The coefficients of this form are numbers of the field X and since, according 
to Theorem 13, the greatest common divisor of these is the relative different 
D, it follows that D, is an ideal of the field K. 

The square of the greatest common divisor of allr x r subdeterminants 
of the matrix 


N N sae m 
A Be 62) 
ae) ag) nn Qe) 


is called the relative discriminant D, of the field K with respect to k; it is 
easily seen to be an ideal of the field k. 


§15. Properties of the Relative Different 
and Discriminant 


We have the following theorems concerning the concepts we have just defined 
( Hilbert (4)). 


Theorem 38. The relative discriminant of a field K with respect to a 
subfield k is equal to the relative norm of the relative different of K, i.e. 


Dr = Nr(Dr). 


Proof. The relative norm of the relative different of the fundamental form 
Z is given by 
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NA{E) = HE- NE - EN... (E079) — BO)? 
1 = zr-1 2 
=’ gvyr-1 
= + | (=°) 
1 ser)... (gedyrol 


On the other hand the square of the determinant on the right hand side is a 
form of the field K whose content is equal to the relative discriminant D,. To 
see this we express the entries of the above determinant as linear combina- 
tions of the basis elements £21, ..., Rm and their respective conjugates, with 
coefficients which are integer polynomials in U1, ..., Um; then we recognise 
that the square of the determinant has all its coefficients divisible by Dy. 
Conversely, using Theorem 36, we see that the product of each r x r sub- 
determinant of the matrix (5.2) by the r-th power of a certain rational unit 
form in the parameters U4, ..., Um is divisible by the product of differences 


( 
It follows that N,(A,(5)) ~ Dr. 


(1 


_ Z'YUE _ 5") i (20-2) _ zer), 


Theorem 39. Let D and d be the discriminants of the extension field 
K and the subfield k respectively and let n{D,) be the norm of the relative 
discriminant Dy considered as an ideal of k. Then 


D= +d'n{ Dx). 


Proof. Let € = wıuı + ---+ Wm, be the fundamental form of the field 
k. Then 5 satisfies an equation in X of degree r having the form 


P(X, E) = GoX" + PXT! 4---4+ 6, =0 


where 9, ..., $, are integer polynomials in £ and the indeterminates 1, 
c, Um, U1, ..., Um, while Žo is a rational unit form of the indeterminates 
Ul, ..., Um. The remaining roots of the above equation are X = 5”, ..., 


EÆ(r-1), Next let €) be one of the m — 1 fundamental forms conjugate to 
£; we denote the roots of the r-th degree equation 6(X,€‘")) = 0 by Eh); 
Z (h)? beng a D Since € satisfies an equation of degree m it is obvious that 
the product of each power of = by a power of ©, is an integer polynomial 
in é and & of degree in € not greater than m — 1 and in £ not greater than 
r —1 with coefficients which are functions of the parameters u1, ..., tm, U1, 
..., Um with integer coefficients. Hence it follows that the product of the 
discriminant of the fundamental form Z by a power of do is divisible by the 
square of the mr x mr determinant A = 
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1 fF œ Erol € z . egr-l... 
Lae m-l em-le a gm-l1gr-1l 
1 SF. (Æ)! € gez’ “ENT... 
tae emo em~l ey a er iz 
1 Zzu7-D . (E0-D)r-1 € eztr-D u ezt-dyrl a 
em gm- glr) . er-i(zt-dyro1 


where we have shown only the first r rows of the determinant. The remaining 
(m — 1)r rows are obtained when we attach to all the symbols & the indices 
(h) = (1), ..., (m—1) as superscripts and the same indices as subscripts to 


all the symbols =, 
If we now express all the elements of A as linear combinations of the 


numbers S2ı, ..., Rm of the basis and their conjugates we have the identity 
2; z Nm 
A= u M |F 
MD Q™-») 
where F is an integer polynomial in the parameters ui, ..., Um, Ui, ..., 


Um. It follows that the numerical factor of the square of A is divisible by D. 
Since, however, the numerical factor of the discriminant of = is D (according 
to Theorem 35) it follows from the preceding discussion that conversely D 
is divisible by the numerical factor of the square of A. Hence the numerical 
factor of A? is precisely D. 

From elementary theorems in the theory of determinants we have the 


identity 


1 € emt 
I e ‘ym-1 
a=]! en (&) fii 
1 em) a (em Dym-1 
where 
= =r— = zr-1 
1 = =r 4 1 —(1) Ey 
= = -= - = - 
m=1 5 er 1 S ET 
1 r-l) (S@-V)r-1 1 Eu) (20 Yyr-1 
= r-1 
1 —(m-1) Em-1) 
I Em-ı (Em) 
Ze) all 
1 Em) a (EEI 1 


and from this Theorem 39 follows immediately. 
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Theorem 39 which we have just proved shows not only that the discrim- 
inant of a field is divisible by the discriminant of each of its subfields but 
also gives a certain power of the latter which divides the discriminant of the 
extension field and also reveals the simple significance of the remaining factor. 


§16. Decomposition of an Element of a Field k 
in an Extension K. Theorem on the Different of the 
Extension K 


Theorem 40. Each element of the subfield k is equal to the product of r 
elements of the extension K; we have in fact 


= ~m = = = zir-1 
E=E™ = (E-EmNE-Em) (E - Gy”) 


(5 - Eh AE- Em) (E 


2 


Proof. Let 
F(X) =X” 4 FIX" 4...4 Fy =0 


be the fundamental equation of degree M of the field K, where Fi, ..., Fu 
are integer polynomials in V1, ..., Um. Then we have 


OT F(X) = D(X, EBX, €')-- G(X, em =D) 


identically in X. 


Since ®(5,€) = 0 it follows that the different of the fundamental form = 
is represented by the formula 


OF(S)_ 1 oar ae 


A(z) = = Z 5,6-0), 
Now for h = 1, 2,..., m — 1 we have on the one hand 
5(5,E) = BE - Ew E - Ein) (E - SG”) (5.3) 
and on the other hand 
BZ,EN) = 6(5,€) — 83, = (E - EH) GM (5.4) 


where G(®) is an integral algebraic form. From this it follows that 


OF (5) = RES 


pm —— AS = e E E).- (E- E(m—1)) Gq" ...Glm-D, 


Si 
ince 1 885,8) 
o OF 
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represents the relative different of = we deduce from the last result, using 
Theorem 13, that 
D= DJ (5.5) 


where D is the different of K, D, the relative different of K with respect 
to k, 0 the different of k and 3 the ideal which is the content of the form 
G’...G°™-1), Taking the norm we have D = n(D,)d" N (J) and consequently, 
by Theorem 39, N(J) = 1, so that J = 1. The forms G’,..., G(”"V are thus 
all unit forms and Theorem 40 follows from equations (5.3) and (5.4). 


Theorem 40 gives us the decomposition of the elements of the field k in 
the extension K; it is the foundation of the theory of discriminants. Equation 
(5.5) yields in addition the following important fact. 


Theorem 41. The different D of the field K is equal to the product of 
the relative different Dy of K with respect to the subfield k and the different 
0 of the field k, i.e. 

D= DD. 


According to this theorem the behaviour of the different when we move 
from a field to an extension is remarkably simple: we obtain the different 
of the higher field when we multiply the different of the lower field by the 
corresponding relative different. 


6. Units of a Field 


817. Existence of Conjugates with Absolute Values 
Satisfying Certain Inequalities 


In Chapter 2 we gave a full treatment of the laws concerning the divisibility 
of numbers in an algebraic number field. We now pass on to develop some 
additional results in which the concept of absolute value plays an essential 
röle. The most important tool for this investigation is the following result 
(Minkowski (3)). 


Lemma 6. Let 


fi 


aliti +°°'+dimUm, 


Im = Amitit + A@mmtm 


be m homogeneous linear forms in ul, ..:, Um with arbitrary real number 
coefficients ail, -.-, @mm with determinant 1. Then we can find rational 
integer values for ui, ..., Um, not all zero, such that the absolute values of 
the forms fi, ..., fm are all <1. 


We can recast the result slightly to obtain the following. 


Lemma 7. Let fi, ..., fm be homogeneous linear forms in uj, ..., Um 
with positive determinant A; let Ki, ..., Km be positive constants whose 
product is A. Then we can find rational integer values for ui, ..., Um, not 
all zero, such that the absolute values of the m forms satisfy the conditions 


[fil S Kıs--- ‚|fm| < Km- 


We remark that in this chapter we depart from the notation used in the 
earlier chapters and denote the field k and its conjugates by kD) = k, k®?, 
..., k&™ and correspondingly the conjugates of the basis numbers w1, ..., 
wm in k(®) are denoted by w{”, ..., wi. 
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We apply Lemma 7 in proving the following fact. 


Theorem 42. Let Kı, ..., Km be arbitrary positive real constants whose 
product is |\/d| satisfying the condition that if k®) and k®’) are conjugate 
imaginary fields then Ks = Ky. Then there exists a nonzero integer w in the 
field k such that 

[uD] < Kis- [W] < Km. 


Proof. We associate with each of the fields kV, ..., kl) a linear form, 
according to the following prescription. If k‘” is a real field we associate with 
it the linear form 

fr = wP uy +. +) um 


while if k? is an imaginary field and k°’) its conjugate imaginary field we 
associate with k?) and k(°) the linear forms 


1 t I 
fs = ti” +w uy +e (wi) +wh? Jum} 

1 (3) _,() (3) (s’) (6.1) 
fy = — {(w; — wy Jun ++ (wm — wm Jum} 


respectively, which both have real coefficients. The determinant of the m 
forms fi, ..., fm has absolute value |VYd|. The conclusion of the theorem 
then follows immediately from Lemma 7 when we bear in mind that for each 
pair of conjugate imaginary fields k“*), k("”) we have 


P+ FF = Qo u + + wun |?. 


The following result follows easily. 


Theorem 43. For a given degree m and a given positive constant x there 
exist only finitely many algebraic integers of degree m which, along with their 
conjugates, have absolute value less than k. 


Proof. The m rational integer coefficients of the equation which such an 
algebraic integer satisfies must all be less in absolute value than a bound 
which depends only on m and «. It follows that there are only finitely many 
such integers. 
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§18. Absolute Value of the Field Discriminant 


We prove the following two theorems. 


Theorem 44. The discriminant d of a number field k is always different 
from +1 (Minkowski (1, 2, 3)). 


Theorem 45. There are only finitely many fields of degree m with given 
discriminant d (Hermite (1, 2), Minkowski (3)). 


The following lemma is of use in proving these theorems. 


Lemma 8. If fi, ..., fm are the m real linear forms in the indeterminates 
Uj, ..., Um defined in equations (6.1) then there exists a nonzero integer 
a = awi +... +amwm ink for which the absolute values of the forms with 
Uj = 41, ..., Um = Am satisfy the inequalities 


lAl <|Vd|, [fal <1, [fs] <1,---5| fm] <1. (6.2) 


Proof. According to Theorem 43 there can be only a finite number of 
integers a, Q1, Q2,... in k which satisfy the conditions 


(Al <{vd{+1,{fal <1,...,[fml <1. 


Let a be the integer among &, 1, @2,... for which |fı| takes the smallest 
value; and let this smallest value be y. If there are in fact no such numbers, 
set y =|Vd|+1. If p < |Vd| then the result of Lemma 8 follows immediately. 
If, on the other hand, y > |Vd| we find a positive real number € such that 
(1+ ¢)™—!|/d| < y. According to Lemma 7 there exists a set of rational 
integers u1, ..., Um, not all zero, such that 


1 
<(1 m-1)4/d|,| fol < ——,...,]fml < 
[fal < (1 +e)" va] UET If |S iy: 


and consequently 
fal < vy | fel <1,..-5 lfm] <1. 


But this contradicts our choice of a. 


Now to prove both Theorems 44 and 45 we proceed as follows. If k = k“) 
is a real field the form fı is uniquely determined. If, however, k) is an 
imaginary field and k(2) is its conjugate there are two possible choices for the 
form fı; we set 

1 


fa = page? on + + WP u: 


44 6. Units of a Field 


The order of the remaining forms fa, ..., fm is immaterial. Lemma 8 shows 
that there exists an integer a which satisfies the conditions (6.2). On the 


other hand z z 
+ 74 
11-111 2 = ino), 
(r) 3,9 


where the first product is taken over all forms f, and the second over all pairs 
fs, fo. Since |n(@)| > 1 it follows that |fıl > 1 and hence that |/d| > 1. 
Thus Theorem 44 is established, 

At the same time it follows from the inequalities |fıl > 1, |f2| < 1, ...., 
|fm| < 1 that a is a number of the field k = k(!) which is distinct from all 
its conjugates; so the different (a) is nonzero. It follows, in accordance with 
a remark in Sect. 3, that a is a generator of the field k. Since d is a pre- 
scribed number it follows from Theorem 43 that there are only finitely many 
algebraic integers of degree m which, together with their conjugates, satisfy 
conditions (6.2). The assertion of Theorem 45 follows immediately. 


Theorem 44 reveals a property which lies very deep in the nature of alge- 
braic numbers, namely that the discriminant of every number field must be 
divisible by at least one prime number. 

If, instead of the result we quoted in Lemma 6 and used as basis for all 
our investigation, we were to use another, sharper, result of Minkowski, the 
same line of argument would lead to the result that the absolute value of the 
discriminant of a field of degree m is always greater than 


O C 


eem 


and hence is greater than 


’ 


4 arm 
where r2 is the number of conjugate imaginary pairs among the m conjugate 
fields kV, ..., k(®) (Minkowski (1, 2, 3)). 


This last result, used in a corresponding way, shows again that among the 
fields of all possible degrees there can be only finitely many with a prescribed 
discriminant d. 

From these results we deduce also the following fact which is important 
for Chapter 7 (Minkowski (1, 3)). 


Theorem 46. For each ideal a of a field k there exists a nonzero integer 
a ink which is divisible by a and whose norm satisfies the condition 


|n(a)| < |n(a)vd. 
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Proof. Let 


Ly = Aywı +’ + AımWm 


| 
=) 
3, 
£ 
+ 
+ 
S 
3 
3 
€ 
3 


Im 


be the m basis numbers of the ideal a. Then we can construct from these, in 
precisely the same way as we did with w1, ..., Wm, m linear forms fi, ... , fm 
with real coefficients. The determinant of these m forms is equal in absolute 
value to 


m i) aii a wir) uh) 
m) m) aml an amm wh” ve wi) 


and consequently, according to Theorem 19, has absolute value |n(a) vd]. 
Now associate with the forms f1, .-., fm real positive constants K1,..., Km 
whose product is |n(a)Wd| and which are such that s, = ky when k(®) and 
k*) are conjugate imaginary fields. Theorem 46 then follows at once from 
Theorem 42. 


§19. Theorem on the Existence of Units 


The most important foundation stone for the deeper study of algebraic inte- 
gers is the following fundamental theorem on the units of a field k (Dirichlet 
(13, 14, 16), Dedekind (1), Kronecker (18), (20), Minkowski (3)). 

An integer e of a field k whose reciprocal 1/e is also an integer is called 
a unit of k. The norm of a unit is +1; conversely, every integer in k whose 
norm is +1 is a unit of k. 


Theorem 47. Suppose that among the m conjugate fields kV, ..., kO™ 
there are rı real fields and r2 = 3(m-rı) pairs of conjugate imaginary fields. 
Then k = k contains a set ofr = rı +r2 —1 units £1, ..., Er such that 
every unite of k can be uniquely expressed in the form 


e = pef! sete 


where aı, ..., @ are rational integers and p is a root of unity in k. 


In preparation for the proof of this theorem we arrange the m conjugate 
fields kV, ..., k(®) in a special way, as follows. First we take the r) real 
fields k}, ..., k9); then we choose one field from each of the rz pairs of 
conjugate imaginary fields, calling them k+), ..., &("1+r2); we follow these 
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with their conjugates k(rıtrz+l) ..., k(”), Now we introduce m linear forms 
in m real variables u1, ..., tm, namely 
Es = we, +- + NM um (s=1,2,...,m) 
and write & = £1. If &ı, ..., Em are all nonzero we write, in the case where 
k°) is a real field, 
log |&s| = la (£) 


and, when k(®), &(*’) are conjugate imaginary fields, 


log(&) = gls(€) — ile (€) 
log(&,) = SIE) + als (£) 


where li (£), ..., /m(&) are all real numbers and in particular the values lẹ (£) 
satisfy the inequalities 


In this way /)(€), ..., Im(£) are uniquely determined real functions of the 
real variables u1, ..., Um; we call them the logarithms of the form £. If in({€) 
denotes the real part of the logarithm of n(£) we have 


(E) +++ + Irre) = In(€). 


If ui, ..., tm are rational integers, not all zero, then € = é represents 
a nonzero integer a of the field k = k. The numbers li (£), ..., Im(£) are 
then uniquely determined by the number a and are called the logarithms of 
the number a. If £ is a unit of the field k then, since n(e) = +1, we have 


Ile) + lofe) + + life) = 0. 


Conversely, the real variables u1, ..., tim are determined by the logarithms 
LE), ..., Im(£) in a 2"-valued way, since the rı real values £1, ..., En 
are determined by means of the logarithms only in absolute value, while the 
remaining conjugate pairs of imaginary values are completely determined. 
In order to calculate the functional determinant of this dependence rela- 
tion, which we shall use later, we introduce the following notation: if f,,..., 


fm are m arbitrary functions of the variables x, ..., £m then the functional 
determinant of fi, ..-, fm with respect to 2), ..., m is denoted by 

fise- fm 

Tiz... Tm 


Then for the absolute values we have the formulæ 


Uls..-, Um _ 1 | £1,-+-5&m 


Else Em Wal’ ACE)» Im(E) 


and by multiplying these we obtain the value of 


= |£., Eml =| n(€)| 
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Uly-- -3 Um 
ME... Im(E) 


In what follows we shall be concerned mainly with the first r logarithms 


lj, ..., Ir of a form £ or a number a. For the first r logarithms of forms €, n 
or of numbers a, 8, we have obviously the equations 
Is(in) = ly(€) + ls(n) 


l;(aß) = OTE (s=1,...;r). 


We prove now the following fact. 


Lemma 9. Let yı, ..., Yr be arbitrary real constants, not all zero. Then 
there exists a unite in k such that 


ylıle) ++ Yrbr(e) #0. 
Proof. If w is any nonzero integer in k we write for short 
L(w) = nhw) ++ Yrlrlw); 


we determine an arbitrary set of r real numbers Aı, ..., Ar such that 
YıAıt...+ YrAr = 1 and set 


Ait Ané Arpat — part 
A S= e, An =e 1t Ana =e? rt... Ar = e? 1] 


where t is an arbitrary real parameter. 

There are now two cases to consider, according as the m conjugate fields 
k), ..., km) are all real or not. In the first case we associate with the 
r= m — 1 fields k), ..., k& the numbers A), ..., A, and with the final 
remaining field k(”) the constant 


va] 


An = . 
m Aı eer Am-1 
In the second case we again associate with the fields k(V,...., k the numbers 
Ai, ..., Ar: with the imaginary field k+) we associate the number 


1 
vd ; 
Ay41 = A . -A A? . A2 ; 
1°: rı'r + fr 


finally we associate with the remaining m — r — 1 imaginary fields &{"+?), 
.., k&™) respectively the same constants as are already associated with their 

conjugate imaginary fields; we denote the corresponding numbers by A,42, 
.., Am. In both cases we have the product 


Ai- Am = | Vd] 
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and so the constants A,,..., Am satisfy the conditions imposed on Kk}, ..., 
Km in Theorem 42. 
It follows then from Theorem 42 that there is a nonzero number a in the 
field k such that 
aD} < Ar.. la] < Am (6.3) 


and consequently |n(a)| < |Vd|. Since |n(a)| > 1 we have, for all s = 
1,2,...,m, 
je > 1/la®]... JaV a+]... Ja); 


bearing in mind the relations 


1 > 1 1 > 1 
a) ~ A amd] > Am 
and 
Ay: Am = |Vd| 
we deduce that A 
la’*)| > — (6.4) 


Ival 


From the two inequalities (6.3) and (6.4) we deduce that 
At>ila) 2 àst—28 (s=1,...,r) 
where 6 is the real value of log |Vd |. Thus 
0 < |ls(a) —Ast] < 26 (6 =1,...,r). 
From this we deduce that the form 
y {li(a) - àit} ++ Melt) — àrt} = L(a) -t 


lies between certain finite bounds 6, and 462 with 62 > 6,, which depend only 


on d and y1, ..., Yr and not on the value of the parameter t. 
Let A be a real number such that A > 462 — 6). Taking t = 0, A, 2A, 
3A, ...in turn and applying the procedure described above, we obtain an 


infinite sequence of numbers a, 8, y, ... whose norms are all in absolute value 
< |Vd| and which, in addition, satisfy the conditions L(a) < L(8) < L(y) < 
... Since only finitely many distinct ideals occur as factors of the rational 
integers with absolute value < |Vd| it follows that in the infinite sequence of 
principal ideals (a), (8), (y), ... only finitely many distinct ideals can occur; 
consequently it happens infinitely often that two of these ideals are equal. If, 
say, (a) = (8) then e = §/a is a unit and, since L(e) = L(G) — L(a) > 0, 
€ satisfies the conditions of Lemma 9. 
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820. Proof of the Theorem on the Existence of Units 


In order to prove Theorem 47 we choose, according to Lemma 9, a unit nı in 
k for which I, (nm) Æ 0, then a unit 72 for which the determinant 


Ilm) (n2) 
Ia(m) l2(n2) 


then again we choose a unit 73 such that 


um) ulm) h(n) 
lo(m) le(n2) lalns) 
l3(m) (n2) Is(ns) 


and so on in this way until eventually we have a set of units 7), ..., 7, for 
which the determinant 


#0; 


#0 


hm) = a) 


I.(m) e (Mr) 


It follows from this that if H is any unit of the field the first r logarithms of 
H can be put in the form 


L(H) = alhlm)t tel): 
L.(H) = alklm)t + erl), 
where eı, ..., er are real numbers. This representation shows that we may 
write 
lı (H) = milam) t e+ mepli(n-) + E, 
I.(H) = Mmilr(m) +- + Mel (nr) + Er, 
where Mmi, ..., m, are the greatest rational integers less than or equal to 
€1,..., êp respectively and the numbers E, ..., Er have the form 
Fy = pmh(m)+ tell), 
Ey = lm) +++: + url), 
where H1, ..., Hr are real numbers > 0 and < 1. Thus Æ, ..., Æ, are 


bounded in absolute value by a bound « which is independent of H. So the 
first r logarithms of the unit 


H 


H = — 
Mone 
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are all bounded in absolute value by «. Since | i(H)+. tly (H) = Dit follows 
that /,,)(H) is in absolute value less than rx. Thus we have the inequalities 


A | <e... A” <e", Art) <e", 


and so all the conjugate values of the unit H are less in absolute value than 
ern. 

According to Theorem 43 there can be only finitely many such units. Let 
us denote them by Hı, ..., Hg. It follows that H = Hs or H = Hgn™... nr 
where S is one of the numbers 1, 2, ...G. If Hr is one of the G units 
Hı, ..., Hg and we form the first G + 1 powers of Hr, then, by what we 
have just proved, some two of these powers must be expressible in the forms 
Han nr" and Hs ene" (with the same Hg in both cases); hence 
their quotient can be represented in the form n] +- nr. So we have proved 
that for each unit Hr there is an exponent Mr such that Hr is a product 


of powers of the units nı, ..., 7r- Let M be the least common multiple of the 
G exponents Mı, ..., Mg, so that the exponent M has the same property 
for all G units H1, ..., Hg. From this it follows that the first r logarithms of 


each unit H of the field k have the form 
milim) ++ mrli (Hr) 


i(H) = Vi 
Laken eas (6.5) 
_ mail (nı) +-+ Mrir(nr) 
where mı, ..., m, are rational integers. 


We now apply to the infinite set (6.5) of logarithms of all units the same 
line of argument as we used in Theorem 5 (Sect. 3) to prove the existence of 
a field basis. It follows that there is a set of r units eı, ..., Ep by means of 
whose logarithms the logarithms of each arbitrary unit H can be expressed 
in the form 


l (H) = arlılcsı) ++ arli (Er), 


ayl,(€1) +: + arly (Er) 


I.(H) 


where aı,...., a, are rational integers. 
We claim that this set of units satisfies the conditions of Theorem 47. 
To see this, let H be any unit, whose logarithms have the above form. 
Then 


is a unit whose logarithms are all zero. Such a unit is necessarily a root of 
unity. For, according to what we proved earlier, pM = nf"! n”r, where 
Mı,..., M, are rational integers. Taking logarithms we have 
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mil(m)+-:::+m,li(n,) = 0, 
mil (m) +e Mrir(nr) = 0, 
whence mı = m2 =... = m, = 0 and p = 1. This gives a representation 
of the unit H as described in Theorem 47. 
From the method used to determine the units £1, ..., Er it follows that 
am) = Hm) 
nn — AR 
l (m) e (Mr) 


hei) + lifer) 


kan moe wel 


This determinant R is nonzero and from this it follows that the representation 
of the unit H by means of the units cı, ..., Er is unique. We have thus 
succeeded in proving all the assertions of the fundamental Theorem 47. 


§21. Fundamental Sets of Units. Regulator of a Field. 
Independent Sets of Units 


A set of units £1, ..., €p with the property set out in Theorem 47 is called a 
fundamental set of units of the field k. It follows easily that when e], ..., €7 
is another fundamental set of units the determinant of the first r logarithms 
of these r units coincides with R up to sign. We always choose the order of 
a fundamental set of units so that R is a positive number. The number R is 
then uniquely determined by the field k; we call R the regulator of the field 
k. 

We showed in the proof of Theorem 47 that a unit all of whose logarithms 
are zero must be a root of unity. This fact is expressed also in the following 
theorem, which can actually be easily established directly (Kronecker (6), 
Minkowski (3)). 


Theorem 48. A unit which, together with allits conjugates, has absolute 
value 1 is a root of unity. 


Since the two roots of unity +1 and —1 occur in every field the number 
of roots of unity in a field k is always even; clearly this number can exceed 2 
only if all m conjugate fields are imaginary. 
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An arbitrary set of t units, m, ..., m is called an independent set if 
there exists no relation of the form 7)" -ng = 1 where Mmi, ..., me are 
rational integers not all zero. The number ¢ cannot exceed r; in particular 
a fundamental set €), ..., Ep is an independent set of r units. On the other 
hand, if we have an independent set of r units 7, ..., 7, there exists a rational 
integer M such that for every unit £ of the field k there is an equation of 
the form e? = m. mr where mi, ..., m, are rational integers. For if 
Ns = Ps€\'"---e%™ for s = 1, ..., r, where ps is a root of unity and ais, 

<., Qrs are integer exponents, then (by the hypothesis that ni, ..., 7, form 
an independent set) the determinant of the exponents a), ..., Gr, must be 
nonzero. If this determinant is denoted by A it follows that the A-th power 
of each unit £ of the field is equal to a product of powers of the units 7, ..., 
nr multiplied by a root of unity p. If p? = 1 for all roots of unity pin k then 
obviously the exponent M = AE has the desired property. 

The above proof of Theorem 47 also shows that it is possible to determine 
a fundamental set of units by means of a finite number of rational operations. 
A more detailed investigation of the problem of finding the simplest way to 
calculate the units leads to the theory of continued fraction algorithms, where 
the wider question of the periodicity of such developments is of particular 
interest (Minkowski (3,4)). 


7. Ideal Classes of a Field 


822. Ideal Classes. Finiteness of the Class Number 


Every integer of a number field k determines a principal ideal; every fraction, 
i.e. every number « of k which is not an integer, can be represented as the 
quotient of two integers a and 8 and hence as the quotient of two ideals a 
and b: x = a/f = a/b. If we require that the ideals a and b have no common 
ideal factor then the representation of the fraction « as a quotient of ideals 
is uniquely determined. Conversely, if the quotient a/b of two ideals a and 
b - with or without a common factor - is equal to an integer or a fraction 
k = a/ß of the field, we say that the two ideals a and b are equivalent to 
one another, denoted by a ~ b. If a/b = a/ß then we have (A)a = (a)b 
and so we recognise that two ideals are equivalent to one another if and 
only if they are transformed into the same ideal when they are multiplied by 
suitable principal ideals. The totality of all ideals which are equivalent to a 
given ideal is called an ideal class. All principal ideals are equivalent to the 
principal ideal (1); the class which they form is called the principal class and 
is denoted by 1. If a ~ a’ and b ~ b’ then we have ab ~ a’b’. If A is the 
ideal class containing the ideal a and B is the ideal class containing b then 
the ideal class containing ab is called the product of the ideal classes A and 
B and is denoted by AB. Obviously 1B = B and conversely from AB = B 
it follows that A = 1. 

It is sometimes useful to work with ideal quotients: an equation of the 
form a/a’ = b/b’ or an equivalence of the form a/a’ ~ b/b’ are to be taken 
as synonymous with the equation or equivalence produced on multiplying 
by the ideals in the denominators, i.e. with the equation ab’ = a’b or the 
equivalence ab’ ~ a'b respectively. 

We have the following theorem. 


Theorem 49. Let A be an ideal class; then there exists one and only one 
ideal class B whose product with A is is the principal class. 


Proof. Let a be an ideal in the class A and a an integer divisible by a, so 
that we may write a = ab. Then if B is the class of the ideal b we have 
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AB = 1. If there were another class B’ such that AB’ = 1 then, on mul- 
tiplication by B, we have B = ABB’ = PB. 


The class B’ is called the inverse class of A and is denoted by A-!. We 
have also the following fundamental result. 


Theorem 50. In every ideal class there exists an ideal whose norm does 
not exceed the absolute value of the square root of the discriminant of the 
field (Minkowski (1, 3)). The number of ideal classes of a number field is 
finite (Dedekind (1), Kronecker (16)). 


Proof. Let A be an ideal class and i an ideal in the inverse class A-!. 
Then, according to Theorem 46, there is an integer ¢ divisible by i whose 
norm satisfies the condition |n(z)| < n(i)|Wd|. If we set = ia then a belongs 
to the ideal class A and since |n(z)| = n(i)n(a) it follows that n(a) < |vd]. 
Thus there exists in the class A an ideal a satisfying the latter condition. 

Since the rational integers which are < |\/d| have only finitely many dis- 
tinct ideals as factors, the second assertion of the theorem follows at once. 


The number of ideal classes of a field k is called the class number of k. 


§23. Applications of the Theorem on the Finiteness of the 
Class Number 


Theorem 50 which we have just proved has many consequences and applica- 
tions, of which we emphasize the following. 


Theorem 51. If h is the number of ideal classes then the h-th power of 
each class is the principal class. 


Proof. In the sequence A, A”, ..., A+! there must be two classes which 
coincide, say A” = A"+te, Since ATA® = A" we have A® = 1. Let e be the 
smallest positive exponent such that A® = 1; then the e classes AP = 1, A, 
..., A®! are all distinct. If B is a class distinct from these e classes then 
the e classes B, AB, ..., A®°~'B are again all distinct from one another and 
from all the previous e classes. Continuing in this way we see that h must be 
a multiple of e and from this the result of the Theorem follows. 


According to Theorem 51 the h-th power of every ideal a is a principal 
ideal. 


Theorem 52. If a and 8 are arbitrary integers there exists a nonzero 
integer y dividing both a and B which can be expressed in the form 


823. Applications of the Finiteness of the Class Number 55 


y = a + np, where € and n are suitably chosen integers. In general y, € 
and n do not belong to the number field determined by a and B (Dedekind 


(1)). 


Theorem 53. Let k, p and «*, p* be two pairs of numbers in the field 
k. In order that i = (K, p) = (K*,p*) it is necessary and sufficient that there 
be four integers a, B, y, 6 in k whose determinant ad — By = 1 and which 
satisfy the equations 


k* = ak+ Go, 
yk + dp 


(Hurwitz (4)). 


Proof. That the condition is sufficient follows from the fact that these two 
equations have a solution of the form 


K Qa’ K* + B* p*, 


p = y“ K* + ô" p* 
where a*, 8*, y*, ö* are integers. 

To see that the condition is also necessary, let h be the number of ideal 
classes. Then it = (x", p”) = ((«*)?, (o*)") = (T), where r is an integer of 
the field k. Let 

r= uk” + vp” — ut (Kt)? 4 v*(p*)" 


where u, v, u*, v* are integers in k. Then it is clear that the four integers 


a ur’ Kh) + v*p(p*)r-} 
T 

8 _ vk* ph} _ U*K(p*)h—} 
T 

y = pp*Kh-} — ur p{K*yh-} 
T 

5 _ vp* ph! + urk(Kr) Rn! 
T 


satisfy the conditions of Theorem 53. That ad — Sy = 1 follows when we 
combine the determinants 


pr) p 
vor! —K 


Kr v(i 


-T7 = and -T = * *f \h— 
u (ar) rn} 


using the multiplication theorem. 


According to Theorem 12 each ideal of k can be represented in the form 
i = (K,p). If we set 9 = «/p then the integral or fractional number ¥ deter- 
mines completely the ideal class to which i belongs. We call 3 the numerical 
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fraction associated with the ideal class. Theorem 53 shows that if 9* = «* /p* 
is another numerical fraction associated with the same ideal class then there 
must exist four integers a, 8, y, å in k with determinant 1 such that 


av+ 


= . 
yo +6 


§24. The Set of Ideal Classes. Strict Form of the Class 
Concept 


The proof of Theorem 50 gives us at the same time a simple method for 
constructing, by means of a finite number of rational processes, a complete set 
of inequivalent ideals for each given field. We need to take into consideration 
only those ideals whose norm < |/d|. In order to determine completely any 
equivalence which occurs between these ideals we need only multiply all of 
them in pairs and in each resulting product i search for a nonzero number 
¿ whose norm is smallest in absolute value, in order to see whether i = (¢), 
in which case the factors of the product belong to inverse classes. It follows 
from Theorem 46 that this also requires only a finite number of operations. 
Namely, if 41, ..., ¿m is a basis for the ideal i we have only to determine 
rational integers ui, ..., Um, not all zero, such that the absolute values of 
the real and imaginary parts of ue”) ++ umt”) for s = 1,..., mare all 
less than certain given bounds. This requires only a finite number of tests. 
In the same way also we see that to determine for each given ideal the ideal 
class to which it belongs requires only a finite number of rational operations. 

We notice that in certain circumstances a stricter form of the equiva- 
lence and class concepts is useful, in which two ideals are said to be strictly 
equivalent only if their quotient is an integer or fraction with positive norm 
(Dedekind (1)). 


825. A Lemma on the Asymptotic Value of the Number 
of All Principal Ideals Divisible by a Given Ideal 


Following the example of Dirichlet who expressed the number of classes of 
binary quadratic forms with given determinant by transcendental methods 
(Dirichlet (7,8)) and on the basis of the results contained in Chapter 6 on 
the units of a number field, Dedekind succeeded in deducing a fundamental 
formula representing the number h of ideal classes of an arbitrary number 
field as the sum of a certain infinite series (Dedekind (1)). In order to derive 
this formula we prove first the following lemma. 
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Lemma 10. Leta be an ideal of k; let t be a positive real variable and T 
the number of all principal ideals which are divisible by a and whose norms 
are < t. Then 
T Wtr? 1 R 


t>o t w(t) Val’ 


where w is the number of roots of unity in k, R is the regulator of k and 
ri, ro are as explained in Theorem 47, 


Proof. Let a1,..., Œm be a basis of the ideal a; then every integer divisible 
by a has the form 


y= n(v) = vıaı +''' + Umm = fi(vjur treet fm(¥)wm, 


where vi, ..., Um take rational integer values and fi(v), ..., fm(v) are 
linear functions of vi, ..., Um with integer coefficients. If we consider 
V1, -->, Um as real variables and set 
— 4 aaa 1 m — 1 
| Van) | ¥ n(n) | 
n(v) 
E = E(u) = ww + + Umm = — 
| ¥n(n)| 
then ul, ..., Um are one-valued functions of vi, ..., Ym and € is a form 
for which n(£) = +1. We calculate now the first r logarithms of the form 
€ and then r real numbers eı(£), ..., e,(€) such that if €1, ..., Ep form a 


fundamental set of units we have 


l (6) ei()li (E1) +--+- + er(£)li (Er) 


l-(£) ei(é)l (E1) + +++ + er(E)l (Er). 


In this Section 25 we shall refer to these numbers e1, ..., er as the r exponents 
ofn. 

If we take v1, ..., Um to be rational integers, not all zero, it is clear that 
the integer 7 so formed can always be transformed by multiplying by integral 
powers of the units £1, ..., Er into a number whose exponents eı, ..., Er 
satisfy the conditions 


O<e<1,....0<e, <1. (7.1) 


Conversely we see that two integers 7, 7*, whose norms and exponents are 
equal can differ from one another only by a factor which is a root of unity. 
Thus, if w is the number of roots of unity lying in k, then the product of 
w and T, the number of all principal ideals divisible by a with norm < t, 
must be equal to the number of different sets of integers v1, ..., Um for which 
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In(m)| < t and for which in addition the exponents e1, ..., e, satisfy the 
conditions (7.1). 
Now we set 


-l/m 
7 


T=t V1 = YılT,..:, Um = Ym/T3 


then the form é, and consequently also the numbers {ı(£), ..., Ir(&) and 
€1,..., €r become independent of 7 and involve only the m new variables y1, 

.-) Ym- The inequality |n{n)| < t becomes |n(7(y))| < 1; furthermore, as 
a consequence of the conditions (7.1), the r logarithms lı (£), ..., /-(€) (and 
hence also, since li (€) + --- + l-41(€) = in(€) = 0, the logarithm /,41(€)) 
are in absolute value less than a finite bound which depends on £1, ..., Ep. 
The same holds for all the numbers |€“)(y)|, ..., |€°")(y)| and hence also, 
since |n(n(2))| < 1, all the m numbers |n} (y)|, ... , [7° (w)| are less than a 
fixed bound. From this it follows that the inequalities (7.1) together with the 
inequality |n(m{y))| < 1 bound a finite domain in the m-dimensional space 


of the coordinates y1, ..., Ym- 
Now we bear in mind that according to a remark in Sect. 19 (p. 46) 
the function values /,(7), ..., lm(7) determine the values yi, ..., Ym ina 


2™-valued way. Hence 


lim {wTr"} = 2" I [erde ...dp 
T> 
where the integral on the right hand side is taken over the m-dimensional 
domain determined by the inequalities 
0<a<sl,...,0<e,<1, In(nlp))|s1 


and hence has a determinate finite value. 
To find this value we introduce new variables of integration in place of 
Pls +++) Ym; namely we set 


V1 = eı(E),- ..; Wr = e-(E); Vr41 = [n(7)|, dr+2 = Ir+2(£), s.y Wm = lm (€) 


where £ and 7 depend on y1, ..., Ym. Since these m quantities are all analytic 
and regular one-valued functions of y), ..., Ym in the domain 


O<yi$1,...,05%- 51,0441 <1, 


0 < Prt < 27,...,0 < Ym < 27, 
we have 
Pls- Arsen yy dym . 


[ov fiato fom ner 


According to what was said in Sect. 19 (p. 46) we have 


825. Number of Principal Ideals Divisible by a Given Ideal 


fiy--.sfm | 
li(m),-- + lm (n) 


n(n) | 
vd | 
Furthermore, since 


in(n) = h(n) +--+ + dra (7) 


and 
LE) = lon) — nm) (8 = 1,2...) 


we have the following relations 


h(n), sey nl 
ulm)... Ilm), in(n) 


| 


| _1 
l (£), e. L,(), In(n) 


and, since finally 


lr+2(n) = l,42(€), tay Im (7) = lm (£), 


li(€),. my I.(E) 
Pira Pr 


zo- 1 Plees Pm = 
n(n) aD Filh- fm{y) 


na)’ 
we obtain by multiplying all these equations 


Plye s+) Pm | _ R 
dr... Vmi  n(a)|Ad| 
Hence the above integral has the value 
(2m)? R 
nfa) Vä] 


this completes the proof of Lemma 10. 


In the sequel we shall write 


Orr +r2 g"? R 


wal 


= 


59 


so that « is a number determined by the field alone and a characteristic 


number for it. 
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826. Determination of the Class Number by the Residue 
of the Function ¢(s) at s=1 


Theorem 54. If T is the number of ideals in a class A with norm < t then 
we have 
lim T/t = K. 


to 


Proof. Let a be an ideal of the inverse class A~! of A and let g run through 
all the ideals of the class A so that the product ra represents all the principal 
ideals divisible by a each once only. If in the formula of Lemma 10 we set 
t = n(a)t’ then T is the number of ideals r in A for which n(r) < t. By 
cancelling the factor n(a) we obtain the required formula for t = t’. 


Since the number « is independent of the choice of the class A we deduce 
the following result immediately from Theorem 54. 


Theorem 55. If T is the number of all ideals of the field k with norm 
<t and h is the number of ideal classes then 


‚im T/t = he. 


From this formula we can deduce by analytic methods a fundamental 
formula for the class number h. Namely, we have the following. 


Theorem 56. The infinite series 


1 
C(s) = > (n(i))s’ 
(i) 
in which i runs through all ideals of the field, converges for all real numbers 
s>1 and 
lim{(s ~ 1)¢(s)} = he 
s= 


(Dedekind (1)). 


Proof. We denote by F(n) the number of distinct ideals with norm n. 
Then it is clear that when T has the meaning described in Theorem 55 we 


nave F(1) + F(2 F 

lim T/t = lim POHA + tem, 
The limit on the right hand side can now, as we shall show, be represented 
as the sum of an infinite series (Dirichlet (15)). We arrange all the ideals i of 
the field according to increasing value of their norms, writing the resulting 
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sequence as ij, i2,..., 4, ...; we denote the norm of each ideal i, by n,. Then 
we have 

F(1)+---+F(n,-—1) <t < F(1) +-+ F(n) 
or 


nme —1 


1 t F(1) +---+F(n 
a-et <P ttm 
It follows from this according to Theorem 55 that ‚im t/nı = he; that is to 
say, for every positive real number 6, however small, it is always possible to 
choose an integer t so large that the inequalities 


hr —-6 1 hr +6 


t! Ny t! 


(7.2) 


hold for all integers t’ > t. 
On the other hand it is well-known that if s is any real number greater 
than 1 then the series 


converges and that 


This last equation shows that we also have 


OE ap} 


(t) 


where t’ runs only through the integers which exceed any arbitrarily large 
bound ti. From the convergence of the series }} 1/t° we deduce, with the 
help of the inequality 1/n} < (hk + ö)/t’, the convergence for s > 1 of the 
series 


where t runs over all positive integers and i runs over all ideals of the field k. 
Further, it follows from the inequalities (7.2) that 


(hx — 8) (s-1) $C oF <(s-1))> 2 < (hk +8) (s~ 1) X` an 
(t) e Y (t’) 


where the sums are taken over all integers t’ which are > t. Taking limits as 
s — 1 we have that 


, 1 
h-a cife -D E TEE 
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Now we see that 
nen wp} nle ng leg 


is both > ha — ô and < hs +6; hence, since 6 is an arbitrarily small number, 
the limit is hx. This completes the proof of Theorem 56. 


§27. Alternative Infinite Expansions of the Function ¢(s) 
The function ¢{s) can be represented in three different ways by infinite 


expansions (Dedekind (1)). 
We easily see that 


C(s) 


N 
M 
3 |= 
“1S 


| 
=m 


1 1 1 

(p) 
where in the first expression the sum is taken over all positive integers n, 
in the second expression the product is taken over all prime ideals p of the 
field k and in the third expression the product extends over all rational prime 
numbers p — here fi, ..., fe are the degrees of the e prime ideals of k which 
divide p. All these infinite sums and products for ¢(s) converge for s > 1; 
since the terms are all positive the convergence is independent of the order 
of the summands or factors. 


828. Composition of Ideal Classes of a Field 


We have the following important theorem concerning the multiplicative 
structure of the set of ideal classes (Schering (1), Kronecker (11)). 


Theorem 57. There exist q classes Aj, ..., Ag such that every class A 
can be represented in one and only one way in the form 


A= Aj'-:- Aj 


where the exponents xı, ..., xq run through the ranges from 0,1,2,..., 
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toh, -1,..., hg — 1 respectively; further, Am =1,..., Aat = 1 and 
hc hg =h. 


Proof. For each class A we determine the smallest positive exponent eı 
such that A®! = 1. Let hı be the greatest among all these exponents e, and 
let H, be a class with the exponent h,. Now for each class A we determine 
the smallest positive exponent ez such that A®? is equal to a power of Hı. 
The greatest of these exponents is denoted by he; let Hz be a class leading 
to the exponent ha. Next we determine for each class A the smallest positive 
exponent £3 such that A® is equal to a product of powers of H, and H3; let 
h3 be the greatest of the exponents e3 and H3 a class corresponding to the 
exponent h3. We proceed in this way, obtaining a sequence of classes Hı, Ha, 
..., Hg; we see at once that these classes have the property that each class 
A can be represented in one and only one way in the form A = HT! --- q's 
where z1, ..., x, have values as described in the statement of the theorem. 

Now let 

Hh = He Hts). He (7.3) 


with a, #0 where t < s and a, &:-ı, -.., Q1 are certain integral exponents. 
According to the defining condition we have H™ = He ... H, where 
b}_1, ..., 0, are integers. h; must be divisible by ha, for, if not, there would 
be a lower power of H, than the h,-th expressible as a product of the classes 
Hi, Hı-ı, ..., Ha. If we set hi = hel; it follows that Het" can be expressed 
as a product of the classes H;_,, ..., Hı; it is therefore necessary that ari; 
be divisible by h; and so a; divisible by h,. Set a, = hc, and instead of the 
class H, choose the class H! = H,H, “*. Equation (7.3) now assumes the 
simpler form 

(Hj) = Het! HP. 


8 


Repetition of this procedure leads eventually to a class A, in place of H, for 
which the desired relation A" = 1 holds. 

In addition the above representation of the classes can be so arranged 
that the numbers hı,...., 4g are prime numbers or powers of prime numbers. 
Namely, if g is one of the numbers hj, ..., hg which is neither a prime nor 
a power of a prime, let g = p’p” ---, where p’, p”, ... are powers of distinct 
prime numbers; if B is the class corresponding to g we write B’ = B9/? , 
B" = B/P |... Then B”? =1, B"? =1, ...and when we express 1/9 as 

1 a a” 

Ptr 
it follows that B = (B')® (B”ye”.... Thus B’, B”, ...can be introduced 
instead of B. If the classes Á}, ..., A, are chosen in the way just described 
we say that they form a fundamental set of ideal classes. 
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829. Characters of Ideal Classes. Generalisation of the 
Function ¢(s) 


Once a fundamental set of ideal classes has been chosen each class A is 
uniquely determined by the exponents zı, ..., x, and hence also by the q 
roots of unity 


xı(A) — erriz/hı nu ‚Xa(A) — ezrizc/ha 


These q roots of unity x(A) are called the characters of the class A. If x(A), 
x(B) are the characters of the classes A and B respectively we have obviously 
x(AB) = x(A)x(B). The characters x(A) of a class A are also said to be 
characters x(a) of each ideal a contained in the class A. 

Using a character x we can form a function which is a generalisation 
of the function ¢{s) considered above and which admits a similar product 
representation {Dedekind (1)). This function is 


x) _ 1 
> (n{i))* II 1 — x(p)(n(p))~* 


where the sum is taken over all ideals i and the product over all prime ideals 
p of the field k. 


8. Reducible Forms of a Field 


830. Reducible Forms. Form Classes and Their 
Composition 


If E, ,.., €(™ are m linear forms in the m variables ui, ..., Um with 
arbitrary real or complex coefficients then the product 


Um... Um) EN... em) 


is called a reducible form of degree m in the m variables u1, ..., Um. The 
coefficients of the products of ui, ..., Um are called the coefficients of the 
form. Using the formula 


logU — Alogé™) 3log” peed Blog E&™ log E(™) 
ðu, ðu, du Ou, Our Ou, 

(r,s = 1,...,m) we deduce easily by means of the multiplication theorem 

for determinants that the square of the determinant of the m linear forms 

ED, ,.., EM) is equal to 


8° log U ð? log U 
—1)\™y? + ll 
(-1) > Ou dur OU, Um 


and hence is a polynomial with integer coefficients in the coefficients of U; 
we call this the discriminant of the form U. A form whose coefficients are 
rational integers with no common factor is called a primitive form; it is a 
rational unit form. 

Let a, ..., &m form a basis for the ideal a. Then the norm 


n(€) = n(ait +--+ Omüm) 


is a reducible form of degree m. The coefficients of n(£) are rational integers 
with highest common factor n(a). When we cancel this factor we obtain a 
primitive form U which we call a reducible form of the field k. It has the 
following properties. 

If we choose another basis aj, ..., af, of the ideal a in place of a, ..., 
&m then we obtain a form U* which is produced from U by means of an 
integral linear transformation with determinant +1. If we call the collection 
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of all such transforms of a form a form class it is clear that to every ideal a 
is associated a definite form class. Obviously the same form class arises when 
we start with the ideal aa instead of a, where a is any integer or fraction 
of the field. Thus to every ideal in a given ideal class is associated the same 
form class. 

Since the discriminant of the form n(€) = n(a)U is clearly equal to n(a)?d 
we have the following result. 


Theorem 58. The discriminant of a reducible form U of a field k is equal 
to the field discriminant d (Dedekind (1)). 


The properties of the forms U which we have mentioned actually capture 
their essential nature; namely, the following converse theorem holds. 


Theorem 59. Let U be a primitive form of a field k with degree m and 
discriminant equal to the field discriminant d. If U is reducible in k but irre- 
ducible in every field of lower degree then there exist in k at least one and at 
most m ideal classes to which the form U is associated. 


Proof. Let 7 = piui +--+ müm be a linear factor of U with coefficients 
in k. We multiply 7 by an integer a so that € = an = œit +--:+QmUm isa 
linear form with integer coefficients a), ..., @m. Let a = (a1, ..., Gm); then, 
according to Theorem 20, we have n(£) = n(a)U and since the discriminant 
of U is equal to the field discriminant it follows that 


a Om 
t I 
a u Om — n(a)?d 
al” 1) alr- 1) 
where a}, ...; am) are the conjugates of a; (i = 1,...,m). From this 


equation we deduce, making use of the converse of Theorem 19, that a, ..., 
&m form a basis of the ideal a. 


If the forms U, V are associated to the ideals a, b respectively then every 
form W associated to the product c = ab is called a composed form of U and 
V (Dedekind (1)). 

According to the above discussion the question whether two given forms 
of a field k belong to the same form class is equivalent to the question whether 
two given ideals are equivalent; hence the matter can be decided by means 
of a finite number of operations (see Sect. 24). 


9. Orders in a Field 


831. Orders. Order Ideals and Their Most Important 
Properties 


Let J, 7,...be any algebraic integers whose domain of rationality is the field 
k! of degree m; then the set of all polynomials in 3, 7, ... with rational integer 
coefficients is called an order’. Addition, subtraction and multiplication of 
two numbers in an order produce again numbers in the order. An order 
is thus invariant under the three operations of addition, subtraction and 
multiplication. The maximal order in a field k is the order determined by 
W1, - +»; Wm Where these are numbers of a basis for k; this consists of all the 
algebraic integers of k. Each order r contains m integers p1, ..., Pm such 
that every number p of the order can be expressed in the form 


P=a1P~it+-:::+AmPm 


where a, ..., Gm are rational integers. The numbers p1, ..., fm are called a 
basis of the order. If we denote the conjugates of pı, ..., Pm bY pi, +++) Pras 
Ley pn), wang ome) then the square of the determinant 
pı .. Pm 
p) eo Pm 
ey? pm 


is arational number; it is called the discriminant of the orderr and is denoted 
by dp. 

An order ideal or an ideal of the order r is an infinite set i, of algebraic 
integers a, 2, ...in the order r having the property that every linear com- 
bination Aıaı + A2a2 +: of œ, a2, ...with coefficients Aı, A2, ...drawn 
from the order r again belongs to i,. Every order ideal contains m integers 
ti, ..+) im Such that every number in the ideal can be expressed as a linear 
combination aıtı + +--+ @mtm where ai, ..., am are rational integers. The 


1 ie. k is the smallest field containing ð, n, ... 
2 Hilbert calls it a number ring (Zahlring), ring (Ring) or integral domain 
(Integritätsbereich) and refers in a footnote to Dedekind’s term Ordnung. 
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numbers 4), ..., im are said to be a basis of the order ideal. The proofs for 
the existence of bases for an order and for an order ideal correspond precisely 
to those in Sect. 3 and 4 for the existence of bases for a field and an ideal. 
We have the following theorems (Dedekind (3)). 


Theorem 60. Let t1,..., im be any m integers of the field k which satisfy 
no linear relation with rational integer coefficients, Then there exists an order 
r in which, for a suitably chosen integer A, the products Ari, Alta, ..., Atm 
form the basis of an order ideal. 

(Compare the proof of this Theorem 60 with that of Theorem 61.) 


Proof. Let p be an integer of the field for which the m numbers pi1,..., pim 
are all equal to linear combinations of ıı, ..., tm of the form a,4;+::-+amnim 
where a1, ..., @m are rational integers. Then it is easy to see that the collec- 
tion of all such integers p of k forms an order with the desired property. 


If i, is an order ideal in the order r and all the elements of i, can be 


expressed as linear combinations of the s numbers a), ..., &, in r with 
coefficients from r then we write i, = [aı, ..., Œ]. In particular we have 
ip = ler, ZEE tm]. 


Theorem 61. In every orderr there exist order ideals which are also field 
ideals, 


Proof. We express w1, ..., Wm by means of the numbers p1, ..., pm of a 
basis of r in the form 


wi = Qipi H't + AimPm 
A 
where a,1,..., Qim and A are rational integers. It follows that every integer 
in k which is divisible by A is a-number in the order r and consequently every 
ideal of the field which is divisible by A is at the same time an order ideal of 
the order r. 


The greatest common divisor of all the field ideals which are also order 
ideals of the order r is called the conductor of the order r (Dedekind (3)). We 
easily deduce the following theorem. 


Theorem 62. Every ideal i of the field k which is divisible by the 
conductor of the order r is also an order ideal of r. 
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832. Order Determined by an Integer. Theorem on the 
Different of an Integer of a Field 


The most important orders of a field are those which are determined by a 
single integer. Dedekind founded his theory of the discriminants of algebraic 
number fields on the basis of the properties of these special orders (Dedekind 
(6)). We collect Dedekind’s principal results in the following theorem. 


Theorem 63. The greatest common divisor of the differents of all the 
integers of a field is equal to the different 0 of the field. If 8 is the different of 
an integer 3 which generates k and f is the conductor of the order determined 
by ù then 6 = fo. 


Proof. Let wı, ..., Wm be a field basis for k and let wi, ..., wi, 5 
wim) bey wi") be the conjugates of these m numbers. We form the 


m-rowed determinant of the m? numbers w, 


Wy .. Wm 

t 1 

N= wi Wm 
m-l m-l 
P oe 


We denote the (m — 1)-rowed determinants which are cofactors of wi, ..., 
Wm by Ni, ..., Rm respectively. The m products NNI, ..., 22, are then 
integers of the field k and in fact they form a basis of an ideal of k. 

To prove that this is the case we multiply the m—1 rows of the determinant 
Ny by 

utuutu, utu, (9.1) 

where u is an indeterminate. It is clear that the resulting (m — 1)-rowed 
determinant has the form 


falu) + falu) Ra +e + fmu) Nm, 


where fı,..., fm are integer polynomials in u. On the other hand the product 
of the (m — 1) linear factors (9.1) has the form 


UTL (al tee HoT YUM? 4 m ul 4 (a wu H, 


where a is a rational integer. Equating coefficients of u™-? leads to the 
result that w,;f2, is a linear combination of 2, ..., Rm with rational 
integer coefficients; with this we have established the desired result that NA, 
..+) 22m form the basis of an ideal. 

Let us denote in general the (m — 1)-rowed determinant which is cofactor 
of wi) in 2 by RP, by a well-known theorem in the theory of determinants 


the m-rowed determinant [20] has the value 2™~!. It follows that the norm 
of the ideal I = (291, ..., 22m) satisfies the equation 
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dn?(I) = RRP? = atr? 


and from this we have n(3) = |d|™—!. Now obviously the discriminant d of 
the field is divisible by J; if we set d = Ji it follows that n(i) = Jd |. 

Now let 9 be any generator of the field k; then we may suppose that the 
members of a basis for k have the form 


wy = 1 

a1 +9% 
w = 

fi 

ag + and +0? 

wy = —— 
f2 
-2) am— _ 

am ta OT? + 9 

Wm = amaaa amaai 
fm-1 
where al, aa, 0), «-., am, fi, --., fm-ı are rational integers. We now 


determine the conductor f of the order determined by v and represent the 
numbers of a basis for f in the form 


pa = fi 

p = 4+ fd 

03 = b24+d,0+4 40? 

Pm = bt bi Pte TR fg 
where bi, ba, bh, ..., md fi, Sa -.-, fi. are rational integers. It follows 
from Theorem 62 that pi Wm, Pawm-13 -- - » Pmwı must be integer polynomials 


in J, from which we deduce that fi must be divisible by f,,-1, f3 by fm-2, 
.., fm—1 by fı and consequently the product fif.. f/,_, must be divisible 
by the product f = fifa... fm-1- Since n(f) = fifa- fm- FR fall 
we must have n(f) = f?g where g is a rational integer. 
We now set 


1 v gm 
! ym-1 

O= 1 Poon (9) 

1 m-i) (9m-D)m-1 

and 

1 Ky a (9m? | 
H=| 000 ne: , 

1 am- es (glm—1)ym—2 | 


Then for the different 6 of the number 3 we have the relation (-1)™~1n(6) = 
@/H and, according to p. 5 (-1)"{m-V/2n($) = O? = f?d. Furthermore 
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un = 
h=1 


u fiua ne fm—1Um 
O , vee ra ym-1 
1 a,+0 Am-ıt+'+(9) (9.2) 
1 ay + mV tee am-1 tes + (gm-dym-1 


where ul, ..., Um are indeterminates. Here we expand the determinant by 
the first row, writing the result in the form uyH, +--+ umHm- We easily see 
that the numbers Hı/H, ..., Hm/H are all integers of the field k; equation 
(9.2) shows that they are derived from the numbers RNI, ..., RNAm when 
these are multiplied by one and the same factor from k. It follows that the 
m numbers H,/H, ..., Hm/H also form a basis for an ideal; we shall call this 
ideal m. 

The numbers in the ideal m are all integer polynomials in #. It follows 
that m is divisible by f and we set m = fl, where [ is an ideal in k. Equation 
(9.2) then shows that oH dji 

T= fl= 5 


taking norms we have 


ld m=1 _ |d |n(F)n{0) 
Plaj 
ie. f? = n(f)n(l). On the other hand we proved earlier that n(f) = f?g. Hence 
we must have g = 1 and n({l) = 1, so that I = 1; consequently n(f) = f?, 
J6 = fd and 6 = fi. 

Now let p be any given prime ideal of the field k. We prove first that an 
integer Ý = p of k can always be found such that the conductor of the order 
determined by p is not divisible by p. Let p be the rational prime number 
divisible by p and write p = pfa where a is an ideal prime to p. Let p be an 
integer of k so chosen that every integer of k is congruent to some polynomial 
in k modulo an arbitrary high power of p. The existence of such a number 
p was established in Theorem 29; furthermore the number p can be chosen 
in such a way that it is congruent to 0 modulo a (Theorem 25) and is a 
generator of k. Now let the discriminant d(p) of the number p be p"a where 
a is a rational integer prime to p. Then every integer w of the field k can be 
represented in the form w = F(p)/ap" where F(p) is a polynomial in p with 
integer coefficients. In fact if w = H(p) modulo p** where H(p) is an integer 
polynomial in p and we set w = H(p) + w* it follows that w*o" is divisible 
by pt. We set w*p® = pa where a is an integer of k. According to Sect. 3 
every integer a of k can be expressed in the form G(p)/d(p) where G(p) is a 
polynomial in p with integer coefficients. It follows that w* = G(p)/ap" and 
hence w = (ap"H(p) + G(p))/ap*. The property of the number p which we 
have just established shows that the number ap” belongs to the conductor of 
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the order determined by p. Consequently this conductor is not divisible by p 
and so p is a number with the desired property. 

This discussion shows that the ideal i is precisely the greatest common 
divisor of the differents of all the integers of k. On the other hand it follows 
from the definition of the field different 0 that this greatest common divisor 
must contain d as a factor; we set i= hd. According to Theorem 13 n(d) is 
divisible by the discriminant d; so it follows that n{i) = n(h)da where a is 
a rational integer. Since n(i) = +d we deduce that n(h) = 1, whence h = 1, 
a = +1 and so finally i = 0. Thus Theorem 63 is completely established. 


From Theorem 63 we deduce easily Theorems 31 and 37 together with 
the assertion at the end of Sect. 12 concerning the primes dividing the dis- 
criminant of a field. To derive this last result we need only examine the 
factorisation modulo the prime p under consideration of the left hand side of 
the equation satisfied by 9 = p and use this in the same way as we did in 
Sect. 11 for the left hand side of the fundamental equation. 


833. Regular Order Ideals and Their Divisibility Laws 


Let r be an order and i, = [a1,...,@,] an order ideal of r. The greatest 
common divisor of the numbers in i, is a field ideal which we denote by 
i = (a ,...,@,) and call the field ideal associated with the order ideal i,. If it 
happens in particular that the field ideal i is prime to the conductor f of the 
order r we call i, a regular order ideal. We have the following theorem. 


Theorem 64, If i is a field ideal prime to the conductor f of the order 
r then there exists an order ideal i, in r with which the ideal i is associated, 


Proof. Consider the set of all numbers in the order r which are divisible 
by the given field ideal i; this set forms an order ideal i, = [a1,...,@| in r. 
Now choose in the conductor f of r an integer y prime to i and in the field 
ideal i a number a@ prime to y. Then there are integers Yy and £ of the field 
such that yy + aß = 1. Since yt is divisible by f and hence is a number in 
the order r, the number aß also lies in r. On the other hand aß is divisible 
by i; so it follows that 1 — yy = aß is in the order ideal i,, The field ideal 
i* = (a1,...,@,) associated with the order ideal i, is thus prime to f. Since i* 
is divisible by i and furthermore divides the product fi it follows that i = 1"; 
so i, is shown to be a regular order ideal with which the field ideal i is asso- 
ciated. Thus Theorem 64 is established. 


The product of two order ideals a, = [a1,...,a,] and b, = [(),...,0;] is 
defined to be the order ideal 
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a,b, = [œ Ah, ... ‚aß; bee ‚aıßt, ... ‚asße]. 


The following theorem is immediately clear. 


Theorem 65. The field ideal associated with the product of two regular 
order ideals is the product of the field ideals associated with the factors. 


By virtue of this theorem the divisibility and decomposition laws for reg- 
ular order ideals correspond perfectly to those for field ideals prime to f. 

Since in what follows we shall be considering only regular order ideals we 
shall for the sake of brevity omit the prefix “regular”; so from now on an 
order ideal is to be understood as a regular order ideal. 

It follows from Theorem 23 that in the field k there are always y(f) integers 
prime to f and mutually incongruent modulo f. If one of these integers belongs 
to the order r then obviously so also do all the numbers which are congruent 
to it modulo f, The number of integers in the order r which are prime to f 
and mutually incongruent modulo f is a factor of y(f) which we denote by 
orf). 

By the norm n(a,) of an order ideal a, we understand the norm of the field 
ideal a associated with a,. This definition leads to the elementary theorems 
on norms for order ideals. 


§34. Units of an Order. Order Ideal Classes 


The theorem concerning the existence of fundamental units in a field can 
also be carried over without difficulty to an order; the theorem for an order 
follows most easily from the corresponding theorem for the units of a field if 
we notice that, as a result of Theorem 24, every unit of the field when raised 
to the y(f)-th power becomes a unit of the order r. The theorem for an 
order has precisely the same form as Theorem 47 for the field k; the number 
denoted by r in Theorem 47 we shall here denote by s. Let €),..., Ea be a 
fundamental set of units for the order r, i.e. a set of s units in r such that 
every unit in r can be expressed as a product whose factors are drawn from 
El, ..., Es together with the roots of unity in r. The absolute value of the 
determinant of the first s logarithms of these s units is called the regulator R, 
of the order r. The number of roots of unity lying in the order r is denoted 
by w, (Dedekind (3)). 

Two order ideals a and b are said to be equivalent to one another if there 
exist two integers A and u such that wa = Ab. We may also take the notion 
of equivalence in the strict sense mentioned in Sect. 24 and accordingly make 
the restriction that #/A have positive norm. All the order ideals equivalent to 
one another form an order ideal class, An order ideal (a), where «a is an inte- 
ger prime to f with positive norm, is called a principal order ideal; the class 
consisting of all such ideals is called the principal order ideal class. Further 
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definitions and theorems concerning the multiplication of order ideal classes 
correspond exactly to those in Sect. 22, 28 and 29 for the ideal classes of a 
field; by an argument similar to that in Sect. 22 we prove the finiteness of the 
number of order ideal classes. The actual determination of this number can 
be carried out by two different methods, either in a purely arithmetic way or 
by the use of analytic means, corresponding to our accounts in Sect. 25 and 
26. The result we obtain is the following. 


Theorem 66. Let h and h, be the numbers of ideal classes in the field 
k and the order r respectively, both with respect to equivalence in the strict 


sense, Then 
hr _ (f) wR 


h pr(f) wR, 


The ideas of Chapter 8 can also be carried over to orders; so we arrive at 
the notion of the reducible form belonging to an order ideal class. 


835. Lattices and Lattice Classes 


Let H1, -.., Hm be m integers of the field k between which there holds no 
homogeneous linear relation with rational integer coefficients. Then the set of 
all numbers in k which can be expressed in the form api ++ @mftim with 
rational integer coefficients a1, ..., @m is called a lattice in the field k and is 
denoted by [kı,... um]. Clearly a lattice is invariant under the operations of 
addition and subtraction. Examples of lattices are the set of all integers of 
the field k, all ideals, orders and order ideals. Two lattices [1,...,2m] and 
[A1,-.-;Am] are called equivalent to one another if there exist two integers 
p and A such that [pji,... ppm) = [AA,...,AAm]. All lattices equivalent 
to one another form a lattice class. Dedekind used the concept of lattice as 
foundation for his investigations into algebraic numbers (Dedekind (1, 3, 6, 


9)). 


The square of the determinant 


H1 nee Hm 
BY vee Km 
gn) wu usm) | 


is easily seen to be a rational integer and, moreover, to be divisible by the 
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square of the norm of the ideal (j11,...,2m); we denote the quotient of these 
two squares by ð. If we form this quotient for any other lattice equivalent to 
[H41,-++ sm] we always obtain the same value ð. So the rational integer ô is 
a characteristic of the lattice class determined by [f1,...,4m]; we call it the 
discriminant of the lattice class. 

The concepts of reducible form and form class can be defined for lattices 
in the same way as was done in Sect. 30 for the field itself (Dedekind (3)). 


Part II 


Galois Number Fields 


10. Prime Ideals of a Galois Number Field 
and its Subfields 


836. Unique Factorisation of the Ideals 
of a Galois Number Field into Prime Ideals 


A number field X which coincides with all its conjugate fields is called 
a Galois number field. If k is an arbitrary number field of degree m and 
k’,..., k(m=U are the fields conjugate to k then a new field K can be com- 
posed from all the numbers of the fields k, k’, ..., k°"-); this field X is 
then a Galois number field which includes all the fields k, k’, ..., k°™-)) as 
subfields. Thus any arbitrary field k can always be thought of as a subfield of 
a Galois number field. It follows from this observation that in our investiga- 
tion of the properties of algebraic numbers it will be no essential restriction 
to start with a Galois number field and then show how the factorisation laws 
for the ideals of such a field carry over to an arbitrary subfield. 

First, so far as the proof of the unique factorisation of ideals into prime 
ideals is concerned, this turns out to be remarkably simple for a Galois 
number field (Hilbert (2, 3)). To examine this let us first fix some notation. 

Let K be a Galois number field of degree M, generated by an algebraic 
integer O; then © satisfies an irreducible equation of degree M with rational 
integer coefficients. Let the M roots of this equation be 


s19 = 8, 820,7..., 5M9, 


where sı, ..., sm are rational functions of O with rational number 
coefficients. If sı, ..., sm are considered as automorphisms of K they form 
a group G of order M since of course the successive application of any two of 
$1,..., SM must again be one of these automorphisms. G is called the group 
of the Galois number field K, An ideal J which remains unaltered when all 
its members are replaced by their conjugates, i.e. are acted on by any of the 
M — 1 automorphisms s32, ..., sm, is called an invariant ideal, An invariant 
ideal J has the following property. 


Lemma 11. The M!-th power of each invariant ideal J is equal to a 
rational integer. 
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Proof. Let A be a number in the ideal J and let A, Ag, ..., Am be the 
M elementary symmetric functions of A = sıA, s2A, ..., symA. We denote 
the greatest common divisor ofthe M rational integers 


M!/1 ,M!/2 M!/M 
AMUI ar... Au (10.1) 


by A. In the same way we form for every other number B, I, ...of the 
ideal J the corresponding elementary functions and the divisors B, C,.... 
The greatest common divisor of all possible numbers A, B, C, ...is denoted 
by J. Then we claim that 3”! = J, In fact, since all the numbers conjugate 
to A are also in J we have 


A; = 0 (mod J), Az = 0 (mod 3*),..., Am = 0 (mod 3”); 


consequently all the numbers (10.1) and hence A are congruent to 0 modulo 
J™!, Since the same holds likewise for all the numbers B, C,..., we have also 
J = 0 modulo 3™'” On the other hand the coefficients Ai, Aa, ..., Am of the 
M-th degree equation for A are divisible by JUM', J/M! ..., JM/M! respec- 
tively and hence A is itself divisible by J!/™', Since the same holds for all 
the numbers B, I’, ... of the ideal J it follows that I”! is divisible by J. 


As an immediate consequence of Lemma 11 we have the following fact. 


Theorem 67. For each ideal A of a Galois number field K there exists 
an ideal B such that the product AB is a principal ideal, 


Proof. The ideal J = A. soQM-...-+ sml is obviously an invariant ideal. 
Hence, according to Lemma 11, the ideal 


De en, er A 


is an ideal with the property required by Theorem 67. 


Theorem 67 allows us to deduce the further divisibility results for the 
ideals of a Galois number field in the same way as those in Sect. 5 followed 
from Theorem 8 for an arbitrary number field k. 

Now to derive the divisibility laws for an arbitrary field k from those in a 
Galois number field we may either prove the Kronecker Theorems 13 and 14 
on forms first for a Galois number field and deduce that these theorems hold 
for the subfield k or else apply an appropriate direct transition procedure 
( Hilbert (3)). 


837. Elements, Different and Discriminant of a Galois Field 81 


§37. Elements, Different and Discriminant 
of a Galois Number Field 


In a Galois number field K many of the concepts introduced earlier have 
a simpler meaning. Thus the elements of a Galois number field are always 
ideals of the field itself and indeed we have the following result. 


Theorem 68. The elements of a Galois number field K are permuted by 
the action of the M automorphisms sı, ..., Sm. The different D of the field 
K is an invariant ideal and the discriminant D = +N(®D), considered as an 
ideal, is therefore the M-th power of the different D. 


Proof. Let $2), ..., Rm be a basis of the field K. Then the elements of K 
are ideals 


Eg = (Ri ~ S21,- RM — sem), 


Ce raa 


Cu = (Ri - smf,- Qu - sm fm): 


If we apply any one of the automorphisms s to one of the elements €; and 
bear in mind that the numbers sf2), ..., Su also form a basis for the field 
K then it follows, when we set ss; = s;s, that 


s€; = (sf) — SiS Ri, SRM — sis Rm) = Ey. 


The invariance of the field different follows at once from its representation 
as D = È... EM. 


838. Subfields of a Galois Number Field 


In a Galois number field we may undertake a very precise investigation of the 
decomposition laws for the numbers of the field in relation to its subfields; 
the results so obtained are of first importance for the application of general 
field theory to particular number fields (Hilbert (4)). 

To give a simple characterization of an arbitrary subfield of a Galois 
number field we proceed as follows. If the automorphisms sı = 1, 8a, ..., 
s, in the group G form a subgroup g of order r then clearly the set of all 
numbers of the field X which remain unaltered under the action of all the 
members of g forms a subfield k of K of degree m = M/r. This field k is 
called the subfield belonging to g. The Galois field K itself belongs to the 
group consisting of sı = 1 alone; the subfield belonging to the group G of all 
M automorphisms s is the field of rational numbers. Conversely each subfield 
k of a Galois number field belongs to a certain subgroup g of the group G: 
g is called the subgroup fixing k. 
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§39. Decomposition Field and Inertia Field 
of a Prime Ideal 


If we take a fixed prime ideal $ of degree f in a Galois number field K there 
is a completely determined sequence of subfields of K, ordered by inclusion, 
which is characteristic of the prime ideal R and whose salient properties will 
now be briefly developed. 

Let p be the rational prime divisible by $; let z, z’, z”, ...be all r, 
members of the group G which leave the prime ideal $ unaltered; these form 
a group of order r, which is called the decomposition group of P and denoted 
by gz. The subfield k; belonging to the decomposition group gz is called the 
decomposition field of P; it has degree m, = M/rz. 

Next, let t, t’, t”, ...be all members s of the group G with the property 
that the congruence sf? = N2 (mod $8) holds for all integers S2 of the field K; 
let r; be the number of such automorphisms; it follows easily that they form 
a group of order r}. This group is called the inertia group of P and denoted 
by g:. The subfield k; belonging to g is called the inertia field of %; it has 
degree m, = M/r;. 

The relation between the inertia group and the decomposition group is 
made clear by the following result. 


Theorem 69. The inertia group 9: of the prime ideal PB is a normal 
subgroup of its decomposition group g,. The members of the decomposition 
group are each obtained precisely once when we multiply the members of the 
inertia group by 1, z, z*,..., z!”! where z is a suitably chosen member of 
the decomposition group. 


Proof. Let t be any member of ge and N? an integer of K divisible by 
P. Set M = t7! N. Then, according to the defining property of the inertia 
group we have 2! = t9 = N (mod P) and so N’ = 0 (mod P). Application 
of the automorphism t gives 2 = 0 modulo the prime ideal t%. Since this 
congruence holds for every number £? of the prime ideal ® it follows that % 
must be divisible by t and consequently P = tP. So the inertia group g: is 
a subgroup of the decomposition group gz. 

To prove the remaining assertions of Theorem 69 we choose a primitive 
root P for the prime ideal P which is congruent to 0 modulo all prime ideals 
conjugate to P and distinct from it. The possibility of finding such a primitive 
root follows from Theorem 25, Then we form the polynomial 


F(z) = (x — sıP)\(2 — sP)... (£ -smP) 


of degree M in x. Since P is a root of the congruence F(x) = 0 (mod P) 
it follows from Theorem 27 that P? also satisfies the same congruence; from 
this we see that among the M automorphisms sı, ..., sm there must be 
an automorphism s such that sP = PP (mod 9). If it were the case that 
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s— 193 # P then, according to the choice of P, we have P = 0 (mod s"!P) and 
hence sP = 0 (mod $8), which contradicts the congruence just established. 

Since sH = P the automorphism s belongs to the decomposition group. 
We set s = z. Repeated application of the automorphism z to the congruence 

zP = PP (mod $3) leads to the further congruences z*P = Pr’, 23P = pr’, 

‚z/P=P?’ = P (mod $$). It follows from the last congruence that zf is 
in the inertia group. Namely, each arbitrary integer {2 of the field K can be 
represented in the form N = P* + H or R = II, where a is a rational integer 
and JJ is a number of the field divisible by %. Since zB = it follows that 
we have in fact z/ = N (mod 9). 

The congruence zP = PP (mod 9) shows that z”!tzP = P (mod 9) 
where t is any member of the inertia group g. If we set z’ = z~!tz and let 
N be an arbitrary integer of the field X then it follows that if {2 satisfies 
the congruence 2 = P* (mod $8) we have z'N = (z'P)* = P* = N (mod P) 
and likewise if 2 = 0 (mod 8) we have 2/2 = N (mod P). Thus z’ = z~'tz 
belongs to the inertia group. 

Now let P(P) be any integer polynomial of degree f in P which is con- 
gruent to 0 modulo $8. According to Theorem 27 the congruence P(P) = 0 
(mod P) has the roots P, PP, ..., PP P^ and by Theorem 26 it has no other 
incongruent roots. 

Let z* be any member of the decomposition group. It follows from the 
congruence P(P) =0 (mod P) that P(z*P) = 0 and hence z*P = PP’ where 
i takes one of the f values 0, 1, ..., f ~ 1. On the other hand PP = zip; 
so we have z”'z*P = P (mod $8) and hence z~*z* is a member t of the 
inertia group, i.e. z* = z*t. Thus all the automorphisms z, z’, z”, ...in the 
decomposition group can be represented in this form; since, conversely, the 
automorphisms z*t for 1 = 0,1,..., f — 1 are all distinct from one another, 
the last part of Theorem 69 follows. Finally, the fact that the inertia group g 
is a normal subgroup of the decomposition group 9; follows from the result 
proved above that z"!tz belongs to gz. 

At the same time it follows that rz = fry. 


§40. A Theorem on the Decomposition Field 


The most important property of the decomposition field is described in the 
following theorem. 


Theorem 70. The ideal p = PB”: belongs to the decomposition field kz, in 
which it is a prime ideal of degree 1. In the decomposition field k, we have 
p = pa, where a is an ideal prime to p. 


Proof. The relative norm of the prime ideal P with respect to the field 
hz is Nk, (PB) = P. In order to determine the lowest power of $8 which lies 
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in kz, consider the greatest common divisor of all the integers of the field kz 
which are divisible by %. This divisor is necessarily a prime ideal p of the 
field k, and, since P”: lies in k,, it follows that p must be a power of 7; 
we set p = R“, To determine the exponent u we proceed as follows. Let A 
be a number of the field K not divisible by P which satisfies the congruence 
A = zA (mod P); if A = Pi (mod $8) then we must have i = pi (mod pf — 1) 
and so i must be divisible by 1+p+p*+---+p/—!. Thus there are only p—1 
numbers mutually incongruent modulo $ which have the desired property. 
It follows that A = a (mod 7), where a is a rational integer. From these 
considerations it follows in particular that every number a of the field k, is 
congruent to a rational number modulo ®, and hence also modulo p. Thus p 
is a prime ideal in k, of degree 1 and consequently the norm n(p) in the field 
k, is p. On the other hand the norm of p in the field X is given by the formula 
N (p) = (n(p))"*. Since p = P” and N(P) = p” it follows that pf = p™ and 
SO U= fri. 

From the definition of the decomposition group it follows that N(P) = 
PA where A is an ideal prime to J. If we set p = pa we have N(Ẹ) = 
pf = pfaf and consequently af = A, whence the last part of Theorem 70 is 
proved. 


841. The Ramification Field of a Prime Ideal 


To investigate the structure of the inertia group more closely we take a fixed 
number A of the field K which is divisible by % but not by P? and examine 


for all the members t, t’, t”, ... of the inertia group the congruences 

tA = P°A 

tA = pe’ 

tA = pa’ a (mod P?) 
where a, a’, a”, ... are numbers in the sequence 0, 1, 2,..., pf —2. We denote 
the automorphisms t, t, t”, ... for which the corresponding exponents a, a’, 
a", ... have the value 0 by v, v’, v”, .... We suppose there are r, of them; 


they form, as is easily seen, a normal subgroup of the inertia group. This 
subgroup of order r, is called the ramification group of the prime ideal % 
and is denoted by g,. The subfield k, belonging to gẹ, is called the ramifi- 
cation field of the prime ideal P. The relation of the ramification group to 
the inertia group is described more precisely by the following theorem. 


Theorem 71. The ramification group gy is a normal subgroup of the 
inertia group. The order ry of the ramification group is a power of p, say 
ry = p'. The members of the inertia group are obtained (each one uniquely) 
when we multiply the members of the ramification group by 1,t,t?,...,tr=!, 
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where h = r;,/r, and t is a suitably chosen member of the inertia group. The 
number h is a divisor of pf -1. 


Proof. Let P” be a sufficiently high power of % that for every member v 
of the ramification group other than the identity we have vA Æ A (mod P*). 
If we set vA = A+ BA? (mod P°), where B is an integer in K then it follows 
easily that v?A = A (mod f°) and similarly vP’A = A (mod %4) and so on. 
Finally we have vA = A (mod $8"). Hence v?" ” = 1; thus the order r, 
of the ramification group is a power of p, say ry = p'. 

Now let a be the smallest of the nonzero exponents a, a’, a”, .... Suppose 
there are in all A distinct exponents. Then they are necessarily all multiples 
of a and they coincide with the numbers 0, a, 2a, ..., (A ~ 1)a; furthermore 
ha = pf — 1. At the same time we recognise that all the members of the 
inertia group can be expressed in the form t!v where i takes the values 0, 1, 
...,h— 1 and v runs through all the members of the ramification group gy. 
It follows that rz = hry. 


§42. A Theorem on the Inertia Field 


The following theorem provides information about the behaviour of the ideals 
p and in the field kz. 


Theorem 72. Every number of the field K is congruent modulo R to a 
number in the inertia field. The inertia field effects no decomposition of the 
ideal p, but only an increase in its degree; namely, on passing from the field 
kz to the higher field ki, the ideal p changes from a prime ideal of degree 1 
to a prime ideal of degree f. 


Proof. We set 
Kf) 
+ 


m = {vP vP vP p 
(mtr +t?nr +- +tim)/h, 


where P is again a primitive root for PB and t is the automorphism chosen 
in Theorem 71. The number # lies in the field k, and « lies in the field k¿. 
To prove the latter statement we notice that x remains unaltered under the 
automorphism t since t? belongs to g, and that the numbers 7, tr, t?7,..., 
th~l7 remain unaltered under any automorphism in gy. We see easily that 
both 7 and x are congruent modulo % to the primitive root P. It follows that 
there are precisely p numbers in k; mutually incongruent modulo $3; hence 
p = ™ does not split in the field k; and consequently in k; it is a prime 
ideal of degree f., 
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§43. Theorems on the Ramification Group and 
Ramification Field 


It is now easy to recognise the characteristic property of the ramification 
group: it is the following. 


Theorem 73. The ramification group consists precisely of the automor- 
phisms s such that sN = N (mod Y?) for all integers N of K 


Proof. Let N be any number of K; suppose f2 is congruent modulo ® 
to the number w in the inertia field. Then we have 92 - w = BA (mod $7) 
where A has the same meaning as in Sect. 41 and B is a suitably chosen 
integer of K. Applying an automorphism v in the ramification group we have 
vn — w = v(BA) = BA = 2 — w (mod P?); so v2 = N (mod P?). 


At the same time we have the following further result on the ramification 
field. 


Theorem 74, The ideal p, = P™ lies in the ramification field where it 
is a prime ideal of degree f. In the ramification field the ideal p splits as a 
product of h equal prime factors p = ph . 


844. Higher Ramification Groups of a Prime Ideal 


Our next task is to investigate more closely the splitting of the ideal p, into 
equal factors. 

To this end let L be the highest exponent such that for every member v of 
the ramification group and every integer 2 in K we have v2 = 2 (mod P’). 
Then all the automorphisms s in the ramification group such that s = 2 
(mod Z+!) for all integers 2 of K form a subgroup gs of the ramification 
group, which we call the first higher ramification group of the prime ideal P. 
The subfield ks belonging to g» is called the first higher ramification field of 
P. The most important property of this field is the following. 


Theorem 75. The first higher ramification group gy is a normal sub- 
group of the ramification group gu. Let the order of gẹ be ry = p! . Then the 
members of the ramification group gy are obtained (each one uniquely) when 
we multiply the members of gs by pë suitably chosen members v1, ..., Ups 
of the ramification group gy; these p® automorphisms have the property that 
for any two of them, v; and vy, there always exists a relation of the form 
VV; = vyv; ð where U is a member of gs. The ideal pp = PP”? is a prime ideal 
in ko; thus in ks the ideal p, splits as a product of pë equal prime factors: 
Pu = pe ; moreover the exponent E does not exceed the degree f of $. 
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Proof. Let A be an integer of the field X which is divisible by P but not 
by 32. Then we determine a set of members v1, ..., v, of the ramification 
group such that when we set 


vA = A + B1A%,...,0 A = A+B,A? (mod $44), 


the integers Bı, ..., B, are all incongruent to one another modulo % and 
further no other member of g, can be added to the set g1, ..., gr with- 
out infringing the latter condition. Now choose an arbitrary member v* of 
the ramification group gy and set v*A = A + BAY (mod 94+), so that B 
must be congruent modulo P to one of the numbers B4, ..., B,, say B = B; 
(mod $), Then u; vwA = A (mod $+"), It follows from Theorem 72 that 
each integer (2 of K is congruent modulo 4+! to an expression of the form 
Oat + BA +: + X, A? where a, G:,..., A: are integers of the inertia field. 
It follows that N satisfies the congruence v;!'v*Q = 2 (mod P+!); so we 
have v; 1y* = or v* = vð, This equation establishes the structure of the 
group 95 asserted in Theorem 75. 


We set rg = p' and E =l -— l. 

It is now clear how to continue with the procedure we have started on. Let 
L be the highest exponent such that 02 = 2 (mod PË) for all numbers 2 of 
the field K and all members @ of gs. Then we determine all the automorphisms 
dv such that FN = N (mod Pt!) for all 2. These form a normal subgroup gz 
of the group 95; we call it the second higher ramification group of the prime 
ideal P. If its order is rg = p we set @ = l — l; then py = ps where pz is a 
prime ideal of the subfield kz belonging to g5. 

Continuing in this way we reach the third higher ramification group of the 
prime ideal B and so on. If the i-th higher ramification group of is the first 
which consists of the identity substitution 1 alone the i-th higher ramification 
field of 8 is the field K itself and the structure of the ramification group 9, is 
completely determined. It is clear that higher ramification groups of a prime 
ideal $8 can occur only if the degree M of the field K is divisible by p. 


§45. Summary of the Theorems on the Decomposition of 
a Rational Prime Number p in a Galois Number Field 


By means of the theorems developed in Sect. 39-44 we obtain a complete 
picture of the procedure followed in the decomposition of a rational prime 
number in a Galois number field. If we concern ourselves with a particular 
prime ideal factor P of p we have first the result that p splits in the decom- 
position field of $$ in the form p = pa where p is a prime ideal of degree 1 and 
a is an ideal of the decomposition field not divisible by p. The decomposition 
field of Ẹ is a subfield of the inertia field of P, which for its part effects no 
further factorisation of p but merely expands it to a prime ideal of degree f. 
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If K is itself either the decomposition field or the inertia field of $3 then the 
decomposition of p is completed at this first stage. Otherwise p splits into 
equal factors in K; first of all p becomes in the ramification field a power of 
a prime ideal p, with exponent dividing pf — 1 and hence not divisible by 
p. The splitting of p is completed at this second stage if and only if p does 
not divide the order of the inertia group and so K is itself the ramification 
field. In the higher ramification fields, if any, the splitting continues without 
interruption, the corresponding exponents being numbers of the form p®, pē, 
..., where none of the exponents £, £, ... exceeds the degree f of the prime 
ideal P. 

This survey of the results we have developed is more clearly illustrated 
by the following table in which the rows show for each field successively the 
order of its group, its degree, its relative degree with respect to the next lower 
field and its prime ideal with its representation as a power of 7. 


The field K is here taken to coincide with the third higher ramification 
field. All the degrees and exponents appearing in the table have the same 
value for all the prime ideals of the field K which divide p and are thus 
completely determined by the prime number p alone. 


11. The Differents and Discriminants 
of a Galois Number Field and its Subfields 


846. The Differents of the Inertia Field 
and the Ramification Field 


A rich source of new results is opened up if we bring together the results 
we have just obtained with those of Chap. 5. Thus, by using Theorem 41, 
we easily obtain a theorem which states the most important property of the 
inertia field; it runs as follows. 


Theorem 76. The different of the inertia field of the prime ideal P is 
not divisible by P. The inertia field includes all the subfields of K for which 
the different is not divisible by $. 


Concerning the different of the ramification field we have the following 
theorems. 


Theorem 77. The relative different of the ramification field with respect 
to the inertia field is divisible by BP" = pro} and by no higher power of 
p. 


Proof. According to Theorem 41 we have D,(K) = D,(K)d,(k,) where 
D,(K), D,(K) and d,(k,) are respectively the relative differents of K with 
respect to k,, K with respect to k, and k, with respect to k;. If Z is the 
fundamental form of K it follows from this that the content of the form 
[](= — t=) is equal to the product of the content of the form [[(= - v5) 
and d,(k,), where in the first product ¢ runs through all the automorphisms 
in the inertia group and in the second v runs through all the automorphisms 
in the ramification group. All the factors = — v= occur among the = — t5; 
according to the definition of the ramification group the remaining factors are 
all divisible by % but by no higher power of P. The assertion of the theorem 
follows from the fact that r: —ry = (h — 1)ry. 


Similarly we have the following result. 
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Theorem 78. The relative different of the first higher ramification field 
kə with respect to the ramification field k, is divisible by Pr") = p (p -1) 
precisely. The relative different of the second higher ramification field kg with 


- Fo è 
respect to ky is divisible by PC-E) = ps” =) precisely and so on. 


847. The Divisors of the Discriminant 
of a Galois Number Field 


Theorem 79. The exponent of the power to which the rational prime p occurs 
as a factor of the discriminant D of the field K is 


min — ro + L(ry — ra) + LE (rs — 15) +--+}. 


Proof. Theorem 41 taken together with Theorems 76, 77 and 78 shows 
that the different D of the field K contains the prime ideal P to the 
(re — To + L(ry — ro) + L(re — rs) +---)-th power precisely. The assertion of 
Theorem 79 now follows by Theorem 68. 


In the case where no higher ramification fields are present the term 
involving L does not appear and it follows that the exponent of the power 
of p dividing D has the value m:(r; — 1). According to what we have seen 
earlier this case certainly occurs when the degree M is prime to p. (Compare 
the remarks at the end of Sect. 12.) 


Theorem 80. The exponent of the power of a rational prime p which 
divides the discriminant D does not exceed a certain bound which depends 
only on the degree M of the Galois number field K. 


Proof. We claim that all the exponents L, L, ...for a prime ideal P are 
less than a bound determined by M alone. 

To find such a bound for L we denote by w an integer of ky divisible by ps 
but not by p3 and choose pë members v1, va, ..., vpz of the ramification group 
gv which together with gy generate gy. The number a = vjw+vqwt+---+upew 
remains unaltered under all the automorphisms in g, and hence belongs to 
the field ky. On the other hand we have w = vw (mod P?) for all automor- 
phisms v in the ramification group and hence a = p?w (mod $8“). If we had 
L > Er; + rs then we would have a = 0 (mod p?p,) but # 0 (mod p*®p, P). 
Setting p = pa, where a is an ideal of the decomposition field prime to p, and 
taking y to be a number of the decomposition field divisible by a and prime 
to p, we see that 8 = ay?/p® is an integer in ks; 8 is divisible by pẹ but not 
by ps. From this it follows that pẹ is an ideal of the field ky, in contradic- 
tion to Theorem 75. Since we can in a similar way find upper bounds for the 
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remaining exponents L, ..., it follows that the exponent given in Theorem 79 
for the power of p which divides the discriminant D cannot exceed a certain 
bound which depends only on the degree M of the field K. 


Theorem 80 is important especially because it restricts to a finite number 
the possibilities which can occur for the behaviour of the prime divisors of 
M. If we count as a single type all the fields of degree M for which all the 
above numbers associated with the decomposition of all the prime numbers 
dividing M have the same value then it follows that for a given degree M 
there are only finitely many possible types. 

As an example of Theorem 80 we mention the quadratic fields (studied in 
detail in Part III), in which the discriminant is divisible by at most the first 
power of each odd prime and by at most the third power of the prime 2 (see 
Sect. 59, Theorem 95). 


12. Connexion Between the Arithmetic and 
Algebraic Properties of a Galois Number Field 


848. Galois, Abelian and Cyclic Extension Fields 


If the group G of automorphisms sı, ..., sm ofa Galois number field X is 
an abelian group, i.e. if the automorphisms sı, ..., ss commute with one 
another, then K is called an abelian field. In particular, if the group G is 
cyclic, i.e. if all M automorphisms s1, ..., sm can be represented as powers 
of a single one of them, then the abelian field K is called a cyclic field. 

If we apply to the group of automorphisms of an abelian field the same 
arguments as we used in Sect. 28 for the ideal classes, we derive the result 
that every abelian field can be composed of cyclic fields. The cyclic fields for 
their part can be composed of special cyclic fields whose degrees are prime 
numbers or powers of a prime number. 

The concepts we have been discussing can be generalised in the following 
way. 

Let © be a root of an equation of degree I, 


6'+a,0'°14.---+a, =0, 


whose coefficients a), ..., aı are numbers of a field k of degree m. Suppose 
further that this /-th degree equation is irreducible over the field k and that 
all its remaining /—1 roots, 6’, ..., OCD can be represented as polynomials 
in the root © with coefficients in the field k. Under these assumptions we call 
the algebraic number field K of degree M = Im generated by © and the 
numbers in k a Galois extension of k. The degree l of the equation is the 
degree of K over k. If we set 


6=S,6,0' = 50,..., 0") = 5,6 


then the automorphisms S|, ..., Sı form the group of K over k. If this group 
is abelian we say that K is an abelian extension of k; if the group is cyclic, 
K is called a cyclic extension of k. 
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§49. Algebraic Properties of the Inertia Field and the 
Ramification Field. Representation of the Numbers of a 
Galois Number Field by Radicals over the Decomposition 
Field 


Using the notions defined above we may derive very easily several important 
properties of the decomposition field, the inertia field and the ramification 
fields which are immediate consequences of the properties of their groups 
which we proved earlier. We have the following results. 


Theorem 81. The inertia field k; is a cyclic extension of degree f over 
the decomposition field kz. The ramification field k, is a cyclic extension of 
degree h over the inertia field ki. The first higher ramification field kj is an 
abelian extension of degree pë over the ramification field ky; the field kp is an 
abelian extension of degree p? over ky. The abelian groups of kẹ over ky, k 
over ka, ... all consist entirely of automorphisms of order p. 


According to Theorem 81 we see that the splitting of a prime ideal into 
equal factors always takes place by means of a sequence of abelian equations; 
this result leads to a new surprising property of the decomposition field. 


Theorem 82. For each prime ideal P of a Galois number field K the 
numbers in K can be expressed by means of radicals over the decomposition 
field of B, i.e. K is a radical extension of the decomposition field of each of 
its prime ideals. 


Theorem 82 shows clearly the significance of the theory of equations solv- 
able by radicals; for it shows that in the process of decomposing numbers into 
prime ideals the most important and most difficult steps occur in extension 
fields whose numbers are representable by radicals over a certain subfield. 


§50. The Density of Prime Ideals of Degree 1 and 
the Connexion Between this Density and the Algebraic 
Properties of a Number Field 


It is a remarkable fact that the distribution of certain prime ideals of degree 
1 in a number field allows us to draw conclusions concerning the algebraic 
properties of the field (Kronecker (14)). 

Let k be an arbitrary number field of degree m; let p; denote the general 
rational prime number which is divisible by precisely ö distinct prime ideals 
of degree 1. Consider the function 
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(where the sum in the numerator is taken over all the prime numbers p;). If 
this function has a limit at s = 1 we say that the prime numbers of type p; 
have a density; if the limit is A; then we call A; the density of the prime 
numbers of type p;. Kronecker in the course of his investigations made the 
tacit assumption that the prime numbers of types pı, ..., Dm all have den- 
sities. For the case where the group of the equation which serves to define 
the field k is symmetric we can deduce already from Kronecker’s remarks 
the existence of the densities Aı, ..., Am. Frobenius proved the existence 
of these densities for an arbitrary field k and also determined their values; 
they are rational numbers which depend in a simple way on the group of the 
equation which determines the field k (Frobenius (1)). We easily obtain the 
proof of the following theorem. 


Theorem 83. Suppose that in an arbitrary field of degree m any m — 1 
of the prime number types pı, ..., Dm have densities. Then so also does the 
remaining type and the m densities A, ..., Am satisfy the relation 


A, + 2Ag+---+mA,, = 1. 


Proof. If we use the second of the three representations of the function 
C{s) given in Sect. 27 and take logarithms we have 


log ¢(s) = Rp)” + S, 
(p) 


1 —2s 1 —3s 
S= 3am) +n) to, 


where the sums are taken over all the prime ideals p of the field. We denote 
by pı the general prime ideal of degree 1; then it is clear that 


I)" = So py? +3 pp? +--+ + SS mp’, (12.1) 


(pı) (pi) (p2) (Pm) 


where the sum on the left is taken over all prime ideals pı and those on the 
right over all rational primes p1, p2, ..., Pm respectively. 

When we bear in mind on the other hand that for all prime ideals p of 
degree greater than 1 we have n(p) > p° and that an arbitrary prime number 
p is divisible by at most m prime ideals it follows that 


rap) — Dre)" < mop < mA, 


(p) (pı) (p) (h) 
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where the last sum is taken over all rational integers h greater than 1. 
Similarly we find that 


1 1 1 
s<m itt} Sm) iho} = m. 
(h) (h) (h) 
From these inequalities it follows that 
log ¢(s) - S>n(pi)~* 
(p1) 


has a finite limit at s = 1. According to Theorem 56, 


1 
l —] (— 
og C(s) — log| — -) 
has a finite limit at s = 1; so the same is true of 
1 
—$5 — — 
X n(p1) log(——~), 
(pi) 


whence 
rt) 
lim 3 — ~] 
s= 
log (- _ 7) 


and the assertion of Theorem 83 follows by means of the formula (12.1). 


For a Galois number field K of degree M we have A = 0, A = 0,..., 
Am-1 = 0, and so we have the following consequence of Theorem 83. 


Theorem 84. The prime numbers py which split completely as 
products of prime ideals of degree 1 in a Galois number field of degree M 
have a density and this density is Am =1/M. 


If k is an arbitrary number field and K is the Galois number field of 
degree M formed by the composition of k and its conjugate fields k’, ..., 
k(™-1) then, as is easily seen, the prime numbers pm in k coincide with 
the prime numbers py in K. Hence the prime numbers pm in k have a 
density and this density is 1/M, i.e. the reciprocal of the degree of the Galois 
closure of k (Kronecker (14)). 


13. Composition of Number Fields 


851. The Galois Number Field Formed by the 
Composition of a Number Field and its Conjugates 


Theorem 85. If K is the compositum of two number fields ky and ka then 
the discriminant of K is divisible by all those rational prime numbers which 
divide the discriminant of kı or the discriminant of ka or both and only by 
those prime numbers. 


The first part of this theorem follows immediately from Theorem 39; the 
second part can be obtained as a consequence of Theorem 41 as follows. 

Let N1, ..-, Rm and wi, ..., Wm be bases for K and kı respectively. Then 
the numbers w; (i = 1,...,m) can be represented in the form 


Wy = A412, +... + dimmu, 
where ail, ..., Qin are rational integers. Let RP, u, R? be the conjugates 
of 92, ..., Rm with respect to ka; then the numbers 


wt” = ai 2 +...+ um), 


are certain conjugates of w; and it follows that the element 

(2, — RP... 2g - 2) 
of K divides certain elements of k. The assertion of the theorem follows from 
the definition of the relative different and Theorem 38. 


An immediate consequence of Theorem 85 is the following fact. 


Theorem 86. Let k be a number field of degree m; let K be the Galois 
number field formed by the composition of k and its conjugates k’,..., km). 
Then the discriminant of K is divisible by precisely those rational prime 
numbers which divide the discriminant of k. 
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852. Compositum of Two Fields Whose Discriminants 
Are Relatively Prime 


Of particular interest is the case in which the discriminants of the fields form- 
ing the compositum are relatively prime. The most important and productive 
result in this case is the following. 


Theorem 87. If kı and ka are number fields of degrees mı and ma 
respectively whose discriminants are relatively prime then their compositum 
is a field of degree mıma. 


Proof. We denote by K, the Galois number field formed by composing 
kı and all its conjugates; according to Theorem 86 the discriminant of K, 
is relatively prime to the discriminant of ka. Let 3 be a generator of the 
field k,; 3 satisfies an irreducible equation of degree m with rational integer 
coefficients. 

If the compositum of kı and ka were of degree less than m mz this equa- 
tion would be reducible over ka, i.e. 9 would satisfy an equation of the form 


"Hair... +. =0 


with degree r less than m, and coefficients aı, ..., @r in ka. We denote by 
k the number field generated by these coefficients a), ..., a,. Since a, ..., 
a, can be expressed rationally in terms of the roots of the above equation it 
follows that k is a subfield of Kı. Since k is also a subfield of ka it follows 
from Theorem 39 that the discriminant of k must be a factor both of the 
discriminant of kı and of the discriminant of kg; from this we deduce that 
the discriminant of k is 1 and this contradicts Theorem 44. 


We emphasize here the following facts, the truth of which can now be 
easily established. 


Theorem 88. If kı and ko are fields of degrees m, and ma respectively 
with relatively prime discriminants dı and da respectively then the discrim- 
inant of their compositum K is dY'*dy ‘. We obtain the mim members of 
a basis for the field K by multiplying the mı members of a basis for kı by 
the ma members of a basis for ka. If p is a rational prime number which fac- 
torises in kı asp = p1! ....pfr and in kọ as p = q...qs where pi, ..., Pr and 
di, +++, Qs are distinct prime ideals of kı, ka respectively, then p factorises in 
Kasp= [3% where the product is taken overi=1,...,r andl =1,...,s 

i,t 
and J; is the greatest common divisor of p; and qı in K. The ideals Jų are 
not necessarily prime ideals in K. 
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If the fields kı and ka have arbitrary discriminants then the correspond- 
ing questions admit simple answers only under restrictive hypotheses on the 
nature of the prime numbers to be factorised (Hensel (3)). 

The results described thus far in Chapters 10 to 13 seem to me to comprise 
the most important features of a theory of ideals and discriminants of Galois 
number fields. The methods we have used allow a more general development 
in several directions; in particular we have a series of theorems similar to 
those proved in Sect. 39-44 which hold without essential alteration for Galois 
extension fields (Dedekind (8)). 


14. The Prime Ideals of Degree 1 
and the Class Concept 


853. Generation of Ideal Classes by Prime Ideals 
of Degree 1 


It is very interesting that the principles developed in Chapters 10 to 12 also 
throw new light on the question of the generation and constitution of the 
ideal classes of a number field. In this and the following chapter we shall 
describe the most important general theorems concerning this matter. The 
first theorem concerns the generation of the ideal classes of an arbitrary 
Galois number field by prime ideals of degree 1 and runs as follows. 


Theorem 89. In each ideal class of a Galois number field there exist 
ideals whose prime factors are all ideals of degree 1. 


We prove first the following Lemma. 


Lemma 12. Let K be a Galois number field of degree M and discrimi- 
nant D; let R be a prime ideal of K of degree f greater than 1 which does 
not divide DM!. Then there exists an integer N of K prime to DM! which 
is divisible by P but not by P? and whose remaining prime ideal factors are 
all of degree less than f. 


Proof. Let P be an integer of the field K such that every other integer 
N of K is congruent modulo P? to a polynomial in P with rational integer 
coefficients. (Such an integer P exists by Theorem 29.) We denote by P’, P”, 
..., PB”) the prime ideals conjugate to P and distinct from P and determine 
an integer A of K which satisfies the congruences 


A = P (mod $7), 
A = 0 (mod PP”: P™), 
A = 1 (mod M!). 


If z is an automorphism in the decomposition group of $8 for which we have 


102 14. The Prime Ideals of Degree 1 and the Class Concept 


zP = P?(mod %) then obviously the f differences A — zA, A- z?A,...., 
A — z/"!A are prime to P. If s is an automorphism which does not belong 
to the decomposition group then sA is divisible by $8 and consequently the 
difference A — sA is prime to $3. The different of A is thus prime to $% and 
hence it follows from the remark on p.6 that A is a generator of the field K. 
Referring to Theorem 31 we see that K is the inertia field of P and hence A 
satisfies an equation of the form 


Af + aA} +. +a, =0, 


where a1, ..., ar are numbers in the decomposition field k of the prime ideal 
P. We denote by k’, k”, ... the remaining subfields of K of the same degree 
M/f as k. Then A satisfies equations 


Af +ajAl'+---+0, = 0, 

Af +ayAl"!+.--+0% = 0, 
where aj, ..., ar are numbers in k’, af, ..., ar numbers in k” and so on. 
Next we determine f rational integers aı, ..., a; such that 


a =Q,...,af =Q; (mod P). 


This is possible since, according to Theorem 70, the ideal ® is of degree 1 in 
k. Next let bı, ..., bf be rational integers which satisfy the congruences 


M!b, =aı,...,M!b,=a; (mod p) 
and for which none of the differences 
B, = Mb — oy, 8i = Mbi- ah 
(with subscript 1) vanishes. We set 
B =A + MIb Af-! +AT? 4... bp). 


Finally we denote by qi, ..., qı all the rational prime numbers distinct 
from p and greater than M which divide the discriminant A of A or the 
norms of the numbers 81, 84, .... If q; is any one of these prime numbers 
then (since it can have at most M prime factors in K) at least one of the 
qi (> M) numbers B, B+ 1, B +2, ..., B+ 9; — 1 must be prime to q;; say 
B + c; is prime to g. Let now c be a rational integer which satisfies the ! 
congruences M!pc = c; (mod q;) for i =1,2,...,!; then we claim that 


N =B + M!pe 


is a number with the property described in Lemma 12. 
To see this we notice first that according to the congruence A = 1 
(mod M!) the number N is relatively prime to all rational primes less than 
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or equal to M; on the other hand, according to the definition of the number 
c, §2 is prime to all the prime numbers greater than M which divide A. Thus 
N is prime to all the prime numbers distinct from p which divide A. 
Further, 2 is divisible by P but not by P, P”, ..., BI) since 
M!bs = ay #0 (mod p). The number f2 can be represented in the form 


Q=AL4+mAl!4...4m,, 


where mı, ..., my are rational integers. Since A = P (mod %°) and P can 
satisfy no polynomial congruence modulo 8 of degree less than 2f, it follows 
that 2 is not divisible by P? . 

Suppose {2 were divisible by a prime ideal ÒQ of degree f’ greater than 
f. Let 1, 2’, (z’)?, ..., (z’)7! be f’ automorphisms in the decomposition 
group of Q which generate it along with its inertia group. ‘Then we would 
have the f’ congruences 


Al +m AT! +m; = 0 (mod Q), 
(z/A)F +m (ZA) T! +... +m; 0 (mod Q), 


This would imply that the discriminant A of the number A is divisible by Q, 
in contradiction to what was shown above. 

Finally, suppose that N is divisible by a prime ideal 0 of degree f; then 
the decomposition field of Ò must be one of the fields k, k’, k”, .... Suppose 
it is k’; then we may write 


2 = 2-(Af + aj AT! + +04) = BAT! +--+ 4+ 9%, 


where #1, ..., p are numbers in k’. Let 1, 2’, (2’)?, ..., (z’)/"! be 
f automorphisms in the decomposition group of © which generate it along 
with its inertia group. Then we would have 


BAT} +--+ + BF =0 (mod Q), 
Bi(z'A)F-} +++ + By =0 


from which it would follow that either A or §{ is divisible by Q which, 
according to what was said above, is not the case. 


When we bear in mind that in every ideal class we can find an ideal 
which is prime to DM! we see at once that Theorem 89 follows easily from 
Lemma 12. Theorem 89 was proved by Kummer for the case of cyclotomic 
fields (Kummer (6)). 
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854. Symbolic Powers. Theorem on Numbers 
with Relative Norm 1 


We shall now derive a succession of fundamental theorems on abelian exten- 
sion fields. In order to facilitate the statement and proof of these theorem we 
introduce some notation and conventions. 

Let K be an algebraic number field of degree Im; suppose K is a cyclic 
extension of a field k of degree m and let the relative degree l of K over k be 
a prime number. Let the elements of the cyclic group of K over k be 1, S, 
S?,..., S11. Then we define the notion of a symbolic power of a number A 
of K as follows: if A is any integer or fraction in the field X and a, aı,...., 
ai, are any rational integers then the form 


A*(SA)%1(S?A)% -- - (ST1A)“- 


will be abbreviated to 


+aıS+a28? + +a 5S1! _ aFiS 
arte +a9 aı-ı = AFßS) 


where F'(S) is the integral polynomial in $ appearing as the exponent of A 
on the left hand side. According to this from now on the symbolic F'(S)-th 
power of A will always represent an integer or fraction in the field K. This 
symbolic exponentiation can be regarded as a generalisation of a notation 
introduced by Kronecker in the case of cyclotomic fields (Kronecker (1)). 

We prove now in succession the following properties of the cyclic exten- 
sion K over k. 


Theorem 90. Every integer or fraction A in K whose relative norm with 
respect to k is 1 is the symbolic (1 — S)-th power of an integer B in K. 


Proof. Let x be a variable and © a generator of the field K. Then we set 


z+0 


— — 1-5 


and 
Br = 1 + Al + AltS 4 AltS+S? 400. 4 AL+S+S?+tSt 3 
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When we recall that Al+S+5°+--+5°”" — 1 and hence also AL+S+5°+ +5"? _ 
1 we see that B!-5 = A,. Since B, is a rational function of x which, as is 
easily seen, does not vanish identically in z, we may choose a rational integer 
x = a such that Ba is a nonzero number in K. The number B* = B,/{a+ 0) 
satisfies the equation A = (B*)!-5, If we set B* = B/b where B is an algebraic 
integer in K and b is a rational integer, then we have also A = B!-$. 


855. Fundamental Sets of Relative Units and Proof of 
Their Existence 


‚A second important theorem about the field K concerns a property of the 
units in K. Suppose that among the m conjugate fields determined by k 
there are rı real fields and r3 pairs of conjugate imaginary fields; according to 
Theorem 47 the number of units of k in a fundamental set is r = rı +m -1. 
We now define the concept of a fundamental set of relative units of the field 
K with respect to k. This is a set of r+ 1 units Hı, ..., H,+ı in the field 
K with the property that a unit of the form HES), .. Hr (5) e] can be the 
(1 — S)-th power of a unit in K only if the algebraic integers Fi((), ..., 
F,41(¢) are all divisible by (1 — ¢). Here Fi(S), ..., Fr+1($) are integer 
polynomials in S, [e] is either an arbitrary unit in k or a unit in K whose l-th 
power is a unit in k and ¢ is an /-th root of unity such that ¢ Æ 1. 


Theorem 91. Jf the relative degree | of the cyclic extension K over k 
is an odd prime number then there exists in K a fundamental set of r+1 
relative units, where r has the same meaning as in Theorem 47. 


Proof. Since l # 2 it follows that among the Im conjugate fields determined 
by K there are lr, real fields and [rg pairs of conjugate imaginary fields. Let 
E1,---, Ep be a fundamental set of units of the field k. Among the units of K 
choose a unit E, such that Ej, &ı, ... , Ep forms an independent set of units; 
then we shall show that the r+/—1 units E,, E?,..., ES” E,,...,€, must 
also be an independent set of units. 

To prove this let us suppose to the contrary that EFS) = e*, where F(S) 
is an integer polynomial of degree / — 2 in S which does not vanish identically 
and e* is a unit of the field k. Since the polynomial 1+ S +--- + SU! is 
irreducible (see the remark at the end of Sect. 91) there must exist integer 
polynomials G,, Ga in S and a nonzero rational integer a such that 


FG, +(14+S4+---+8'!)G2 =a. 


When we remark that 1 
El+S++8 =i e** 
1 — 3 
mk 


where &** is a unit in k, we deduce that E = «***, where e*** is also a unit 


in k. This contradicts the choice of E}. 
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Next we choose a unit E, such that Ea, Ei, E$, ..., ES? El, +++, Ep ÍS 
an independent set of units and prove in the same way as above that E3, 
ES ..., pS? E,, Ed, ..., ES”, €1,--., E is an independent set of units. 
Proceeding in this way we produce a set of rı +r2 =r+1 units E1, ..., Er+ı 
such that 

E ES... EST? e1... E, (6=1,2,...,r +1) 


3 


form an independent set of units. The number of units in this set is 
(+)! -V)+r=irn +in-1. 
Now let /™ be a power of l high enough that the expression 
EPS) EEr O e), (15.1) 


in which F\(S),..., Fr+1(5) are arbitrary integer polynomials of degree (/—2) 

in S and [|e] is as defined on p. 106, cannot be an /™-th power of a unit in 

K unless all the coefficients of the r +1 polynomials F\(S),..., r+1($) are 

divisible by l. That there must exist such a power /™ follows with the help 

of the Ir; + Ira — 1 fundamental units of K which exist by Theorem 47. 
Consider now the identity 


(1 —s)'=1-s'+1G(S), 


where G is an integer polynomial; according to this the (1— S)'”-th symbolic 
power of a number in K is also at the same time an actual /™-th power. It 
follows that the expression (15.1) can be the (1 — S)'”-th symbolic power of 
a unit only when the algebraic integers Fi(¢), ..., Fr+ı(C) are all divisible 
by 1—¢. 

Let now eı be the largest non-negative rational integer such that an 
expression of the form (15.1) is a symbolic (1 — S)®!-th symbolic power of a 
unit without having all the numbers F\(C), ..., F,41(¢) divisible by 1 — ¢. 
Suppose we have 

S Frri(S -5)*1 
=”, 
where F\(S),..., Fr+1($) are integer polynomials in $ and F; (¢), say, is not 
divisible by 1-6; [e] has the same meaning as before and H; is a unit in the 
field K. Next, let ea be the largest non-negative rational integer such that a 
corresponding expression formed from the units Ea,..., Er+ı is a (1— $)*2-th 
symbolic power of a unit, say 
CPO BRM =” 
where Fo(S),..., F-41(S) are again integer polynomials in S and F)(¢), say, 
is not divisible by 1 — ¢; H3 is a unit in K. Proceeding in this way we produce 
r+1 units Hı, ..., H-41. We claim that these form a fundamental set of 
relative units of K with respect to k. 
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To prove this, let us suppose to the contrary that there are r + 1 poly- 
nomials Gi (8), ..., Gr+1($) such that 


HES) a HEH O Te] — 71-5 


where Z is a unit in K and G,(¢),..., Gr+1(6) are not all divisible by 1 — C. 
Let Ga (C) be the first of these numbers which is not divisible by 1 — ¢; then 


clearly the factor 
He HET O HE Se] 


must also be the (1 — $)-th symbolic power of a unit in K. Since none of 
the integers eı, e2, .-., €r41 is greater than any of those which precede it 
we see that when we raise the last expression to the (1 — S)®*-th power and 
introduce again the units Er, ..., Er+ı we reach a contradiction. 


It is easily seen that Theorem 91 holds also for / = 2 provided that in this 
case we have the additional condition that among the 2m conjugate fields 
determined by K there are twice as many real fields as there are among the 
m conjugate fields determined by k. 


§56. Existence of a Unit in K with Relative Norm 1 
Which is not the Quotient of Two Relatively Conjugate 
Units 


Theorem 92. If the relative degree of the cyclic extension K over k is an 
odd prime number | then there exists a unit H in K whose relative norm with 
respect to k is 1 but which is not the symbolic (1 — S)-th power of a unit in 
K. 


Proof. We suppose first that the field K does not contain the /-th root 
of unity ¢. Let m, ..., 7-41 be any r +1 units in k; then it follows that 
there are r+ 1 rational integers aı, ... , @,41, not all divisible by /, such that 
Min in = 1. (If in an equation of this form the exponents aı, ..., Qr+1 


were all divisible by / then nel a nal! ‘ would be an I-th root of unity and 


hence, by hypothesis, equal to 1. Repetition of this argument establishes the 
assertion.) Now let us suppose that ni, .-., 7-41 are the relative norms of H), 
.., H,41, where H),..., H,41 form a fundamental set of relative units of K 
with respect to k. Set H = Hf? ---H774'; then N,(H) = HI+S+S? +S _ | 
and hence, by Theorem 90, there is an integer A of K such that H = A!-9. 
Since Hı, ..., Hr+ı make up a fundamental set of relative units it follows 
that A is not a unit. 
To complete the proof of Theorem 92 let us suppose that k contains a 
primitive /*-th root of unity ¢’ but no primitive /4+!-th root of unity. By an 
argument similar to that used above we can show that if 71, ..., 4,49 are 
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any r+ 2 units in k there exist a rational integer a and r + 2 rational integers 
Qi, ..., G42, not all divisible by /, such that 


mt mete =)“. 
On the other hand, since the relative norm 


+ 


N. = rs] 


it follows from Theorem 90 that ¢ must be a symbolic (1 — S)-th power. 
If there were no unit E in K such that ¢ = E!”° then ( would be already 
a number with the desired property. Otherwise we have EÜ-9) = 1, i.e. 
E! = SE!, so that E! is a unit £ in k, while E itself certainly does not lie in 
k. We have N,(E) = E! = e. Now let Hi, ..., H-41 be a fundamental set of 
relative units in K and set 


m = Nx(Hi),---) trea = Ne(Hpat), 42 = Ne(E) = E', 
H = HT. Hy E+ (= HN. Hert lel, 


where a, @),..., @-42 are the numbers described above and [e] is the /-th 
root of a unit of the field k. Then N,(H) = 1. The numbers a), ..., @r+ı 
cannot all be divisible by £, for, if they were, it would follow from the equation 


ER = 1 
that 
ER Te = CP, 


where b is a rational integer. Since, by hypothesis, a,42 cannot also be divis- 
ible by l it would follow from the last equation that E lies in k, which is not 
the case. Thus the unit H fulfils the conditions of Theorem 92. 


Theorems 90, 91 and 92 were already proved in part and in another form 
by Kummer in the case where the subfield k is the cyclotomic field of degree 
l — 1 generated by ¢ (Kummer (14, 20, 21)). 


§57. Ambig Ideals and the Relative Different 
of a Cyclic Extension 


An ideal 2 of a cyclic extension field K of k is called an ambig ideal! if it 
is invariant under the automorphism S and has no ideal of k as a factor. In 


1 We follow the example of Artin in his lectures in leaving ambig untranslated: the 
obvious translation ambiguous does not catch the sense. 
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particular a prime ideal of K which is invariant under S and does not lie in 
k is called an ambig prime ideal 


Theorem 93. If K is a cyclic extension of k, then the relative different 
of K with respect to k is divisible by the ambig prime ideals P and by no 
others. 


Proof. Let P be an ambig prime ideal; its relative norm N,($) is P!. 
Since no lower power of P can lie in k it follows that P! = p is a prime ideal 
in k. Conversely, when a prime ideal p of k is equal to the l-th power of an 
ideal P in K then P must be an ambig prime ideal. 

We now distinguish three types of prime ideals p of the field k: (1) those 
which are equal to the /-th power of a prime ideal P in K: (2) those which 
split in K as a product of l distinct prime ideals %4, ..., Pı of K; (3) those 
which are also prime ideals in K. 

In case (1) we suppose that the norm N (P) is p’; it follows that N(p) = 
N(') = p'f and hence the norm n(p) of the prime ideal p in k is also p’. 
The fact that the norms N (8) and n(p) are equal shows that every integer 
of K is congruent modulo P to some integer of k; from this we deduce easily 
that the relative different of K with respect to k must be divisible by the 
prime ideal PB. 

In case (2) we can find an integer A which is not divisible by P; but is 
divisible by the remaining l — 1 prime ideals Pı, ..., Pi-1, Pitis ..-, Pe 
From this it follows that the relative different of the number A and hence 
also that of the field K is not divisible by $;. 

Finally, in case (3), let P be a primitive root for the prime ideal p in k 
and p a primitive root for p in k; suppose P is also a generator of the field 
K. Then P satisfies an equation of degree l of the form 


F(P) =P! +P! 4... + a =0, 


with coefficients aı, ..., a which are integers in k. We set 

œ = fi(p),...,a1 = fi(p) (mod p) 
where fi(p),..., fi(p) are integer polynomials in p; thus we obtain for P the 
congruence 


F(P) =P! + fi(p)Pé 1 +--+ + filo) =0 (mod p). 


Since N(p) = (n(p))! the number of integers of K incongruent modulo p is 
the i-th power of the number of integers of k incongruent modulo p; it follows 
that P can satisfy no congruence of this type of degree less than / and hence 


we have aF(P) 


Thus the relative different of the number P is not divisible by p. 
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This discussion shows that the relative different of the field K is always 
prime to the prime ideals of types (2) and (3) and so completes the proof of 
Theorem 93. 


858. Fundamental Theorem on Cyclic Extensions with 
Relative Different 1. Designation of These Fields as 
Class Fields 


Theorems 90, 92 and 93 make it possible for us to establish a fact which is of 
far-reaching importance in the theory of algebraic number fields. This result 
is as follows. 


Theorem 94. If the cyclic extension field K of odd prime degree | over 
k has relative different 1 with respect to k then there exists an ideal i in k 
which is not a principal ideal in k but which is a principal ideal in K. The 
l-th power of this ideal i is then necessarily a principal ideal in the field k and 
hence the class number of k is divisible by I. 


Proof. By Theorem 92 there is a unit H of K with relative norm 1 which 
is not the (1 — S)-th power of a unit. According to Theorem 90 we have 
H = Al”5 where A is an integer in K, i.e. A= H- SA. For the principal ideal 
A = (A) it follows from this that A = SA. The ideal U lies in the field k. 
For if $% is any prime ideal of X which divides & and does not lie in k then, 
according to Theorem 93 (since by hypothesis the relative different has no 
divisors) we have BP # SP and so U includes also the relative norm N} (P) 
which is a prime ideal in k. The ideal U is not a principal ideal in the field 
k; for, if it were, we would have A = H*a where H* is a unit and a is a 
number in k; from this it would follow that H = (H*)!~°, which contradicts 
the definition of H. This establishes the first part of Theorem 94. 

Since N;(A) = @ is a number in k and consequently N;,(2) = A! = (a) is 
a principal ideal in k, this completes the proof of Theorem 94. 

Theorems 92 and 94 hold for the case where l = 2 under the restrictions 
mentioned on p. 108 at the end of Sect. 55. 

There is no essential difficulty in generalising Theorem 94 to abelian 
extension fields K with relative different 1 where the relative degree l is 
not a prime number. 

On account of the close connexion shown by Theorem 94 between the 
field K and certain ideal classes of k, we call K a class field of the field k. 


Part III 


Quadratic Number Fields 


16. Factorisation of Numbers 
in Quadratic Fields 


859. Basis and Discriminant of a Quadratic Field 


Let m # 1 be a positive or negative rational integer which is not divisible by 
any square number other than 1; the quadratic equation 


zs? -m=0 

is then irreducible over the field of rational numbers, In the following, when m 
is positive we shall take ym to be the positive root of the equation and when 
m is negative ym will be the positive imaginary root of the equation. The 
algebraic number ym so determined generates a real or imaginary quadratic 
field according as m is positive or negative. We denote this field by k(./m) or 
simply by k; it is always a Galois number field. Under the operation of inter- 
changing ym with —,/m a number or an ideal of the field k is transformed 
into its conjugate number or ideal respectively. This operation (which is an 
automorphism of k) will be denoted by s. 

Our first task is to find a basis for each quadratic field and to determine 
its discriminant (Dedekind (1)). 


Theorem 95. A basis for the quadratic field k is formed by the numbers 
1 and w where 1 
tm or w= ym 
according as m is congruent to 1 modulo 4 or not. The discriminant of k is 


d=m or d=4m 


in these two cases respectively. 


Proof. The number w is an integer since it satisfies the equation 


—1 
-r =0 or r? 


respectively. Let w’ = sw be the conjugate of w. Then d = (w — w’)? is the 
discriminant of the number w. According to Sect. 3, p. 6, every integer of the 
field k can be represented in the form 


-m=0 (16.1) 
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u + vw 
© d 
where u and v are rational integers. 
In the case where m = 1 (mod 4) we conclude from the congruence 


2am = 2u +v +vym=0 (mod m) 


that 2u + v must be divisible by Ym. This leads to the result that vym = 0 
(mod m); thus v must be divisible by ym and hence by m. It follows that 
u and v are both divisible by m = d; so the integer d in the denominator of 
the above fraction can be cancelled. 

On the other hand, when m # 1 (mod 4) we conclude from the congruence 


dam =u+tvym=0 (mod m) 


that u and v must be divisible by m and hence m can be cancelled from the 
numerator and denominator of the representation of œ. So we obtain 


u’ + v//m 
7 4 
where u’ and v’ are rational integers. In the case where m = 2 (mod 4) 
and also where m = 3 (mod 4) we can easily see by considering the norm 
œ- sa that an expression of the form u’ + v’,/m (where u’ and v’ are rational 
integers) can be divisible by 2 only if u’ and v’ are both even. Applying this 
observation to 4a and again to 2a we see that in the case where m Æ 1 
(mod 4) every integer in the field k can be expressed in the form u + vym 
where u and v are rational integers. 
The second part of the theorem follows from the formula 


l w ? 
=(w—w')? 


d= oy 


which, according to Sect. 3, defines the discriminant of the field. 


§60. Prime Ideals of a Quadratic Field 


The problem of describing the factorisation of a rational prime number into 
prime ideals of the field k is completely settled by the following theorem. 


Theorem 96. Every rational prime number | which divides d is equal to 
the square of a prime ideal in k. Every odd rational prime number p which 
does not divide d either splits in k as a product of two distinct prime ideals 
p and p’ of degree 1 and conjugate to one another or else represents a prime 
ideal of degree 2 in k according as d is a quadratic residue or non-residue 
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modulo p. In the case where m =1 (mod 4) the prime number 2 either splits 
in k as a product of two distinct conjugate prime ideals or else remains prime 
according as m = 1 (mod 8) or m = 5 (mod 8). 


Proof. The first assertion of the theorem, concerning the prime numbers 
l which divide d, is a consequence of the general ‘Theorem 31. If! is an odd 
prime dividing d we find 
l=? 


where I = (l,/m) is a prime ideal of degree 1 which coincides with its 
conjugate. If the prime number 2 divides d then we have 


2=(2,/m)* or 2=(2,14+ vym? 


according as m = 2 (mod 4) or m = 3 (mod 4), 

The factorisation of the prime numbers which do not divide d occurs 
according to Theorem 33 when we take account of the remark referring to 
it in Sect. 13, p. 31. Thus every rational prime number p which is prime 
to d either splits in k as a product of two distinct prime ideals or else is 
itself a prime ideal according as the left hand side of the equations (16.1) are 
reducible or irreducible modulo p. If the prime number p under consideration 
is odd then the congruences 


(2?-1)?-m=0 (mod p) and 2? -m=0 (mod p) 


respectively are reducible when m is a quadratic residue modulo p and 
irreducible when m is a quadratic non-residue modulo p. If, in the first case, 
we have m = a? (mod p) then 


p = (p,a + Vm)(p,a — Vm) = pp’. 


Since 
(na+vma- m) =1 


the prime ideals p and p’ on the right hand side are in fact distinct. In the 
case where m = 1 (mod 4) the congruence 


m— 
r-r- 


1 =0 (mod 2) 


m 
is obviously reducible or irreducible according as is congruent to 0 or 


1 modulo 2, i.e. according as m = 1 or m = 5 (mod 8). In the first case we 
have 


a= (2, ay (2, ey 
Since 
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the two prime ideals on the right hand side are in fact distinct. 
As bases for the prime ideals introduced above we may take 


„Itym L Vm, 


2 or 


p atm 


or patym, 


2 
1+ 
„am or 2, Vym;2,1+ m 


according as m = 1 (mod 4) or m = 2 or 3 (mod 4). These facts are easily 
verified by applying a converse of Theorem 19 if in each case we form the 
determinant ofthe given pair of numbers and their conjugates. (In the second 
row of the above table a is an integer satisfying the congruence a? = m 


(mod p); if m = 1 (mod 4) then a is to be an odd number.) 


a 


861. The Symbol ( ) 
Ww 


To enable us to express more concisely the results we have obtained about the 
factorisation of rational prime numbers we introduce the following symbol. 
Let a be any rational integer. If w is an odd rational prime number then the 


symbol =) = +1 if a is a quadratic residue modulo w not divisible by w; 
(=) = —1 if a is a quadratic non-residue modulo w; and (—) = Oif a is 
divisible by w. Further (5) = +1 if a is odd and a quadratic residue modulo 


2 


8; (3) = —1 if a is odd and a quadratic non-residue modulo 8; and (=) =0 
if a is even, When we use these symbols Theorem 96 assumes the following 


form. 


Theorem 97. A rational prime number p (odd or even) is the product of 
two distinct prime ideals of k or generates a prime ideal of k or is the square 


d 
of a prime ideal in k according as (5) = +1, —1 or 0 respectively (Dedekind 
(1)). 


According to the results we have developed so far we distinguish three 
types of prime ideals, namely 

1. the prime ideals p of degree 1 which are distinct from their conjugates 
p’; 

2. the prime ideals (p) of degree 2 which are represented by the rational 
prime numbers p which do not split in k; 

3. the prime ideals [ of degree 1 whose squares are rational prime numbers 
dividing d. 
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According to the definitions introduced in Sect. 39 and Sect. 41 the field 
k is the decomposition field for the prime ideals p of the first type, the inertia 
field for the prime ideals (p) of the second type and the ramification field for 
the prime ideals I of the third type. 


862. Units of a Quadratic Field 


When we consider the subject of units in a quadratic field k we see from 
Theorem 47 that we must distinguish two cases depending on whether k is 
an imaginary or a real field. 

In the first case k contains no units other than roots of unity. Since the 
only roots of unity apart from +1 and ~1 which can occur in a quadratic 
field are the 3rd, 4th and 6th roots of unity it follows that the only imaginary 
quadratic fields which contain roots of unity other than +1 and —1 are the 
two fields k(,/—1) and k(./—3). The first of these contains the two units +7, 


1+ /-3 


are respectively —4 and —3; according to Theorem 50 each ideal class of these 
fields must contain an ideal with norm < 2 or < |/3| respectively. Further, 
since in the field k(,/—1) the number 2 is the norm of the principal ideal (1+4), 
it follows that each of these two quadratic fields has only one ideal class. Thus 
in each of these two fields there are only principal ideals and consequently 
every positive rational integer which is the norm of an ideal in k(./—1) or 
k(,/—3) must be the norm of an algebraic integer in the corresponding field; 
from this we deduce the well-known results on the representation of positive 
rational integers in the forms x? + y*, 2° + zy + y? respectively where x and 
y are rational integers. 

If on the other hand k is a real quadratic field it follows from Theorem 47 
that there exists a fundamental unit £, distinct from +1, such that every unit 
in the field can be expressed uniquely in the form +e* where a is a rational 
integer. 

The conditions under which the norm of this fundamental unit £ is equal 
to +1 or —1 have so far been determined only in particular cases (Arndt (1), 
Dirichlet (4), Legendre (1), Tano (1)). (See also on page 127 the first part of 
the proof of Lemma 13.) 


the second the four units + . The discriminants of these two fields 


§63. Composition of the Set of Ideal Classes 


The discussion in Sect. 24 makes it possible for each particular value of m to 
list all the ideal classes of the quadratic field k and to calculate the number 
h of these classes. Hitherto tables of such results have been prepared on the 
basis of the theory of reduced quadratic forms (Gauss (1), Cayley (1)). 


17. Genera in Quadratic Fields 
and Their Character Sets 


864. The Symbol (=) 
Ww 


For the further development of the theory of quadratic fields, particularly in 
order to classify the ideal classes of such a field, we make use of a new symbol. 
Let n and m be rational integers, with m not the square of an integer; let w 
be any rational prime number. Then the symbol (=) takes the value +1 
whenever n is congruent modulo w to the norm of an integer of the quadratic 
field k(,/m) determined by ym and in addition for each higher power of w 


there exists an integer in k(,/m) whose norm is congruent to n modulo the 
n,m 
corresponding power of w; in every other situation we set (==) = —1. The 
rational integers n for which (==) = +1 are called norm residues of the 
field k(,/m) modulo w; the integers n for which (=) = ~1 are called 


w 
norm non-residues of k(,/m) modulo w. If m is the square of an integer we 
shall always take (=) to be +1. The following theorem gives us infor- 
mation concerning the properties of the symbol (=) which are useful in 


calculations. 


Theorem 98. Let n and m be rational integers not divisible by w. Then 
we have the following rules. If w is an odd prime number then 


(=) = 41, (17.1) 
a") =") =) ara 

If w = 2 then nym\ _ llmanya 
=) = (-1){r-Hm-1/4, (17.3) 
nen oma 


Furthermore for all rational integers n, n’, m, m’ and all prime numbers w 
we have 
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IR) = 41, (17.5) 
a). (m) ono 
am 


w 
er) - (EBEE) ars 


Proof. We begin with the self-evident remark that if n is itself the norm 


’ 


of an integer in the field k(,/m) then we have (=) = +1. Since, in par- 


ticular, —m is the norm of ym, equation (17.5) follows at once. If n and 
n’ are nonzero rational integers whose quotient is the norm of an integer or 
fraction in k(,/m) then it follows from the definition of the symbols that 


n,m n',m , . 
(=) = (==). This is the case, in particular, when the quotient n/n’ 


w 
is the square of a rational number; so we obtain the simple result that the 


value of the symbol (=) remains unaltered when n is multiplied by a 


square or has a square factor removed from it. For the sake of simplicity we 
shall assume from now on that neither n nor m is divisible by the square of 
a prime number. 


To establish the complete set of formulze we deal in turn with the follow- 
ing three cases. 


1. Let w be an odd prime number which divides m. 
If n is not divisible by w then clearly the congruences 


ån = (2c +y) — my? and n = x° — my? (mod w) (17.9) 


are solvable in rational integers x and y if and only if (>) = +1. Conversely, 


if this condition is satisfied, the congruence n = x? is solvable modulo each 


power of w and hence the same holds for the congruences (17.9). Under the 
hypotheses we have made it follows that 


n,m\ _ (n 
( w ) u (2) 
On the other hand, if n also is divisible by w we have 


(E) = (mm) _ (oeme) _ (amie, 


wi w w w 
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2. Next let w be an odd prime number which does not divide m. 

If n also is not divisible by w then we claim that the congruence 
n = x* — my? (mod w) always has solutions. For the right hand side 
of this congruence gives for rt = 1, 2, ..., tw — 1) and y = 0 all the 


-m 
quadratic residues modulo w. In the case where (—) = —1 it gives for 


z = 0 and y = 1, 2,..., (w — 1) all the quadratic non-residues mod- 


m 
ulo w. If | — ) = +1 we let a be the least positive quadratic non-residue 


modulo w and take y = b to be a root of the (clearly solvable) congru- 
ence —my* = a — 1 (mod w); since a = 1 — mb? modulo w the form 
x? — m(bx)* for z = 1, 2,..., 4(w — 1) represents all the quadratic non- 
residues modulo w. From the fact that the congruence n = z? — my? 
(mod w) is solvable it follows easily that the congruence is solvable mod- 


ulo every power of w. Thus, under the current hypotheses, we have 
( —) = +1, 
w 


If, on the other hand, n is divisible by w (but, by our original agreement, 
not by w?) a solution of the congruence n = x? — my? (mod w?) would 
give rise to an integer a = x — ymy of the field k(,/m) for which the norm 
a-s(a) = n(a) contains only w but not w? as a factor; it follows that w would 
split in the field k(,/m) as a product of two distinct prime ideals w and tv’; 


m 
according to Theorem 97 the necessary condition for this is that ( =) = +1. 


w 
Conversely, when this condition is satisfied, w splits in the field k(,/m) as a 
product rotv’ of two distinct prime ideals. Then let œ be an integer in k( ym) 
which is divisible by w but not by tv’ nor m; it follows that 


(>) _ (am) _ (ram) 4, 


w w w 
Thus we have shown that under the current conditions we always have 
n,m\ _ (m 
( w ) u (3) 
The results we have obtained so far allow us to deduce immediately the 
formule (17.1) and (17.2); furthermore, we deduce formule (17.6) and (17.7) 


for odd primes w if we consider successively the different cases of divisibility 
and non-divisibility by w of n, n’ and m. 


3. For the case where w = 2 we begin by making the following assertion: 
if f(x,y) is an integer polynomial, homogeneous of degree 2 in z and y, and 
n is an odd rational integer then, if the congruence f(x,y) = n (mod 2°) 
has rational integer solutions for x and y then so also do all the congruences 
f(z,y) = n (mod 2°*!) for alle > 3. We prove this by induction on e. So 
suppose that a and b are rational integers for which n = f(a,b) (mod 2°), 
where the exponent e > 3. If we do not also have n = f(a,b) (mod 2°*!) but 
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rather n = f(a,b) + 2° (mod 26+!) then we determine a rational integer c 
such that c? = 1 + 2° (mod 2°+!) (which is possible since e > 3). Then we 
have 


f(ca, ch) = c* f(a,b) = f(a,b) + 2°f(a,b) = f{a,b)+2°=n (mod 2°*') 


and so our assertion is proved. 
m,n 
To determine the value of the symbol 2) for an odd integer n we have 
to investigate for which combinations of values of n and m the congruences 


—1 
n = z? + zy -— Ty? (mod 2°) (17.10) 


(in the case where m = 1 (mod 4)) and 
= 1? - my? (mod 2°) (17.11) 


(when m = 2 or 3 (mod 4)) are solvable. Brief calculations lead to the follow- 
ing table, in which we list under the heading m the six residues of m modulo 
23 with which we are concerned and under the heading n the odd residues 
modulo 2° for which the corresponding congruences (17.10) and (17.11) are 
solvable. 


This table establishes formula (17.3) in the case where n and m are both 
odd; in the case where n is odd and m is even, say m = 2m’, we deduce from 
the table that 


(= om) = (= 1) (r= /8#(n=1)(m! 1/4 
2 


On the other hand, if n is even, say n = 2n’, and m is odd, then we have 
to distinguish the cases where m = 1 and m = 3 modulo 4. In the first case 
the number 2 must be the product of two distinct prime ideals in the field 
k(./m) if n = 2n’ is a norm residue modulo 2 in k(y/m), i.e. (F) = +1. If 
this condition is satisfied we can always find a number a in k(ym) for which 
the norm n(a) is divisible by 2 and not by 4. It follows that 


(ym = (em) (SP), 
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and according to (17.3) this last symbol is equal to +1; hence in this case we 
have the formula 


an'jm\ _ (T) = (140-18 
(7) = (7) = cue 
In the other case, where m = 3 modulo 4, the value of the symbol in ques- 
tion depends on the solvability of the congruence 2n’ = x? — my? modulo 
arbitrarily high powers 2° and it is easy to see that each such congruence is 
solvable if and only if the congruence m = x? — 2n’y? is solvable modulo the 
same power 2°. Thus in this case we have 


Ft) u (==) 
2/ \ 27 

Finally, suppose n and m are both even, say n = 2n’ and m = 2m’. Then 
we have 


2n’,2m’\ _ (-2’n’m’,2m’\ _ ¢—n'm', 2m! 
7) 

From the results we have obtained we deduce formula (17.4) at once; at 
the same time we see that formulz (17.6) and (17.7) are valid also for w = 2. 
Formula (17.8) follows in general by combining (17.7) with (17.6). Thus the 
proof of Theorem 98 is complete. 


From the formule (17.1), (17.2), (17.3) and (17.4) in Theorem 98 we may 
deduce the following result. 

Consider a complete set of numbers prime to w and incongruent modulo 
wf, where e > 1 (in the case where w = 2 we take e > 2). Then either all the 
numbers in the set are norm residues of the quadratic field k(,/m) modulo 
w or else only half of them, according as w is prime to the discriminant of 


k(./m) or not. 


§65. The Character Set of an Ideal 


Suppose there are t distinct rational prime numbers, l, [o,..., dą which divide 
the discriminant of the field k(,/m). To each rational integer a correspond 
the completely determined values (= +1 or —1) of the t symbols 


Ce GE) 

ae ae Narr 

as defined in the previous section. These t units +1 form the character set of 
the number a in the field k(,/m). In order to associate a character set also 
with each ideal a of the field k(,/m) we distinguish the cases where k is an 


imaginary or a real field. In the first case the norms of the numbers in k(,/m) 
are all positive; we set r = t, ñ = +n(a) and say that the r units 
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n,m n,m 
(mm), (22) (17.12) 
ly ly 


form the character setof the ideal a; it is completely and uniquely determined 
by the ideal a. In the second case we form first the character set of the number 


—], 
ee) (1719) 


If all these units are equal to +1 then, as in the first case, we set ñ = +n(a), 
r = t and say that the r units (17.12) form the character set of the ideal a. 
If, on the other hand, the unit —1 occurs among the ¢ characters (17.13), say 


—1 
( T, =) = —1, then we set r = t —1 and ñ = +n(a) with the sign so chosen 
t 


n,m 


that ( r 


r and ñ are said to form the character set of the ideal a. 


) = +1; then the r units (17.12) corresponding to this choice of 


866. The Character Set of an Ideal Class and the Concept 
of Genus 


Theorem 99. All the ideals of a single class in the field k(/m) have the 
same character set. 


Proof. If a and a’ are ideals of k(,/m) belonging to the same class there 
exists an integer or fraction a in k(,/m) such that a’ = aa. Then we have 
n(a’) = tn(a)n(a) where + denotes the sign of n(a) and hence 


(Mem) _ En, m) 
l 7 ( l 
for l = 1,,...,d. Referring to the definitions in Sect. 65 we immediately ob- 
tain the result of Theorem 99., 


In this way a fixed character set is associated with each ideal class. Each 
collection of ideal classes with the same character set is said to form a genus; 
in particular we define the principal genus to be the collection of all ideal 
classes for which the character set consists entirely of positive units. Since 
the character set of the principal class clearly has this property it follows that 
the principal class belongs to the principal genus. From the formula (17.7) 
on p. 122 we deduce easily that multiplication of the ideal classes from two 
genera produces the ideal classes of a genus whose character set is obtained 
by multiplication of the character sets of the two genera. In particular, since 
the character set of the square of an ideal class chosen from any genus consists 
entirely of positive units, it follows that the square of every ideal class belongs 
to the principal genus. 

Clearly all the genera contain the same number of classes. 
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§67. The Fundamental Theorem on the Genera 
of Quadratic Fields 


The question now arises whether an arbitrary set of r units +1 can be the 
character set of a genus of the field k(,/m). The answer to this question is 
of fundamental importance for the theory of quadratic fields; it is given in 
the following theorem, the proof of which will occupy us until Sect. 78. 


Theorem 100. An arbitrary set of r units +1 is the character set of a 
genus of the field k(,/m) if and only if the product of all r units is +1. The 
number of genera in the field k(./m) is thus 2"—! (Gauss (1)). 


868. A Lemma on Quadratic Fields Whose Discriminants . 
are Divisible by Only One Prime 


In order to approach the goal set by Theorem 100 we prove first the following 
lemma. 


Lemma 13. If the discriminant of a quadratic field k = k(,/m) has only 
a single prime factor | then the number of ideal classes in k is odd. The char- 
acter set for the field k consists of a single character, that associated with the 
prime l; this character always takes the value +1, i.e. there ts only one genus 
in the field k, the principal genus. 


Proof. We denote by s the automorphism of the field k which replaces each 
number in k by its conjugate. In the case where m > 0 let £ be a fundamental 
unit of k; —e, 1/e, —1/e are also fundamental units. We prove first that under 
the hypothesis of the lemma we must have n(c) = €: se = —1. Suppose, to 
the contrary, that we had n(c) = +1; then, according to Theorem 90, we 
could find an integer a of the field k such that e = a/sa. It would follow that 
a = €: sa and so each prime ideal divisor of œ would also divide sa. Under the 
hypothesis of the lemma, if m > 0 then ym is the unique non-rational prime 
factor in k coinciding with its conjugate. Thus we must have either a = na 
or @ = n/ma where 7 is a unit and a is a nonzero rational integer; from this 
it follows that e = +n!”° = n°, and this contradicts the hypothesis that £ 
is a fundamental unit. 

Now we proceed to prove the first part of the lemma. If the class number 
h of the field k were an even number it would follow from Theorem 57 that 
there would be an ideal i of k, not belonging to the principal class, such that 
i? ~ 1; since i- si ~ 1 it would follow that i ~ si. If we set i = a si or 
il=° = a, we see that a is a number in k whose norm n(a@) must be +1. In 
the case where n(a) = +1 we set 6 = a; as we have seen above the possibility 
that n(@) = —1 can occur only where k is a real field and in this case we 
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set 8 = ea where g, as before, is a fundamental unit of k. In both situations 
we would have n(@) = +1 and hence, according to Theorem 90, 1/8 = y'~* 
where y is an integer in k. Since a = i!~* it would follow that (yi)!"° = 1, 
i.e. (y)i = s(yi); from this we would deduce in the same way as before that 
the ideal ()i must be either (a) or (a) where a is a rational integer and [the 
unique non-rational prime factor of k which coincides with its conjugate. Now 
for m Æ —1 this prime factor [= ym and for m = —1 obviously I = 1+ /—1; 
thus we have [ ~ 1. From this it would follow that i ~ 1, which contradicts 
the definition of i. 
If k is a real field it follows at once from n(e) = —1 that 


A) a 


and consequently, according to Sect. 65, in each case the character set for an 


+n{i),m 


ideal i of the field k consists of the single unit ( . This one character 


has the value +1 for each ideal i of k; for, if not, the collection of ideal classes 
of k would fall into two genera and so the class number A would be even. 


Lemma 13 which we have just proved shows that the fundamental 
Theorem 100 is valid in the simplest case, namely for those quadratic fields 
whose discriminants have only a single rational prime factor. 


§69. The Quadratic Reciprocity Law. A Lemma on the 
Symbol es 
w 


Theorem 101. Let p and q be distinct positive odd rational prime numbers. 
Then 


p 2) — (_1)P-1)g-1)/4 
HG (-1) ' (17.14) 
In addition we have (= ) = (-1)P-9/2 (17.15) 
- , 
and 
2 2 
2 \ _ (_1\(P"-2/8 
(2) (1) | (17.16) 


(Gauss (1)). 


d the quadratic reciprocity law, (17.15) and (17.16) the two 
lementary laws. 
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Proof. If k( ym) is a field whose discriminant has only one prime factor l 
and n is the norm of an ideal of this field k then, according to Lemma 13, we 
have (=*) = +1. Now, according to Theorem 96 or 97, each positive odd 
prime not dividing m for which m is a quadratic residue is the norm of an 
ideal in k(,/m). Using this fact we obtain the following table in which p and 
p’ are any distinct positive rational prime numbers congruent to 1 modulo 
4, g and g’ are any distinct positive rational prime numbers congruent to 3 
modulo 4, while r is any odd positive rational prime number with no condi- 
tion imposed on its residue modulo 4. 


r,—l 
2 


) = (—1)"79/2 = 41 


—1 
For a field k(,/p) it follows from n(e) = —1 that (—) = +1. Taking 
this fact together with row 1 of the above table we obtain the general result 
that (=) = (—1)"—)/2, If we apply to the prime 2 the facts quoted at the 
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start of the proof and bear in mind that the number 2 is the norm of an ideal 
in k(,/p) or in k(,/—q) whenever (-1)P -9/8 = 41 or (-1)@ -D/8 = 41 
2 
respectively then, under the latter conditions, it follows that ( =) = (2) = 
p 


2,— 2 
+1 or (=) = (2) = +1 respectively; so if (~1)?-)/8 = +1 we have 


2 
(=) = +1. Taking this result together with row 2 of the table we see that 


in general (=) = (1)? -D/8, From row 3 it follows that (7) = (2) and 


from rows 4 and 5 that (2) = (2) 


p 
_ t 
From row 6 we deduce only that if (7) = +1 then (=) = +1 also. To 
q 


prove the reciprocity law for two rational primes q and g’ both congruent to 
3 modulo 4 the easiest approach is to consider the quadratic field k(,/qq’). 
—1,ggq' 
Since (=) = —] the norm of the fundamental unit £ of this field must 
q 


be +1. So, according to Theorem 90, there is an integer a in k( yqq’) such that 
e = a!”® = a/sa, where sa is the conjugate of a. From this we conclude 
easily that the ambig prime ideal q dividing q must be a principal ideal. 
Consequently by suitable choice of the signs we have 


+ +g, qq’ 
(=) =+ and (SE) aH 


and hence in each case 
(2 ) _ (ee 
q q’ 
This shows, by means of formula (17.5) in Theorem 98 that 


Lemma 14. Letn and m be rational integers, not both negative. Then 
Te) <4. 
(w) 
where the product on the left hand side is taken over all rational prime 


numbers w. 


Proof. Let p and q be distinct odd rational prime numbers. Then, 
according to rules (17.2), (17.3) and (17.4) in Sect. 64 and Theorem 101, 
we have 
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GA- CH 


(Br) a2) = (28) BE) (Be) = 


using rule (17.1) of Sect. 64 we deduce Lemma 14 for the case where the 
numbers n, m are +1 or contain only one prime factor. According to the 
formulz (17.7) and (17.8) of Sect. 64 Lemma 14 follows in general. 


~—1,-1 
It follows also, since ( > ) = —1, that if n and m are both negative 


then the corresponding product I] has the value —1. This assertion and that 
(w) 
of Lemma 14 can be given a single formulation if we make use of the new 


n,m 
symbol (= 
negative sign according as at least one of the two integers n, m is positive or 


both are negative. 


) = +1, where on the right hand side we take the positive or 


870. Proof of the Relation Asserted in Theorem 100 
Between All the Characters of a Genus 


Lemma 14, which we have just proved in Sect. 69, serves to establish one part 
of our fundamental Theorem 100. Let A be any ideal class of the field k( ym); 
let a be any ideal in A prime to 2 and d; let ñ = +n(a) be the norm of the 
ideal a prefixed by a sign chosen according to Sect. 65. Then the product of 
all the characters of the class A is given by the expression 


(=) (=5) 
ly l, 7 
Since n(a) is the norm of an ideal each rational prime number p occurring 
to an odd power in ñ must split in k(,/m); hence, according to Theorem 96, 


m is a quadratic residue modulo each such prime p. From Lemma 14 and 
formule (17.7), (17.1) and (17.2) of Theorem 98 it follows that 


TER) 


(w) 


where w runs through all odd prime numbers dividing m and the prime 
number 2. 

If the prime number 2 divides the discriminant of the field k(,/m) this 
shows already that for every class in k(,/m) the product of all characters is 
+1. 
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If, on the other hand, the prime number 2 does not divide d then, since 
m = 1 modulo 4, we always have (=*) = +1 and hence in this case also 


we have the desired result. 

According to the proof we have just given that the product of all the 
characters is +1, we see at once that the number of genera in the quadratic 
field k(,/m) is at most half the number of conceivable character sets, i.e. can 
be at most 27-1, 
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871. Theorem on the Norms of Numbers 
in a Quadratic Field 


It still remains for us to establish the second part of the fundamental Theo- 
rem 100, i.e. to prove that the condition we have just proved necessary for a 
set of r units +1 to be the character set of a genus in k(,/m) is also sufficient. 
This proof can be carried out in two completely different ways: the first is 
purely arithmetic in nature, the second makes essential use of transcendental 
methods. The first proof is achieved through the following considerations. 


Theorem 102.! If n and m are rational integers such that m is not a 
square and such that 
n,m 
en) 
w 


for every prime number w, then n is the norm of an integer or fraction in 


the field k(./m). 


Proof. Since II( 

(w) 
at least one of the integers n, m is positive. We may suppose that n and m 
have no rational square factors. If p is a prime number dividing n which also 
divides the discriminant d of the field k(,/m), then p is the norm of an ideal 
in k({,/m). Further, if p is an odd prime number which divides n but not m 


then, since 
n,m m 
62) -(@)= a4, 
p p 


the prime number p is again the norm of an ideal in k(,/m). Finally, if the 
prime number 2 divides n but not the discriminant of k(,/m) then, since 


n,m 2, m 2_ 
EP) = GP) -Coene =a 


==) = +1 it follows from the remark on page 131 that 


! The criteria for the solvability of ternary quadratic diophantine equations were 
first discovered by Lagrange (Lagrange (1)). 
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we have again that 2 is the norm of an ideal in k(,/m) and hence it follows 
that there is an ideal i of k(,/m) such that |n| = n(i). Now we choose an 
ideal i’ in the ideal class determined by i whose norm n(i’) < |/d|, where 
d is the discriminant of the field k(,/m). (According to Theorem 50 this is 
always possible.) We set i’ = «i and n’ = n- n(x) where « is an integer or 
fraction in k(,/m) and n’ = +n(i’) where we take the positive or negative sign 
according as n-n(x) is positive or negative. In particular the rational integer 
n’ is certainly positive if m is negative. Since d is either m or 4m we certainly 
have |n’| < 2|,/m| and hence |n’| < |m| as soon as 2|,/m| < |m|, i.e. jm] > 4. 


t 
On the other hand, since n’ = n: n(x) we have (==) = (=) = +1 and 


m,n 


hence, by formula (17.6) in Theorem 98, we have ( ) = +1 for all prime 


numbers w. 
We now make the hypothesis that the conclusion of Theorem 102 holds 
for each field k(./m’) such that m’ (whether positive or negative) satisfies the 


inequality |m’| < |m]. As soon as the number n’ introduced above satisfies the 
t 


inequality |n’| < |m| and is not a square then, since the condition (= = 
+1 holds for every prime number w, it follows from our hypothesis that m 
is the norm of a number a’ in the field k(n’). Thus there are two rational 
numbers a and b such that m = a? — n'b?; of course if n’ is a square the 
solvability of this equation is immediately clear. Since b must be nonzero it 
follows that n’ = (a/b)* — m(1/b)? = n{A), i.e. n’ is the norm of a number A 
in the field k(,/m). Combining this fact with the equation n’ = n-n(k) we 
see that n = n(a) where a = /« is again a number in k(,/m). 

The proof of Theorem 102 will accordingly be completed as soon as we 
can show that it holds for all cases in which |m| < 4 and |n| < |V’d|. There 
are only 8 cases satisfying these conditions and the equations 


1 = nv, -2 = n(¥V2), 

2 = n(l+V-1), 2 n(V-2), 

2 = n(2+-V72), -2 = n(1+v3), 
-1 = n(1+v2), -3 = n(V3) 


show that in these 8 cases Theorem 102 is valid. 


We see easily that Theorem 102 is also valid if we require that the con- 
dition nm) = +1 hold only for all odd primes w, provided we impose 


w 
the additional condition that at least one of the numbers n, m is positive. 
(Lagrange (1), Legendre (1), Gauss (1)); in fact, according to Lemma 14, the 


remaining condition (=) = +1 is automatically fulfilled in this case. 
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872. The Classes of the Principal Genus 


At the end of Sect. 66 we showed that the square of each ideal class 
belongs to the principal genus. Theorem 102 of Sect. 72 gives us the means 
of proving the converse result. 


Theorem 103. Every ideal class in the principal genus of a quadratic 
field is the square of a class (Gauss (1)). 


Proof. Let H be a class in the principal genus of the field k(,/m), h an 
ideal in the class H which is prime to the discriminant d of k(,/m) and ñ 
the norm of the ideal h with the appropriate sign attached according to Sect. 


65. Then this number ñ satisfies the condition (=) = +1 for each prime 


number w and hence, by Theorem 102, A = n{a), where œ is an integer or 
fraction in the field k(,/m). If we set h/a = €/€’, where € and ®’ are ideals 
t. st 

t’ - sb’ 
t’ = st. Since &- st» 1 it follows that h ~ #2. 


prime to one another it follows that = 1 and hence we must have 


The characteristic property of the ideals in the principal genus which we 
have just established is closely associated with another property, also char- 
acteristic, which we state in the following theorem. 


Theorem 104. Let w, and wg form a basis for the quadratic field k and let 
nı andna form a basis for an ideal h in the principal genus of k. If N is any 
rational integer we can always find four rational numbers rii, ria, Tal, 722 
whose denominators are prime to N and with determinant rııraa — rıaraı = 


+1 such that 
m _ Tiwi triw 


n2 raıwı + Tawa 


Proof. Let h’ = 8h be an ideal equivalent to h which is prime to Nd. As 
in the proof of Theorem 103 7 = +n(h’), with the sign chosen as in Sect. 65, 
is equal to the norm of a number a in the field k. Here a may be so chosen 
that there is a rational integer r prime to Nd such that ra is an integer of k. 
The ideal rah’ = raßh has as basis 


raßm = AııWı + 8w, 
raß = Aaıwı + AgaWwa, 


where 411, G12, @21, Qa2 are rational integers. Since n(ah’) = n? the deter- 
minant a11422 — 412021 = +r?n? and hence the four numbers rıı = ayı/rn, 
ri2 = @12/rf, raı = @a1/rh, r22 = aaa/rN have the property required in the 
theorem. 
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873. Ambig Ideals 


An ideal a of a quadratic field k is called an ambig ideal if it is invariant under 
the substitution s = (ym : — m) and has no rational integer factor other 
than +1 (cf. Sect. 57). We have the following result. 


Theorem 105. The t distinct prime ideals h, ..., k which divide the 
discriminant d of the field k, and only these, are ambig prime ideals of k. 
The 2 ideals 1, h, lo, ..., ila, ..., Iıla... form the totality of all ambig 
ideals of the field k. 


Proof. It follows from Theorem 96 that li, ..., k, and only these, are 
ambig prime ideals. Now let a = pq...t be an ambig ideal, expressed as a 
product of prime ideals. Since sa = a it follows that the prime ideals sp, sq, 

.., st conjugate to p, q, ..., t must coincide up to order with p, q, ..., T. 
Suppose it turns out that sp = q where q £ p; then a would have the factor 
p-sp, which is a rational integer. Since this contradicts the definition of ambig 


ideals it follows that we must have sp = p and similarly sq = q, ...,st = t, 
i.e. the prime ideals p, q, ..., t are all ambig. Since the squares of the ideals 
[},..., k are all rational integers we conclude that the ideals p, q, ..., t must 


all be distinct. Hence we have the latter part of Theorem 105. 


874. Ambig Ideal Classes 


If a is an ideal in the ideal class A then the class to which the ideal sa belongs 
is denoted by sA. If it happens that sA = A we say that A is an ambig ideal 
class. Since the product a- sa ~ 1 it follows that A: sA = 1; consequently 
the square of each ambig ideal class is the principal class 1. Conversely, if the 
square of a class A is equal to 1 then A = 1/A = sA and hence A is an ambig 
class. 


§75. Ambig Classes Determined by Ambig Ideals 


There now arises the problem of determining all the ambig classes of k. It 
is clear that each ambig ideal a, in virtue of the property that sa = a, 
determines an ambig class; so we have first to investigate how many distinct 
ambig classes arise from the 2° ambig ideals. We call a set of ideal classes 
independent if it does not contain the principal class 1 and if none of the 
classes in the set can be expressed as a product of powers of the others. Then 
we can state the following result. 


Theorem 106. In the case of an imaginary quadratic field the t ambig 
prime ideals determine t — 1 independent ambig classes. In the case of a real 
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quadratic field they determine eithert-2 ort —1 independent ambig classes 
according as the norm of the fundamental unit e is +1 or —1. The 2° ambig 
ideals determine in the imaginary case 2*7! distinct ambig classes and in the 
real case either 2'~? or 2'-! distinct ambig classes according as n(e) = +1 
or —1. 


Proof. The product of all the prime ideals dividing m is equal to ym and 
hence is a principal ideal of k. 

First suppose that m is negative but distinct from —1 and —3. Let (a) be 
an ambig principal ideal in k. Then a’~*, being a unit, must be (-1)* where 
e is either 0 or 1; from this it follows that 


{a(vym)} T =1 or alym)* = s(a(vm)?), 


and so a{y/m)® is a rational integer. This shows that in an imaginary field 
k(,/m) - other than k(./—1) or k(.,/—3) - there are no ambig principal ideals 
apart from 1 and ym. The two excluded cases are immediately dealt with. 

In establishing the result in question for a real field k the important thing 
is whether the norm of the fundamental unit e is +1 or —1. 

If n(e) = +1 then, according to Theorem 90, the equation £ = al~? is 
satisfied by an integer a in k, and we may suppose further that & has no 
rational factor other than +1. Since a = e. sa it follows that (a) is an ambig 
principal ideal. This principal ideal is distinct from 1 and ym; for if a were 
+ef or +ef /m, where the exponent f is a rational integer, we would have 


a1 = (—1)fe 797 — (-1)°e? 


where e = 0 or 1 respectively; this unit is, however, always distinct from e. If 
a’ is an arbitrary ambig principal ideal of the field k we must have (a’)'~* = 
(—1)*e*, where e and f are rational integers. If we set a” = a’ /(,/m)*a! we 
have (a”)!=® = 1 and hence a” is a rational number. Thus apart from 1, ym 
and a there is only one ambig principal ideal which is obtained by removing 
any rational integer factors other than +1 from the product yma. 

On the other hand, if n(e) = —1, there is no ambig principal ideal in k 
distinct from 1 and ym; for if (a) is an ambig principal ideal we necessarily 
have an equation of the form (a)!~* = (—1)fef where e and f are rational 
integers. Since n(@!”°) = +1 it follows that (n(e)) = +1 and so f is an even 


number. If we set 
t 


a 
a= ef /2(,\/m)etf/2 


it follows that (a')!7 = +1 and so a’ is a rational number. 

We now express a suitably chosen one of the t ambig prime ideals by 
means of ym and the remaining t — 1 ambig prime ideals; and, if k is real 
and n(e) = +1 a suitable one of these t — 1 ambig prime ideals by means of 
a and the remaining t — 2 ambig prime ideals. Thus we have established the 
second part of Theorem 106. 
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876. Ambig Ideal Classes Containing no Ambig Ideals 
We have the following result. 


Theorem 107. A quadratic field k has an ambig ideal class containing 
no ambig ideal if and only if k is real, the character set of -1 in k consists 
entirely of positive units and further the norm of the fundamental unit is +1. 
If these conditions are satisfied then all ideal classes of this type are obtained 
by multiplying any chosen one of them by all the ideal classes arising from 
ambig ideals. 


Proof. If the field k is real and the character set of —1 in k consists entirely 
of positive units then, according to Theorem 102, there exists an integer or 
fraction & in k with norm —1. If in addition we have n(e) = +1 then this 
number & must be a fraction. Set a = i/i where i and i’ are relatively prime 


ideals. Then st 


TE 
so that i determines an ambig class. We claim that this ambig class contains 
no ambig ideal. For if there were an ambig ideal a = iĝ, where £ is an integer 
or fraction in k, we would have a!—* = aß!”® and hence aß!”* would be a 
unit, say aß!"° = (—1)%e/, and consequently n(a) = 1, which contradicts 
the defining property of the number a. Thus we have proved that the ideal 
class determined by i contains no ambig ideal. 

Now let A be any ambig ideal class and i an ideal in A, so that il is 
equal to an integer or fraction a of the field k and the norm of a is either 
+1 or -1. The first case is the only one possible if the field k is imaginary 


= 1 from which we deduce that i’ = si and hence i ~ si, 


—1 
or if k is real and at least one of the characters ( =) has the value —1. 


w 
If n(a) = +1 it follows that 1/a = 81”° where @ is an integer in k; then 
we have (i@)!~* = 1, i.e. i8 is equal to the product of an ambig ideal with 
a rational number and so the class A contains an ambig ideal. On the other 
hand if n(a) = ~1 and n(e) = —1 then n(ea) = +1 and we prove as be- 
fore that the class A contains an ambig ideal. Thus we see that in the cases 
(1) where k is imaginary and (2) where k is real and either one of the charac- 
ters of —1 has the value —1 or else n(e) = —1, each ambig ideal class contains 
an ambig ideal. 

Finally suppose in the case where none of these conditions holds that 
there are several ambig ideal classes in k containing no ambig ideals. Choose 
ideals i and i’ from two such classes; then our earlier discussion shows that 
the norms of the numbers a = i!~* and a’ = i’!”* must have the value —1 
and so n(a’/a) = +1. By Theorem 90 we can write a’/a = 817° where £ is 


t 

a suitable integer in k. If we set 18 = ba, where b is a rational number and 
i 

a is an ideal with no rational integer factor other than +1, it follows from 
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Hl 


l—s 
the equation (£) = 1] that a = sa, i.e. that a is an ambig ideal. Then 


i’ ~ ia and so we have proved the last part of Theorem 107. 


877. The Number of All Ambig Ideal Classes 


Theorems 106 and 107 make possible the calculation of the number of all 
ambig ideal classes, 


Theorem 108. In every case there exist r — 1 independent ambig ideal 
classes, where r is the number of individual characters which determine the 
genus of a class. The total number of distinct ambig ideal classes is thus 2". 


Proof. As before, let t be the number of distinct rational prime numbers 
dividing the discriminant d of the field k. We consider first the case where k 
is an imaginary field; here it follows from Theorems 106 and 107 that there 
are precisely 2'~! ambig classes in k, which all arise from ambig ideals. Next 
suppose that k is a real field. If the character set of —1 in k consists entirely 
of positive units it follows again from Theorems 106 and 107 that there are 
precisely 2*7! ambig classes in k; of these 2°”! classes either all or only half 
arise from ambig ideals, according as n(e) = —1 or +1. If, on the other 
hand, the character set of —1 in k contains at least one negative character 
then n(e) = +1 and according to Theorems 106 and 107 there are only 2'~? 
ambig classes in k, all of which arise from ambig ideals. Now when k is real 
and the number —1 has at least one negative character in k the number r of 
individual characters is £ — 1; in all other cases we have r = t. Thus the proof 
of Theorem 108 is completed. 


§78. Arithmetic Proof of the Existence of Genera 


The results we have proved put us in a position to obtain the answer to the 
question about the number of genera which was raised by the fundamental 
Theorem 100. Namely we can prove that this number is always 27~! and that 
in consequence all those character sets which satisfy the condition of Theorem 
100 actually correspond to genera. We denote the number of distinct genera 
by g and the number of classes in the principal genus by f. Since, according 
to Sect. 66, all genera contain the same number of classes we see that the 
total number of ideal classes in the field is h = gf. If we denote the f classes 
in the principal genus by Hı, ..., Hy then, according to Theorem 103, we 
can set Hı = K?,..., Hy = K$, where K1, ..., K, are certain classes of the 
field. 
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Now let C be any ideal class of the field; since C? belongs to the principal 
genus we must have C? = K? where K, is uniquely determined among the 
classes Ky, ..., Ay introduced above. Then C/Ka, i.e. the uniquely deter- 
mined class A such that C = AK,, is an ambig class. Thus the expression 
AK where A runs through all the ambig classes and K through the classes 
Kı, ..., Ky represents each ideal class once and once only. According to 
Theorem 108 the number of ambig ideal classes is 27~1; hence h = 27-1f 
and so, combining this equation with the relation h = gf derived above, we 
deduce the result that g = 2”"!, This completes the proof of the fundamental 
Theorem 100 (Gauss (1)). 


§79. Transcendental Representation of the Class Number 
and an Application that the Limit of a Certain Infinite 
Product is Positive 


The second proof of the existence of 277! genera rests on transcendental 
foundations; we develop the following sequence of theorems, 


Theorem 109. The number h of ideal classes of a quadratic field k with 
discriminant d is given by the formula 


kh = lim —, 
s=1 d 
. @l- (=) p-* 
p 
Here the product on the right hand side is taken over all rational prime num- 
d 

bers p and the symbol (3) has the meaning described in Sect. 61. The factor 
K is given by 

27 k= 2loge 
w|va| IV] 
according as k is imaginary or real, i.e. according as d is negative or 
positive. For d = —3 we take w = 6; ford = —4 we take w = 4; for all 
other negative discriminants d we take w = 2. For a real field we take e to 


be that one of its four fundamental units which is > 1; and by loge we mean 
the real value of the logarithm of this fundamental unit e (Dirichlet (8, 9)). 


K = 
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Proof. According to Sect. 27 we have, for all real numbers s > 1, 
1 1 
As) = >) 375 = LI TTS: 
2 an 


where the product is taken over all prime ideals p of k. Let us arrange the 
factors of this product according to the rational prime numbers p from which 
the prime ideals p are derived; then, as we deduce from Theorem 97, to each 
rational prime number p corresponds the factor 


1 1 1 
or 


(1 — p~?)? (1 — p7?) 1—~p-8 


d 
according as (=) =+1 or -1 or 0. We can write these three expressions 
p 


in a common form 


1 1 
1-p° ,_ (< -s 
1 „)P 


and so obtain 


«= I —: 


d 
(p) (p) 1- (>)? 


where the products on the right hand side are taken over all rational prime 
numbers p. Since 


in (s - nT]; =. _ im (s- I} =1, 


(p) 


where n runs through all positive rational integers, we have 


Theorem 109 now follows from Theorem 56 when we introduce the value of x 

given in Sect. 25. To determine w we note that the field &(./—3) contains the 
+ V/-3 

6 roots of unity +1, Ev the field k(v—1) the 4 roots of unity +1, 


+i, while all remaining imaginary quadratic fields contain only the 2 roots of 
unity +1 (cf. Sect. 62). 


The most important consequence of the fact we have just proved is the 
following theorem. 
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Theorem 110. Let a be any positive or negative rational integer, not a 
square. Then the limit 


1 
lim [| —a— 
wo! (5) 


is always finite and nonzero (Dirichlet (8, 9)). 


Proof. Let a = b?m where b° is the largest square number dividing a; let 
d be the discriminant of the quadratic field determined by „/a. Then for each 


odd rational prime p not dividing b we have (7) = (2) The two infinite 
products 
1 1 
II Fi and Il a\ 
(p) 1 - (2) (p) l- (=) 
p p 


can thus differ from one another in only finitely many factors. Since, according 
to Theorem 109, the first product has a finite nonzero limit for s = 1 the 
same holds also for the second product. 


880. Existence of Infinitely Many Rational Prime 
Numbers Modulo Which Given Numbers Have 
Prescribed Quadratic Residue Characters 


Using Theorem 110 we prove in succession the following results (Dirichlet 
(9), Kronecker (10)). 


Theorem 111. Let aı, aa, ..., aı be any positive or negative rational 
integers such that none of the 2'~1 integers aı, a2, ..., Gt, @1G9,..., G14, 
.., @14...04 18 a square; let ci, co, ..., ce be any units +1 . Then there 


are infinitely many rational prime numbers p such that 


ai a9 at 
(=) = C], (=) = 09....,(—) = Ct. 
p p p 


Proof. If s > 1 we have 


18). =) log —— -53 +s 


(n) (p) (p) 


where 
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Since, as we showed in Sect. 50, the expression S remains finite for s = 1 it 
follows that as s approaches 1 the sum 


1 
>, z (18.1) 
(p) 


taken over all rational primes p must increase beyond limit. If a is any rational 
integer then for s > 1 we have similarly 


I (6) Las, 
og Uz (E) I) pt? 


1 ay? 1 1 a\3 1 
ri) get 
(p) (p) 


If a is not a square then, according to Theorem 110, 


where 


has a finite limit at s = 1, and since the same holds for the expression $, it 


follows also that the sum a 1 
-)'— 18.2 
> (3) p? ( ) 


(p) 
also has a finite limit at s = 1. Now in (18.2) we set 


a=a'ay...a. 
and give each of the t exponents u1, ua, ..., ue the value 0 or 1, excluding 
the possibility that u1 = ue =... = ur = 0. Suppose that the sum (18.2) for 
each choice of u1, u2, -.., ue is multiplied by the corresponding cf‘ c3? ... cpt 


and all the 2° — 1 sums so formed are added to (18.1). Then we obtain 
al ag at 1 
— —))-:- — |). 18. 
SH) re) ass 


This sum, just like (18.1), exceeds all bounds as s approaches 1. If we disre- 
gard the terms which correspond to the primes p which divide a,a2...a, (of 
which there are only finitely many) the remainder of the sum (18.3) is 


1 
t 
"oy 
p') 

where p’ runs through all and only the prime numbers p for which the con- 
ditions described in Theorem 111 are all satisfied. Since, however, the lat- 
ter sum also increases beyond all bounds as s approaches 1 it follows that 
the number of such primes p’ must be infinite. This completes the proof of 
Theorem 111. 
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881. Existence of Infinitely Many Prime Ideals with 
Prescribed Characters in a Quadratic Field 


Theorem 112. Let 
xıli) = Fr). _ Fr) 


be the r characters which determine the genus of an ideal i in k and let 
C1,+.., Cr be anyr units +1 such that cı....Cr = +1. Then there are infinitely 
many prime ideals p in the field k such that 


xı(p) = C},.- .,Xr(p) = Cr. 


Proof. Suppose the discriminant d of the field has the ¢ prime factors 
—1, m) 
= —] and 


lL, ..., 4. Heret =r ort =r +1. In the latter case let ( 
t 


+n(i),m 


use the condition ( ) = +1 to determine the sign in +n(i); at the 


t 
same time we write in this case 4 = 4ı = +1. 


We prove first that there are infinitely many rational prime numbers p for 
which 


to do this we distinguish three cases according as m is congruent to 1, 3 or 2 
modulo 4. 
In the first case (m = 1 (mod 4)) we proceed from the requirement that 


en) al) 


According to Theorem 111 there are infinitely many primes p which satisfy 
these equations. Since the first equation implies that p = 1 (mod 4), we shall 
have for these prime numbers p 


(Pi) = (i) =) =4 
for i =1,...,¢. 


In the second case (m = 3 (mod 4)) one of the prime numbers Iı, ..., lt, 
say lz, is the prime number 2. If cz = +1 we start with the requirements 


(—) =+1,(5) = ĉi (@Q=1,...,z-1,241,...,#). 


It follows from Theorem 111 that there are infinitely many prime numbers 
satisfying these conditions. According to the first condition we have for each 
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of these prime numbers p that (>) = +1 = c, and further that (25) _ 


i 


(2) = (*) = & for i =1,...,2-1,z4+1,...,¢. If on the other hand we 
l p 


have c, = —1 we consider the conditions 
-1 bi (4-1)/2 
(—) =-1,(4) = (-1)6-)/%, G@=1,...,2-1,241,...,2). 
p p 


Then the infinitely many prime numbers p satisfying these equations also 
fulfil the conditions 


(=5) =-1=c, and (A) = (2) = (-1yh-9 (4) = Ci 


a 


fori=1,...,z-1,z41.,...,¢. 
In the third case (m = 2 (mod 4)) we again set l = 2. We consider the 
conditions 


— 2 l , 
(=>) = +1,(=) = cz, (+) =c (i=1,...,‚z-1,2+1,...,t). 
p p p 

Again according to Theorem 111 there are infinitely many prime numbers p 


which satisfy these conditions and for which it follows that 


(5) _ (—1)((P?- 0/84 1)(m/2-1)/4 = (—1)*- 0/8) = (=) = Cz 


li 
and further (==) = (7) = (=) = & fori=1,...,z-—1,z4+1,...,#. 
Now let p be any rational prime number such that 


According to Lemma 14 we have 
MA) A 
(w) p l t 


and hence 


Thus p splits in the field k as a product of two prime ideals p and p’. Each 
of these prime ideals satisfies the conditions of Theorem 112. 
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882. Transcendental Proof of the Existence of Genera and 
the Other Results Obtained in Sections 71 to 77 


Theorem 112 not only shows anew the existence of 27-1 genera but also 
reveals another, deeper, result. 


Theorem 113. Each genus in a quadratic field contains infinitely many 
prime ideals. 


If we establish the theorem on the existence of 2"”! genera by the second 
(transcendental) method independently of Theorems 102, 103 and 108, it is 
easy to deduce these theorems as corollaries. To this end we need only the fact 
that the number a of ambig classes in k does not exceed 2"~!. This follows 
from Theorem 106 about the number of ambig classes which derive from 
ambig ideals together with the results of the second and third paragraphs of 
the proof of Theorem 107; this line of argument is completely independent of 
Theorem 102. 

As above, let f be the number of classes in the principal genus, g the 
number of genera and f’ the number of classes in the principal genus which 
are squares of classes. As in Sect. 78 it follows that gf = af’ and since it is 
already established that g = 2"~' we must have a < 2"—!; clearly f’ < f; so 
it follows that f’ = f and a = 2"~!. The first equation proves Theorem 103, 
the second Theorem 108 and then Theorem 102 for the case where n = —1. 
From this last result and Theorem 103 we deduce Theorem 102 for all n as 
follows. According to the condition imposed on n in Theorem 102, n is the 
norm of an ideal h of the principal genus equipped with a sign as described 


niet 
in Sect. 65. Let E be an ideal such that h ~ E?. Then a = h kd ) must be 
an integer or fraction in the field k and we have n(a) = +n; Theorem 102 


follows when we recall that it holds for n = —1. 

Thus, using the transcendental methods just developed, we establish the 
results of Sect. 71 to Sect. 78 in reverse order to that in which they were 
obtained by the purely arithmetic means we adopted earlier. 


§83. Strict Form of the Equivalence and Class Concepts 


If we take as basis for our discussions the strict concept of equivalence 
explained in Sect. 24 the results established in Chapters 17 and 18 require 
only simple, easily discovered modifications. 

First it is clear that the strict equivalence of Sect. 24 coincides with the 
original concept of equivalence in every imaginary quadratic field k and in 
every real quadratic field k for which the norm n(e) of the fundamental unit 
is —1. In the case, however, where k is real and n(e) = +1 each ideal class 
according to the original definition decomposes into two classes with respect 
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to the strict form of equivalence; in particular the principal class according to 
the original definition splits into two classes according to the strict definition, 
namely the strict classes determined by the principal ideal (1) and by the 
principal ideal (ym). If we denote by A’ the number of ideal classes in the 
strict sense then, under the conditions most recently stated, we have h’ = 2h 
(Dedekind (1)). 


§84. The Fundamental Theorem for the New Class and 
Genus Concepts 


To the strict notion of class there corresponds a new concept of genus; namely, 
the genus of an ideal i in the field k(./m) will be characterized uniformly in 
all cases by the t units 


(rm) (FO) 
l us le 
where the norm of i (in distinction from the earlier definition) always has 
the positive sign. For an imaginary field k this new notion of genus coincides 
completely with the old. This is the case also for a real field k provided that 
the character set of the number —1 in k consists entirely of positive units. 
This last condition must obviously be satisfied in all cases where the norm 
of the fundamental unit is —1. Now let k be a real field for which the norm 
of the fundamental unit is +1. There are two cases to consider according as 
the character set of —1 in k consists entirely of positive units or not. 

In the first case the ideals (1) and (ym) both belong to the same genus 
since 

n(a), m +m,m +m,m\ /-1,m -m,m 
(A) = (GR) = (GR) = au = 8 
li li l li li 

for i = 1,...,t. The new genera thus consist of the same ideals as the old 
and the number of genera is again 2!-1. 

In the second case the two (strict) ideal classes represented by the ideal 
(1) and by the ideal (ym) belong to different (new) genera. The number of 
new genera is twice that of the old; in this case the number of individual 
characters involved in the definition of the original notion of genus was t — 1 
and hence the number of old genera was 2'~*. As a consequence the number 
of new genera is 2'~!, as in the first case. Further, since in this case we have 


Erle: 


the fundamental Theorem 100 holds for the new concept of equivalence and 
the new notion of genus when we replace r by t. 

The remaining results and proofs of Chapters 17 and 18 can likewise be 
transformed without difficulty and some of them even take a simpler form 
when the new notions are used. 


19. Determination of the Number 
of Ideal Classes of a Quadratic Field 


a 
885. The Symbol (=) for a Composite Number n 
n 


A remarkable formula for the number h of ideal classes of the quadratic field 
k results from the expression in Theorem 109 if we evaluate the expression 


on the right hand side in closed form. To this end it is necessary to define 
the symbol (=) also in the case where n is a composite positive rational 
n 


integer. If n = pq...w where p, q, ..., w are rational prime numbers (equal 
or distinct) then we define 


OHOO 


in addition (=) will always be +1. In this way we obtain for s > 1 


a= DCG) 
(p) 1 — (Sr 2 ) 


where the sum is taken over all positive rational integers n. Evaluation of the 
limit of this sum for s = 1 leads to a closed form for the class number h: we 
give the result in the next theorem. 
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886. Closed Form for the Number of Ideal Classes 


Theorem 114. The number h of ideal classes of the field k(./m) is 


w d 
h= 9g D(a) for m <0! 


and 
I (Gik — erbri/d) 
1 (b) 
= —— of 1 
h 2loge °8 [fieri _ e~ani/dy or m> 
(a) 
where the sum 5 runs over the |d| rational integers n = 1,2, ... , |d| and the 


(n) 
products I] and I] over all the numbers a, b among these d integers which 
(a) (b) 
satisfy the conditions ($) = +1, (2) = —] respectively (Dirichlet (8, 9), 
Weber (4)). 


Proof. Let n, n’ be positive integers. If n and d have a common divisor 


d 
other than +1 then (=) = 0. On the other hand, if n is relatively prime to d 
n 
d d 
then it is easily seen that (=) = (=) where the product runs over all 


w 
the distinct rational prime numbers w which divide n. According to Lemma 


d 
14 the product II 22) represents the same unit if / runs through all prime 
(1) 


factors of d. If now n’ = n (mod d) we have 


I-I) 


(2) (9 


H- É) aoa 


and hence we obtain 


if n = n’ (mod d). 
We deduce further that 


edle wm 


l Hilbert does not make it clear that w in this formula stands for the number of 
roots of unity in k( ym). 
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d 
if we determine a number 5 such that (=) = —] and then take into account 
the fact that the left hand side of (19.2) can be put in the form 


(5) + Ge) ++ Ga) =H) +) ++ Ga} 


by the use of (19.1). 
Using the formula 


1 1 > nt,s-—| 
—_ = __ = td 
er xa | et t 


and the rule (19.1) we deduce that 


dy 1, f® Flertye-! 
lim DO o Ioe” 


where we write F(z) as an abbreviation for 


de 


By virtue of equation (19.2) F(z) has the factor 1 — z; hence the function 
-t 
on which is rational in e~*, remains finite for t = 0. It follows that 

— er 
lim 


oo Fe)" y oo F(e-*) dt 
s=l1 0 1 — e-ldlt 7 0 


1 — e~ ldlt 


If we introduce a new variable of integration z = e~* in the latter integral it 
takes the form 


Now we have the partial fraction decomposition 


F(t) __ 1. Fler/d) 
z(1 - ziel) = a] 3 x — e?rin/ld|’ 
where the sum is taken over n = 1,2,...,|d|. According to a theorem of 


Gauss we have 


FleZrin/ldi) = (5) e2minn’ /|d| _ (<) va 


n! 


where n’ runs through the integers 1,2,..., |d| and Vd is positive for positive 
d and positive imaginary for negative d (cf. Sect. 27.4). Since 
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1 dz erin/ldl _ „-rin/d in 1 
I nn 1 - 99 
for n =1,2,...,|d| (where we take the real value of the logarithm), the result 


stated in Theorem 114 follows without difficulty. 


The form of the result is essentially different according as the field k is 
imaginary or real. In the first case h can be calculated directly from the given 
formula. In the second case we need to know first the fundamental unit €: 
the quotient of the two products I] and I] as will be shown later (in Sect. 

(a) (b) 
27.1) is identical with a certain unit for the quadratic field k derived from 
the theory of cyclotomic fields. 

To take an example for the case of an imaginary field, when m = —p where 
p is a positive rational prime greater than 3 and congruent to 3 modulo 4, 


we obtain 
, - Lb-Ea 
p 


where -a and ), b denote respectively the sums of the quadratic residues and 
non-residues modulo p which lie between 0 and p. By an easy transformation 
we can eliminate the denominator p in the above expression: the class number 
h is equal either to the excess of the number of quadratic residues between 0 
and p/2 over the number of non-residues in the same range or else to one third 
of this excess according as p is congruent to 7 or 3 modulo 8. The number of 
residues thus exceeds the number of non-residues, a fact which has not yet 
been proved by purely arithmetic means. 


887. Dirichlet Biquadratic Number Fields 


The following problem is a natural generalisation of the theory of quadratic 
fields we have developed thus far. Instead of the usual field of rational numbers 
we take as ground field a quadratic field k; then we study the quadratic 
extension fields of k, i.e. those biquadratic fields K which include the given 
field k as subfield. 

If k is the field generated by the imaginary unit /—1 we call K a Dirich- 
let biquadratic field. Extensive investigations have been made in this case 
(Dirichlet (10, 11, 12), Eisenstein (3, 6), Bachmann (1, 3), Minnigerode 
(1), Hilbert (5)). With a suitable extension of terminology the fundamental 
Theorem 100 concerning the classification of the ideal classes of K into gen- 
era holds in this case also and the two methods of proof of this theorem 
which were described in Chapter 18 can both be applied to the field K, so 
that the fundamental theorem for Dirichlet biquadratic fields admits both 
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a purely arithmetic proof (Hilbert (5)) and a proof by means of Dirichlet’s 
transcendental methods (Dirichlet (10, 11, 12), Minnigerode (1)). 

Of particular interest is the case where the Dirichlet biquadratic field K 
includes not only the quadratic field k(,/—1) but also two other quadratic 
fields k(Y+m) and k(,/—m). For such a special Dirichlet field K we have the 
following result which may also be proved by both transcendental and purely 
arithmetic methods. 


Theorem 115. The number of ideal classes in a special Dirichlet bi- 
quadratic field K{Y+m, V-m) is either the product of the class number of 
the quadratic fields k(./+m) and k(,/—m) or else half this product according 
as the relative norm of the fundamental unit of K with respect to k(Y-1) is 
+i or +1. 


Dirichlet called this result one of the most beautiful theorems of the theory 
of imaginary numbers, disclosing as it does a surprising connexion between 
the quadratic fields generated by the square roots of real numbers of opposite 
sign. 

By means of a purely arithmetic proof of this theorem it is possible also 
by very simple means to characterize (by certain conditions on the genus 
characters) which ideal classes of the biquadratic field K(,/+m, Y-m) can 
be expressed as products of an ideal class of k(y +m) and an ideal class of 


k(/—m) (Hilbert (5)). 


20. Orders and Modules of Quadratic Fields 


888. Orders of a Quadratic Field 


The theory of orders and modules in a quadratic field k is quickly settled by 
specialising the general results developed in Chapter 9. We discover easily 
that each order r of the field k can be generated by a single number of the 
form p = fw where w is the number defined in Sect. 59 which together with 1 
forms a basis for k and f is a certain positive integer, namely the conductor 
of r. If in particular the discriminant d is negative and actually less than —4 
then, according to Theorem 66, the number h, of regular order classes of the 
order r is given by the formula 


=u- 


where the product is taken over all distinct rational prime numbers p dividing 
f (Dedekind (1, 3)). 


§89. Theorem on the Module Classes 
of a Quadratic Field. Binary Quadratic Forms 


In connexion with the module classes of a quadratic field we have the follow- 
ing result. 


Theorem 116. In every module class of a quadratic field k there exist 
regular order ideals (Dedekind (1)). 


Proof. Let [#41, 42] be a module in the field k, where pı and jig are integers; 
let ð = f?d be the discriminant of the module class determined by [zı, Hal; 
let m = (pı, p2) be the ideal generated by yz, and jg and m’ = sm the ideal 
conjugate to m. Now we fix an integer a of the field k divisible by m’ such 
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that a/m is prime to 0. Then we set 


Qfil fig 


a) = n(m) 02 = n(m)’ 
so that [a1, a] is a module equivalent to [#1, #2] while the ideal a = (a, ag) 
generated by a), aa is prime to ð. 

If ô is an even number we consider first the three integers a), G2, &ı +03; 
at least one of these must be prime to 2 for otherwise we would certainly find 
some pair of these integers which have exactly the same prime ideal common 
factor with 2 and this contradicts the fact that the ideal a is prime to 2. 
Denote the odd rational prime numbers dividing @ by p, q, ..., w. Since a is 
prime to p at least one of the three numbers a), a; + G2, &ı + 2a2 must be 
prime to p: say &ı + za is prime to p and similarly a; + yag prime to q and 
so on, where z, y, ... are rational integers. We deduce easily that there is a 
rational integer a such that a; + aq is prime to ô. 

Now we set 


|n(a + aa2)| 
na) 
where a}, @5 are the conjugates of a1, œz respectively; b is a positive rational 


integer and @ is an algebraic integer; the module [a1, a] = [aı + aaa, aol is 
equivalent to the module |b, 8]. At the same time, since 


a2(a, + a0) 


b= n(a) 


p= 


1 


aj + ao} 

(b, B) = 2 
a 

the norm n(b, 8) = b. The module |b, 8] is obviously a regular order ideal 

in the order r = [8] generated by the number @ and hence Theorem 116 is 


completely proved. 


1 


Since 
1 2 


p-_i |? eP | 1 

~ (n(b,8))?; A| lg 

the discriminant of this order r coincides with the discriminant of the module 

class under consideration. The order r we have obtained is also the only one 

which produces modules equivalent to [kı, 2] among its regular order ideals. 

Theorem 116 shows that in a quadratic field the study of module classes and 
of classes of regular order ideals are essentially the same, 

According to our general discussion in Sect. 30 and Sect. 35 there 
corresponds to each module class of a quadratic field k(,/m) a class of 
binary quadratic forms with rational integer coefficients and conversely to 
each such class of forms with non-square discriminant there corresponds a 
module class of a quadratic field such that the forms and the module class 
have the same discriminant. Accordingly the theory of quadratic forms with 
prescribed discriminant @ is completely settled by the investigations of this 
section. 


890. Lower and Higher Theories of Quadratic Fields 157 


890. Lower and Higher Theories of Quadratic Fields 


The study we have developed and systematically presented in this third part 
of the Report constitutes the lower theory of quadratic number fields. By 
the higher theory of quadratic number fields I understand those properties 
of such fields for whose natural development it is necessary to use certain 
auxiliary fields of higher degree. A part of this higher theory is discussed in 
the fourth part of the Report. The theory of the class field of an imaginary 
quadratic field and the abelian extensions of such a field, however, requires 
for its construction the method of complex multiplication of elliptic functions 
and this is a subject which cannot be included in this Report. 


Part IV 


Cyclotomic Fields 


21. The Roots of Unity with Prime Number 
Exponent ! and the Cyclotomic Field They 
Generate 


891. Degree of the Cyclotomic Field of the !-th Roots 
of Unity; Factorisation of the Prime Number I 


Let ! be an odd rational prime number and let ¢ = e?"'V/!, The I-th degree 
equation 
z'—-1=0 


has the / roots 

g’, vee C4 =1. 
These numbers are called the l-th roots of unity. The field which they gener- 
ate is denoted by k(¢) and is called the cyclotomic field of the l-th roots of 
unity. This field has the following properties. 


Theorem 117. Ifl is an odd prime number then the cyclotomic field k(C) 
of the I-th roots of unity generated by ¢ = e?"‘/! has degree 1-1. The prime 
number | splits in k(C) as 1 = ('"! where í = (1—C) is a prime ideal of degree 
1 in k(¢). 


Proof. The number ¢ satisfies the equation 


Py 
F(z) = = =r! ye! 24...4241=0 


z—-1l1 


of degree | — 1; so the degree of the field k(¢) is at most l — 1. Since ¢, ¢?, 
..., (7! are the l — 1 roots of the equation F(z) = 0 we have 


moh $a re 1 = (s = ge) (el) 
identically in z; when we put z = 1 it follows that 
= (1-Q (1-67) ch), (21.1) 


Let g be any rational integer greater than 1 and not divisible by l; there exists 
a positive rational number g’ such that gg’ = 1 (mod !). Then the quotients 


1-@ 


Terre! 
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and 
1-9 _1-¢9" 1-0) 
1-6 1-0 1-0 
are both algebraic integers and so 
1-6 
is a unit of the field k(¢). If we set à = 1 — ¢ and [ = (A) then formula (21.1) 
takes the form 


=14 694 0% 4...4+ CDs 


[= lage a, =. (21.2) 


We deduce immediately from Theorem 33 that in a given number field the 
number of prime ideal factors of a rational prime number cannot exceed the 
degree of the field. It follows from equation (21.2) that the degree of k(() 
must be at least l — 1; hence, in view of our earlier remarks, this degree is 
precisely ! - 1. Furthermore we deduce from the same result that the ideal I 
in k(G) cannot split into further factors and hence [ is a prime ideal of k(¢) 
(Dedekind (1)). 


The result we have obtained shows at the same time that the polynomial 
F(z) is irreducible in the field of rational numbers. 


§92. Basis and Discriminant of the Cyclotomic Field 
of the !-th Roots of Unity 


Theorem 118. In the cyclotomic field k(C) of the I-th roots of unity gen- 
erated by € = e?7*/! the numbers 


L,G, s.a T? 
form a basis. The discriminant of the cyclotomic field k(¢) is 


d = (- 13 Dg-2, 


Proof. The different of the number ¢ in the field k(¢) is 


ô = (¢- EE- C) e i = ele 
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Since 
(x —1)F(z) =2'-1 
we have iF (2) 
_ T l-1 
( 1) rn + F(z) = Ir 
and hence i 
p=- L, 
1-6 


According to a remark we made in Sect. 3 (p. 5) it follows that the discrimi- 
nant of the number ¢ is 


ag) = EDER) = EDIT, 


Since the discriminant d{A) of the number A clearly has the same value d(() 


we deduce from the discussion in the proof of Theorem 5 near the formula 
te tt td sam aan — en 
AL 


_ ++ + aa? 


= =) (21.3) 


with rational integer coefficients ao, a1, ..., @1-2. 

We claim that these numbers ao, aı, ..., a:-2 must all be divisible by 
l'-2, We show first that they are all divisible by l, as follows. If this were 
not the case we let a, be the first among them which is not divisible by J. 
Since !'"?& = 0 (mod l) and ! = I!”! we would have ag9 = 0 (mod (9+?) 
whence a, = 0 (mod [) and so also ag = 0 (mod /) which is a contradiction. 
Thus we can cancel one factor l from the numerator and denominator of the 
expression (21.3). By repetition of this procedure we see finally that for every 
integer a of the field k(¢) the rational coefficients ao, a1, ..., a. and bo, bi, 
..., bi—2 in its representations as 


œ = ao +a1À ++ +2? = bo HOCH + biat? 


are actually all rational integers. 

The powers 1, ¢,..., C'"? of the number ¢ thus form a basis for the field 
k(¢) and it follows that the discriminant d(¢) of the number ¢ is at the same 
time also the discriminant of the field k(¢). 


§93. Factorisation of the Rational Primes Distinct from | 
in the Cyclotomic Field of the l-th Roots of Unity 


The factorisation of the prime number ! in the field k(¢) has been described 
in Theorem 117. For the factorisation in k(¢) of the remaining rational prime 
numbers we have the following rule. 
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Theorem 119. Let p be a rational prime number distinct from |; let f be 
the least positive exponent for which we have pf = 1 (mod l); lete = (I-1)/f. 
Then in the cyclotomic field k{C) we have the factorisation 

P=P1-.:.-Pe 
where pi, ..., Pe are distinct prime ideals of degree f in k(¢) (Kummer (5, 


6)). 


Proof. Let œ =a+a,¢6+--++a1_2¢'-? be any integer of the cyclotomic 
field k(¢). Then we have the congruences 


aP = (a++: +a?) = at ai? +... + ay_ geht?) 
aP = (atalP +. tayo“)? =a tay +. + aal ED 
a” = (a +a +e tapa EDP 


= a@+ ag? ++ a, cr =Q 


all modulo p. If p is any prime ideal of k(¢) which divides p then, from the 
congruence a” =a (mod p) which we have just obtained we have a fortiori 
that a?’ = a (mod p). Thus the congruence 


ep" _€=0 (mod p) (21.4) 


is satisfied by every integer of the field k(¢). The number of roots of this 
congruence which are mutually incongruent modulo p is thus equal to the 
number of integers mutually incongruent modulo p, and this is n(p) = pf' 
where f’ is the degree of the prime ideal p. Now the degree of the congruence 
(21.4) is pf; so it follows from Theorem 26 that př < pf and so f' <f. 

On the other hand, according to Theorem 24, the generalised Fermat 
Theorem, we have ; 
cP’ -1=1 (mod p). (21.5) 
Since, according to (21.1), the number 1 — (? is prime to p for all exponents 
9 prime to J, it follows from the congruence (21.5) that p? — 1 = 0 (mod |) 
and hence that f’ > f. We conclude at once that f’ = f; so each prime ideal 
which divides p has degree f. 

Since p does not divide the discriminant of the field k(¢) it follows from 
Theorem 31 that p splits as a product of distinct prime ideals. Suppose we 
have p = pi---pe; then n(p) = p! = p°f, whence l — 1 = e'f and so 
e' = (l — 1)/f =e. This completes the proof of Theorem 119. 


For the actual determination of the prime ideals pı, ..., pe we apply 
Theorem 33 and take into account the remark relating to it on p. 31, according 
to which there exists a factorisation 
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F(x) =Fı(xz)...Fe(r) (mod p) 


identically in x, where F\(z),..., Fe(x) are polynomials of degree f in x with 
rational integer coefficients which are irreducible and mutually incongruent 
modulo p. Once we have determined these polynomials we obtain the desired 
representation in the following formule: 


Pi = (p, AO) Pe = (p, Fe(¢))- 


22. The Roots of Unity for a Composite 
Exponent m and the Cyclotomic Field They 
Generate 


894. The Cyclotomic Field of the m-th Roots of Unity 


Let m be an arbitrary positive rational integer; set Z = e?"'/”, The m-th 


degree equation 
r”™ —-1=0 


has the m roots 
Z,Z°,...,27 I zm =], 


These numbers are called the m-th roots of unity; the field which they 
generate is denoted by k(Z) and is called the cyclotomic field of the m-th 
roots of unity. 

If m is divisible by more than one prime number we set 


m = ba... 
where lı, l2, ... are distinct rational primes. Then we can construct a partial 
fraction decomposition 
1 ay Q2 
m gm Th t 
m u l 
where aı, @2, ... are positive or negative rational integers and a, is prime to 
l, @2 to l2, .... Using this decomposition we obtain the factorisation 
Z= 272° --- 
_ amish amis th? 
where Zı =e 1 , l2 =e 2 ,.... Thus the compositum of the field 


k(Z,) of the ("'-th roots of unity, the field k(Z2) of the 182th roots of unity, ... 
is precisely the field k(Z). Accordingly we study first the simpler case m = IF 
where m has only one prime factor J. 
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895. Degree of the Cyclotomic Field of the !*-th Roots 
of Unity and the Factorisation of the Prime Number I in 
This Field 


For the cyclotomic field of the !*-th roots of unity we have the following 
results. 


Theorem 120. Let l be any prime number (even or odd). Then the 
cyclotomic field k(Z) of the l*-th roots of unity generated by Z = er!" 
has degree I(l—-1). In k(Z) the prime number | splits as | = £7 C-D where 
£ is a prime ideal of degree 1 in k(Z). 


Proof. Z satisfies the equation 
z" -1 M-M(t-1) | d*a) 
F(z) = -ma =F +r +e +1=0 
of degree /*-1({ — 1). If g is a rational integer not divisible by ! and g’ is a 
rational integer such that gg’ = 1 (mod I?) then, just as on p. 162, we deduce 
that both 


1-29 

Es = 7-7 
and also its reciprocal , 
1-Z _1-29 


1-Z9 1-29 
are integers; hence E, is a unit. From this observation we can deduce, just as 
in Sect. 91, that 


F(1) = 1= [Ja - 2%) =a" J] E, = 2 
(9) (9) 
where A = 1 — Z, £ = (A) and in the product 9 runs over all integers prime 
to l greater than 0 and less than l”. 
Using the same line of argument as in Sect. 91 we deduce that the degree 
of the field k(Z) is at least /*-1(¢ — 1) and hence that it has precisely this 
value. 


§96. Basis and Discriminant of the Cyclotomic Field of 
the !?-th Roots of Unity 


Theorem 121. In the cyclotomic field k(Z) of the l*-th roots of unity gen- 
erated by Z = e?7*/"" the numbers 


1,Z, Z?, a ‚zum 
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form a basis. The discriminant of this field is 


d= +!" (hI<h-1) 


where for l” = 4 or | = 3 (mod 4) the negative sign is taken and otherwise 
the sign is positive. 


Theorem 122. Let p be a rational prime number distinct from L. Let f be 
the least positive exponent for which pf = 1 (mod IR); let e = IF "!(1 - 1)/f. 
Then p splits in the cyclotomic field k(Z) as 


p=Pı'' Pe 
where Pı,..., Pe are distinct prime ideals of degree f in K(Z). 


Theorems 121 and 122 are proved in exactly the same way as the 
corresponding Theorems 118 and 119 for the field k(C). 


897. The Cyclotomic Field of the m-th Roots of Unity. 
Degree, Discriminant and Prime Ideals of This Field 


Now let m be a product of powers of distinct prime numbers, say 
m = IM? ..., The cyclotomic field k(Z) of the m-th roots of unity defined 
in Sect. 94 is formed (as we showed there) by composing the cyclotomic fields 
k(Zı), k(Za), ...of the ith, (22th, roots of unity. Since the discriminants 
of these latter cyclotomic fields are all prime to one another we have the 
following result as an immediate consequence of Theorem 87 (Sect. 52). 


Theorem 123. Let m = pha ba ++; the degree of the cyclotomic field k(Z) 
of the m-th roots of unity is 


Sm) = Pl — Win, — 1) 


If we apply the second assertion in Theorem 88 to the cyclotomic fields 
k(Zı), k(Z2), ..., taking into account Theorem 121, we obtain the further 
statement. 


Theorem 124. The cyclotomic field k(Z) of the m-th roots of unity has 
as basis the numbers 1, Z, Z?, ..., Z°0™-?, 


The discriminant of k(Z) can be deduced from the first assertion of 
Theorem 88. 

Finally, on the basis of Theorem 88, with the aid of the properties of 
the decomposition and inertia fields, we can determine the factorisation of a 
rational prime number p in the field k(Z). We have the following result. 
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Theorem 125. Let p be a rational prime number p which does not di- 
vide m = IRB? .... Let f be the least positive exponent for which pf = 1 
(mod m); let e = O(m)/f. Then p splits in the cyclotomic field k(Z) of the 
m-th roots of unity as 

p=: Pe 
where Pi, ..., Pe are distinct prime ideals of degree f in k(Z). 

If p” is a power of p and m* = pm then in the cyclotomic field k(Z*) of 

the m*-th roots of unity we have the factorisation 


ern ily 
p= {Pi Pt}? (p-1) 


where Bi, ..., Be are distinct prime ideals of degree f in k(Z*) (Kummer 
(15), Dedekind (5), Weber (4)). 


In the proof of Theorem 125 we take (for the sake of brevity) m = 1% 122 
and denote the cyclotomic fields of the I?!-th and /#?-th roots of unity by kt») 
and k{2) respectively. Let p be a rational prime number distinct from l; and I, 
and let p“), p(® be prime ideal factors of p in k(l), k(2 respectively. We denote 
the decomposition fields of p®, p2 in kV, kO by kP, ki respectively. 
Let fi, f2 be the least exponents for which we have p^ = 1 (mod I"), 
p? = 1 (mod If?) respectively. Set 


e=lht tn —-1)/f and eg = lei, — 1)/ fo. 


Then e; and eg are the degrees of the fields kP, kP respectively and f, 
fa are the relative degrees of k(l with respect to kf} and k with respect 
to kP respectively. According to Theorem 88 the rational prime number p 
splits in the compositum xh?) of k{ and kP as a product of ¢e1€2 ideals 
which are all prime ideals of degree 1 in kH”, Among these we consider in 
particular the prime ideal p = (p(),p(®) and denote by P a prime factor of 
p in the compositum k of k“)-and k(2; let k, be the decomposition field of 
PB in k. It follows from the definition of decomposition fields that kb? either 
coincides with k, or else is a subfield of k,. The group of the compositum of 
kK) and k\” over k$"? is cyclic of degree fı; the group of the compositum of 
kV and k® over kth” is cyclic of degree fa. We conclude from this that if f 
is the least common multiple of fı and fz then the group of k over kb? can 
have no cyclic subgroup of order greater than f. Since k, being the inertia 
field of the prime ideal P, must have a cyclic group over k, and k, includes 
the field y(t?) it follows that the cyclic group of k over k, has order no greater 
than f. 

On the other hand we introduce the following considerations. The two 
fields kD and k; have the field kM but no field of higher degree as com- 
mon subfield, for otherwise p‘) would have to decompose further in k@), 
Similarly the fields k(2 and k; have k$? as greatest common subfield. Now 
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we take kU?) as ground field; then k, is an extension of KY?) such that no 
extension of kf}? included in kz is included in kK or k@), From this we 
deduce easily that the relative degree of kz over kS) is at most fıfa/f. The 
degree of kz is thus at most e; fıeafa/f and so the group of k over k, has 
order at least f. Taken together with the result proved above, this shows 
that the order of the group of k over k, is exactly f. This coincides with the 


assertion of Theorem 125 in the special case we have been considering. 


According to Theorem 123 the number Z = e?"'/” satisfies an irreducible 
equation F(z) = 0 of degree (m) with rational integer coefficients and 
according to the proof of Theorem 87 this equation F(z) = 0 remains irre- 
ducible over any field whose discriminant is prime to m (Kronecker (3, 21)). 

The left hand side F(x) of this equation is formed as follows. If for a 
moment we use [m] as an abbreviation for r™ — 1 and set 


IIo = [m], 


m | 
m- 
| 


II; 


then 


(Dedekind (1), Bachmann (2)). 

If a is a rational integer and p a prime number not dividing m which 
divides F(a), then, according to Theorem 125, p satisfies the congruence 
p = 1 (mod m). So there are clearly infinitely many primes p with this 


property. 


898. Units of the Cyclotomic Field k(e?™*/). 
Definition of the Cyclotomic Units 


We have the following results. 
Theorem 126. Ifm is a power of a prime number | and g is an integer 
not divisible by | then the expression 
1-29 
1-Z 
represents a unit in the cyclotomic field generated by Z = e?"t/m., 
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Ifm has more than one prime factor and 9 is an integer prime to m then 


the expression 
1-2? 


represents a unit in the cyclotomic field generated by Z = e?7*/™, 


Proof. The first statement of this theorem has already been established 
in the proofs of Theorems 117 and 120. To prove the second part, set 

= Mh... and 
m = 771,713 an 

g_ a n b 

m qho pehs... 
where a is a rational integer relatively prime to /, and b is a rational integer 
relatively prime to la, l3, .... Then 


1-29 = 1 — e2tig/m — 1 _ pl2miasty?) p(2mib/l3? l3?) (22.1) 


Now we have 
I] (a _ a -1- e2mibl, 132 
(=) 

where the product is taken over z = 0,1,2,...,!P — 1, or 


Qmidly) 2g e 
I (1 _ er RN mi) loet ah (22.2) 


(x') 


J — e2nib/l3? l3 


where the product is taken over x’ = 1,2,... ‚Ir —1. 

Now we distinguish two cases, according as the number of distinct prime 
factors Iı, l2, ...of m is 2 or more than 2. In the first case the right hand side 
of the formula (22.2) is a unit according to the first part of Theorem 126. 
In the second case we proceed inductively, supposing that the conclusion of 
Theorem 126 holds for all cyclotomic fields k(e?**/™’ ) for which the number 
m* has fewer distinct prime factors than has m. Under this hypothesis the 
theorem holds for the cyclotomic field determined by the m/l;'-th roots of 
unity. Hence the numerator and denominator of the fraction on the right 
hand side of (22.2) are units. The expression (22.1) is a factor of the product 
on the left of (22.2) and hence is likewise a unit. Thus Theorem 126 is com- 
pletely established. 


Every unit of a cyclotomic field k(e?"*/™) has the property that it is equal 
to the product of a root of unity and a real unit. The root of unity here does 
not always lie in the field k(e?"‘/™) but may, when m has more than one 
prime factor, be a 2m-th or a 4m-th root of unity according as m is even or 
odd (Kronecker (7)). We state the following result (already known to Kum- 
mer). 
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Theorem 127. Let | be an odd prime number and in the cyclotomic field 
k(C) generated by ¢ = e?™*/! consider the real subfield k(C + C”!) of degree 
3(1- 1) generated by C +C7!. Then each fundamental set of units for this 
real subfield k(C+C!) is also a fundamental set of units for k(£). 


Proof. Let e(C) be any unit in k(C). Then e(C)/e(C”!) is a unit with the 
property that all its conjugates have absolute value ]; it follows from Theorem 
48 that it is a root of unity. We set e(¢)/e(¢71) = +C?9 where g is an integer. 
Then the unit (¢) = e(¢)¢7? has the property that 


nd) 

ne) +1. (22.3) 
We assert that in this formula (22.3) the sign on the right hand side must be 
positive. If it were negative then 7(¢) would be a purely imaginary unit. In 
this case we set 7? = V; then V would be a unit of the real subfield k(¢+¢71). 
The relative different of the number 7 = vý with respect to k(¢ + ¢71) is 
2n and hence is prime to l. Accordingly the relative different of the field k(¢) 
with respect to k(¢ + ¢—!) must also be prime to l. Let [* be any prime ideal 
of k(¢+¢7!) which divides l; then, according to Theorem 93, this ideal is not 
equal to the square of a prime ideal of the field k(¢). Since, however, [* occurs 
in / to at most the Fl — 1)-th power, this last conclusion is a contradiction to 
Theorem 117 concerning the factorisation of the prime number / in the field 
k(¢). Hence on the right hand side of (22.3) we must take the positive sign, 
i.e. n(C) = n(C71). It follows that the number 7(¢) is real. 

This completes the proof of Theorem 127. 


The units given in Theorem 126 are imaginary. In order to obtain real 
units we form the expressions 


(1 = Z9)(1 = 2-9) 


-/a-Dua-2) 


or 
Eg = V- ZI - 25) 


according as m is a power of a single prime or a product of distinct primes. 
(Here 9 is an integer prime to m and the positive square roots are taken.) 
These units are called cyclotomic units for short. Referring to the equation 
1- 279 = -Z79(1 — Z9) we see that in the first case these units lie in the 
field k(Z) itself while in the second case they appear as products of units of 
the field k(Z) by 2m-th or 4m-th roots of unity according as m is even or 
odd. 


23. Cyclotomic Fields as Abelian Fields 


899. The Group of the Cyclotomic Field 
of the m-th Roots of Unity 


For each positive integer m the cyclotomic field of the m-th roots of unity 
is easily seen to be an abelian field and indeed we have the following more 
detailed results. 


Theorem 128. If! is an odd prime number the cyclotomic field generated 
by Z = e?"i/!" is a cyclic field. 

The cyclotomic field generated by Z = e"'/ 2 (h > 2) is obtained by com- 
posing the imaginary quadratic field k(i) and the real field k(e"'/2" 4.e—7#/2"), 
The real field k(erV/?" + e-"/2") is cyclic of degree 2R-!. 


Proof. We obtain the first part of Theorem 128 if we introduce the auto- 


morphism 
s= (2:77) 


(replacement of Z by Z") where r is a primitive root modulo Į”. Obviously 
all the automorphisms in the group of the field k(Z) are powers of s. 
To prove the second part of Theorem 128 we consider the automorphisms 


s=(Z:Z°) and # = (Z:Z')=(i:-i). 


Then it follows easily that all the automorphisms in the group of k(Z) are 
either powers of s or products of powers of s with s’. 


On the basis of Theorem 128 the group of the cyclotomic field of the m-th 
roots of unity can be immediately obtained for every composite number m. 

The decomposition, inertia and ramification fields for a given prime ideal 
in k(e?**/™) are easily determined from the definitions of these fields with 
the help of the theorems on the decomposition of rational prime numbers in 
cyclotomic fields which we proved in Sect. 95-97. We have in particular the 
following result. 
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Theorem 129. Let! be an odd prime number and consider the cyclotomic 
field k(Z) of the I®-th roots of unity. Then the prime ideal £ = (1 — Z) of 
k(Z) which divides | has k(Z) as higher ramification field and the field of 
I-th roots of unity included in k(Z) as ramification field; the field of rational 
numbers is both inertia field and decomposition field for £L. If PB # Lisa 
prime ideal of k(Z) of degree f then k(Z) is itself the inertia field for Y while 
the decomposition field of Y is the subfield of k(Z) of degree IF"! — 1)/f 
belonging to the subgroup consisting of the automorphisms 


2e „3e a, gfe 


where s = (Z: Z°) ts an automorphism of k(Z) which generates its group. 


§100. The General Notion of Cyclotomic Field. 
The Fundamental Theorem on Abelian Fields 


We now extend the notion of cyclotomic field; we shall understand by a 
cyclotomic field simpliciter not only a field k(e?**/™) generated by the roots 
of unity with a particular exponent m but also any subfield of such a special 
cyclotomic field k(e?**/™). Since each field k(e?**/™) is an abelian field and 
since, further, if m and m’ are any exponents, the field of the m-th roots of 
unity and the field of the m’-th roots of unity are both included as subfields 
in the field of the mm/’-th roots of unity, we have the following general results 
for the extended notion of cyclotomic field. 


Theorem 130. Every cyclotomic field is an abelian field. Every subfield 
of a cyclotomic field is a cyclotomic field. Every field formed by the composi- 
tion of cyclotomic fields is again a cyclotomic field. 


We now have a fundamental result, namely that the first assertion of 
Theorem 130 has a converse, as follows. 


Theorem 131. Every number field which is an abelian extension of the 
rational number field is a cyclotomic field (Kronecker (2, 13), Weber (1), 
Hilbert (6)). 


In preparation for the proof of this fundamental theorem we recall to 
mind that, according to Sect. 48, every abelian field is composed of cyclic 
fields for which the degree is a prime number or a power of a prime 
number. We construct now the following special cyclic fields. Let u be an 
odd prime number and u” a power of u with positive exponent; then the field 
k(e2nt/u"*") generated by e27/¥"*” is a cyclic field of degree u*(u — 1). We 
denote by Up the cyclic subfield of this field with degree u”. Next, the number 
emi/2"*" 1 g-ri/2"*" generates a real cyclic field of degree 2". We denote this 
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field by IJp. Finally, let 1" be a power of any prime number ! (even or odd) 
and p any prime number such that p = 1 (mod I”): then the cyclotomic field 
k(e?*/P) of degree p - 1 obviously has a cyclic subfield of degree I”. This 
cyclic field of degree I” will be denoted by Ph. The fields Un, IJ, and Ph are 
cyclotomic fields of degree u”, 2 and IR respectively; according to Theorems 
39 and 121 the discriminants of these fields U}, [Ip and Ph are powers of the 
primes u, 2 and p respectively. It was established in the last remark in Sect. 
97 that for every choice of I” there are prime numbers p with the property 
that p = 1 (mod /"); this, however, is not in question here. 

In the following sections we shall show that every abelian field is a subfield 
of a field obtained by the composition of k(i) and suitable fields U}, II} and 
Ph. For this proof we first introduce some auxiliary considerations. 


§101. A General Lemma on Cyclic Fields 


Lemma 15. Let Ch be a cyclic field of degree |” where | is a prime number 
(even or odd). If Ch does not include as a subfield the corresponding field U, 
or II, then the compositum of Ch with the field k(Z) generated by Z = e?"+/!" 
is a field k(Z,Cp) of degree |?"-1(1-1) and there exists an integer « in k(Z) 
such that k(Z,Cp) is generated by the numbers Z and ‘\/x; further, ifr is 
any rational integer not divisible by | and s = (Z : Z°) the corresponding 
automorphism of k(Z), then «°~7 is the I"-th power of a number in k(Z). 


Proof. The first assertion of the lemma (concerning the degree of k(Z, C',)) 
follows at once from the fact that k(Z) and Ch have no subfield in common 
other than the rational number field. Let a be an integer which generates Ch 
such that no power of a lies in any subfield of Ch; let t be an automorphism 
of Cah which generates the group of Ch. For arbitrary exponents a and b we 
set 


K (a, Z?) = Q? + 7 , (ta)? 4 75 , (t? a)? He zu" -1b , (t-ta). 


The expressions K (a, Z), K(a?,Z),..., Ka", Z) cannot all vanish for, if 
they did, then, since K(a°, Z) = 0, the determinant 


1 1 ae 1 
Q ta cae tt -la 
al"-1 (ta) -1 a (th lq) 1 


would be zero and hence, according to the remark on p. 6, & would not 
be a generator of the field Ch. Let a* = a® be a power of a for which 
K = K(o*,Z) # 0. Since K(ta*,Z°) = Z"°K{a*,ZP) it follows that the 
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number K!" and hence all the numbers K(a*,Z°)/K® lie in the field k(Z). 
Since 


. 1 . * * h 
a" = = {K(a",Z) + K(a*, Z?) +-+ K(a*,Z")} 


and &* is a generator of the field Ch, we see that the field determined by 
K and Z, whose degree is at most /2%?-1(! — 1), includes the field k(Z, Ch) 
of degree 1?"~1(] — 1). So these two fields must be identical and the number 


s = K!" has the property described in Lemma 15, 


We make a further remark. The field determined by Z and ‘\/x is easily 
seen to be a cyclic extension of k(Z) of relative degree I and hence has a 
unique subfield including k(Z) which is a cyclic extension of k(Z) of relative 
degree l. If Ci is the subfield of C, of degree / then the compositum of k(Z) 
and Cı must coincide with the field determined by Z and /k. 


8102. Concerning Certain Prime Divisors of the 
Discriminant of a Cyclic Field of Degree l° 


Lemma 16. Let C, be a cyclic field of degree I" where | is any prime 
number (even or odd) and let Cı be the subfield of Ch of degree I. Then 
any prime divisor p of the discriminant of Ci other than l satisfies the con- 
gruence p = 1 (mod I). 


Proof. We consider first the case where / is an odd prime number and 
h = 1. Suppose, by way of contradiction, that there exists a rational prime 
factor p of the discriminant of Cı which is not congruent to 1 modulo J. Let 
¢ = e?™/l let r be a primitive root modulo / and let s be the automorphism 
(¢ :¢") in the group of the field k(¢). If p is a prime ideal of k(¢) dividing p 
then, since p #1 (mod J), it follows from Theorem 119 that the degree f of p 
is greater than 1. Hence, according to Theorem 129, the decomposition field 
of p has degree e < l — 1; the remaining prime ideal factors of p are then 


p’ = sp,. peP — sein, 


while s°p = p, ie. 


pot =1. (23.1) 

Similarly for the prime ideals p’, p”, ... conjugate to p we have the corre- 
sponding equations 

(p')* =1, PT... (23.2) 


According to Lemma 15 there is an integer « in k(¢) such that the two 
numbers ¢ and ./« generate the compositum k(Ç, C1) of k(¢) and C and 
furthermore °" is equal to the [-th power of a number in k(¢). Since së — 1 
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and s—r are polynomials in s which have no common factor modulo ł there 
are three integer polynomials p(s), )(s) and x(s) in the variable s such that 


1 = (s® —1)¢(s) + (s — r) p(s) + Ix(s). 
From this it follows that 


p = pl Dela) t(o—r¥(a)+lx(s) gl- 4! 


where a is a number in k(¢). According to the equations (23.1) and (23.2) for 
the prime ideals p, p’, p”, ... which we established above, «* ~! can be written 
as an integer or fraction for which neither numerator or denominator has any 
of p, p’, p”, ...as prime factor and hence are prime to p; the same holds for 
KTD), We write K Del) = p/a! where p is an integer of k(¢) prime 
to p and a is a rational integer. The field k(¢, C1) can then be generated by ¢ 
and ,/p. The relative discriminant of the number ‚/p with respect to k(¢) is 
+i!!! and since p is prime to p it follows that the relative discriminant of 
k(¢,C) with respect to k(¢) is prime to p. Since the discriminant of k(¢) is 
also prime to p it follows from Theorem 39 that the discriminant of k(¢, C1) 
and hence also, by Theorem 85, the discriminant of C4 are not divisible by 
p, which contradicts our hypothesis that p is a factor of this discriminant. 
In a similar way we establish the result of Lemma 16 for odd primes I 
in the case where the exponent h is greater than 1. We let Z = e?"/ e take 
r to be a primitive root modulo /” and let s be the automorphism (Z : Z”) 
of k(Z). Let p be a prime factor of the discriminant of C, distinct from J; 
let p be a prime ideal factor of p in k(Z). If we suppose that p = 1 (mod !) 
but p #1 (mod /*) then the prime ideal p lies in the subfield k(Z') of k(Z), 


h—2; 
i.e. we have p“ -D-1 _ 1 and similarly for the conjugate prime ideals 


p’, p”, ... we have the equations 


(p’) =1, (p) 


Since r is a primitive root modulo /* we have r!" *(-1) 4 1 (mod IR) and 
hence we can obtain three integer polynomials p(s), Y(s), x(s) in s such that 


gf? 2U-1)_4 h-2u-n)_] _ 


1,... 


Ph = (SED ~ 1) p(s) + (s — r)y(s) + le). 
From this it follows, if x is a number chosen as in Lemma 15, that 


i a gh 7-1)_] ad 
K — «í Yels) ab 


where a is a number in k(Z). According to the properties of the prime ideals p, 
h+; A~2 ep 

p’, p”, ...established above, ne D-i and hence also „(! """-nr(e) 

are numbers whose numerators and denominators are prime to p. We can 


thus express the second of these numbers in the form p/ a!" where p is an 
integer in k(Z) prime to p and a is a rational integer. Then Vx = & /p 


1 
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whence p = a" where ø is a number in k(Z). We remarked at the end of 


Sect. 101 that the field generated by Z and /x is identical with the composi- 
tum of k(Z) and C4. Since the relative discriminant of the number Yo with 
respect to k(Z) has the value +l'o'"! and so is prime to p, it follows that 
the relative discriminant of the field k(Z,C,) with respect to k(Z) is prime 
to p. The discriminant of k(Z) is not divisible by p. Hence the same holds for 
the discriminant of k(Z, C1) and hence also for the discriminant of C,. This 
last statement, however, contradicts our hypothesis that p is a factor of this 
discriminant. 

To establish the validity of Lemma 16 for l = 2 we start with the case 
h = 2 and apply Lemma 15 to the cyclic field Cy of degree 4. We set Z = 
e”‘/2 = ¢ and consider the automorphism s’ = (i : —i) in the group of k(Z). 
Let Cı be the quadratic subfield of Cy. Suppose there were an odd prime 
divisor p of the discriminant of C such that p Æ 1 (mod 4). As a result of 
this property p does not split in k(i). If now the number « given by Lemma 
15 is divisible by p we introduce the number p = K*® —1, Since, according to 
Lemma 15, we also have «® +! = a* where a is a number in k(i), it follows 
that x? = plat, i.e. Yk = a 4/ p7 !; consequently p is the square of a number 
in k(i). We can write p = r?/a* where r is an integer of k(i) prime to p and a 
is a rational integer. Since the field k(i, C1) coincides with the field k(i, /r) 
and the relative discriminant of ,/r with respect to k(i) is prime to p, we 
have that the relative discriminant of k(i, C1) with respect to k(i) is prime 
to p; from this it follows that the discriminant of C, is not divisible by p and 
this contradicts our hypothesis that p divides the discriminant of C\. 

In the case where | = 2 and the exponent h > 2 we set Z = e™*/2""'. We 
suppose that there were a prime factor p of the discriminant of C1 such that 
p = 1 (mod 4) but p #1 (mod 2°"). Let p be a prime ideal of k(i) dividing 


- , , h-3 
p; then p is invariant under an automorphism s? where s, is taken to be 


h—3 t — 
either (Z : ZË) or (Z : Z~5); consequently p® -! = 1. Since (45)? #1 
(mod 2*) then, in the same way as before, we have an equation of the form 
_ h—3 
ah) = (sf pls.) + (Se F 5)W(Se) + 2"x( Se). 
From this, as in the earlier case where / is odd, we deduce a contradiction to 
the hypothesis that p divides the discriminant of C\. 
This completes the proof of Lemma 16. 


The following result is easily deduced from Lemma 16. 


Lemma 17. Let Cp, be a cyclic field of degree I” where | is a prime number 
(even or odd); let C1 be the subfield of Ch of degree l; let p be a prime divisor 
of the discriminant of Cı other than l. Then there exists an abelian field Ch, 
of some degree Ih not exceeding |" with the following properties: 

(1) The compositum of Cp, with some cyclotomic field Ph includes Ch as 
a subfield; 
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(2) The discriminant of Ci, is divisible only by those rational prime 
numbers which divide the discriminant of Ca with the exception of p. 


Proof. According to Lemma 16 the rational prime number p has the 
property that p = 1 (mod l). As in Sect. 100 we construct a (cyclic) cy- 
clotomic field P} of degree I” whose discriminant is a power of p; consider 
the compositum k(Cp, Ph) of Ch and Pp and let the degree of this composi- 
tum be [*+*’, In Pa we have p = pl" where p is a prime ideal of Ph. Let 
® be a prime ideal of k(C;,, Ph) which divides p. Since this prime ideal % 
does not divide the degree Ih+h’ of k{Ch, Pr) it follows that k(Ch, Pr) is the 
ramification field of P and hence, according to Theorem 81, is a cyclic exten- 
sion of degree at least I” of the inertia field of 93, which we denote by C/,. 
Since there can be no cyclic fields of degree greater than !* in k(Ch, Ph) it 
follows that k(Ch, Pr) has degree exactly I? over Ci; hence the field C}, has 
degree IF. According to Theorem 76 the different of the inertia field C/, is 
not divisible by $3 and so, as a result of Theorem 68, the discriminant of Cj, 
is not divisible by p. On the other hand, we see from Theorem 39 that this 
discriminant is divisible only by those prime numbers which are factors of 
the discriminant of Ch. Finally it follows from Theorem 87 that the composi- 
tum of C}, and P, coincides with k(Ch, Ph). Thus the field Cp, has all the 
properties described in Lemma 17. 


8103. The Cyclic Field of Degree u Whose Discriminant 
is Divisible Only by u and Cyclic Fields of Degree u? and 
2* Including U} and II, Respectively as Subfields 


Lemma 18. /f the discriminant of a cyclic field of odd prime degree u has 
no prime factors other than u then Ci = U1. 


Proof. We set ¢ = e?™/% and s = (¢ : (T) where r is a primitive root 
modulo u. We write à = 1 — Ç, so that [ = (A) is a prime ideal in k(¢) and u 
(considered as an ideal) is I“"!; in addition we have the congruence 


sA=1-("=ri (mod). 


We consider now the number « described in Lemma 15. Since the prime 
ideal [ is of degree 1 and sl = [ it follows from Theorem 24 that if we set 
p = „(DW then p = 1 (mod I), where we understand a congruence 
between fractions to hold if it is transformed into a valid ordinary congruence 
on multiplication by an integer relatively prime to the modulus. Since r — 1 
is prime to u the compositum of C1 and k(C) is generated also by Ç and xp. 
If we have p = 1+a, (mod I?) where a is a rational integer then o = p¢° = 1 
(mod °). 
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We now prove that o = 1 (mod [“). To this end we suppose that 
o = 1+ a* (mod [¢+!) where the exponent e < u and a is a rational 
integer not divisible by u. 

We recall that, according to Lemma 15, «*~" and hence also o*~" is the 
u-th power of a number in k(¢); we set a°" = 6“ where @ is in k(¢). This 
equation leads to the congruence 1 + a(rA)® — arà! = 8% (mod [¢+!). From 
this we deduce first that 6 = 1 (mod [) and hence 6“ = 1 (mod ["). Finally 
we have arf = ar (mod I) which is impossible since r is a primitive root 
modulo u and e > 1. These considerations establish the congruence o = 1 
(mod I*). 

We now set g = r/a“u- where r is an integer in k(C) and a is a rational 
integer; then r = 1 (mod [“). Let us suppose that C1 is not identical with 
the field U1. Then the compositum of k(¢), U1 and C; is the field k( YZ, Yr) 
of degree u?(u — 1) generated by */C and YT. Let € = (1- Yr)/A; then the 
equation 

(€A\-—1)“* +7 

Au 

shows that £ is an integer of the field k( YÇ, /r) and its relative discriminant 
with respect to k(%/C) is er“! where e is a unit. Since r is prime to u it 
follows that the relative discriminant of the field k( 4C, */T) with respect to 
k( YÇ) is also prime to u. Let £* be a prime ideal of k(+/C, /r) dividing I. 
Then, taking account of Theorem 93, we see that the inertia field T of £* in 
k( WE, v/r) has degree u. The discriminant of this inertia field T is prime to 
u and according to Theorem 85 it must therefore be either +1 or —1. But 
there is no cyclic field of degree u with discriminant +1: this follows either 
directly from Theorem 44 or by means of Theorem 94 if we take the field k 
there to be the rational number field and recall that in this field all ideals are 
principal. 

This completes the proof of Lemma 18. 


=0 


Lemma 19. Let C be a cyclic field of degree I” where l is either an odd 
prime number u or equal to 2. If Cy includes U, or II, in these two cases 
respectively then Cp, is a subfield of the compositum of Up or IIn respectively 
with a cyclic field C}, of degree |” less than IF. 


Proof. Suppose Ch # Un or Ip respectively. Let La- be the largest sub- 
field included in both Cy, and U, or Ch and II; respectively. Let the degree 
of Lre be If” where h* is a positive integer less than h. Let t be an automor- 
phism of the field Ch which generates the group of Ch; let z be an automor- 
phism which generates the group of U, or II, respectively. Set ¢* = t" and 
z= zt. then t* and z* respectively generate the subgroups of order [h—h* 
to which La. belongs as subfield of C, and of U, or II,. The compositum 
K of Cn and U, or I Ip, has relative degree 17-24" over Lp- and so finally K 
has degree i?t-R", 
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In order to determine the group G of the field K let d be a generator 
of C, and y a generator of U, or IIn; let x and y be indeterminates. Then 
8 = 29 + yy satisfies an equation of degree /?*-"" whose coefficients are in- 
teger polynomials in z and y and which is irreducible over the field generated 
by z and y. The roots of this equation have the form 


Omn = rt) + yz"Yy, 


where m, are certain rational integers. Since by a well-known theorem both 
v and y can be expressed as rational functions of O in which the coefficients 
are integer polynomials in x and y it follows that the expressions Omn can 
be represented in the same way; we set 


where mn is a rational function of O whose coefficients are integer polyno- 
mials in z and y. Let A be any number in K or more generally a rational 
function of x and y with coefficients in K; then A can be expressed as a 
rational function F'(O) of O whose coefficients are integer polynomials in z 
and y. The quantities conjugate to A can be expressed in the form 


SmnA = F(Smn(P)) 


and the corresponding 1?4-*” automorphisms Smn form the group G of the 


field K. Since 
Smn® = 2Smnd + ySmny = cE" + yz’y 


we have 
Smnd = t0, Smny = 2z"7, 


from which it follows easily that 
SmnSm’n’ = Smm’ nn! (23.3) 


where Syn = Smen- when m = m* and n = n* (mod I"). From (23.3) we 
deduce that the automorphisms in the group G commute, i.e. K is an abelian 
field. 

Let r be a primitive root modulo /*. Since in particular zy is a conjugate 
of y there must be an automorphism in G for which the second index n is 
congruent to r modulo /*. We denote such an automorphism Sm, by s. The 
order of the cyclic group generated by s is !*. Furthermore it can be easily 
established that all the automorphisms in the group G for which the second 
index is congruent to 0 modulo J” form a cyclic subgroup of order l*-*”. 
Let s* = Sj,-+9 be an automorphism which generates this cyclic subgroup. 
The group G is then obviously formed by combining all /? powers of s and 
all /R=R" powers of s*. The subfield of K belonging to the cyclic subgroup 
generated by s* is clearly the cyclic subfield U, or II}. The subfield belonging 
to the cyclic subgroup generated by s is a cyclic subfield C/, of degree 17+". 
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The field C}, has no subfield in common with U, or IJ, other than the field 
of rational numbers; thus K is the compositum of the cyclic fields C,, and 
U, or Ch, and Ip. 

This completes the proof of Lemma 19. 


8104. Proof of the Fundamental Theorem 
on Abelian Fields 


We proceed to prove the fundamental Theorem 131 as follows. First of all, 
it was established in Sect. 48 that every abelian field is composed of cyclic 
fields whose degrees are either prime numbers or powers of a prime; hence we 
have only to show that every cyclic field Ch of degree l”, where | is a prime 
number, is a cyclotomic field. 

To prove this we proceed inductively; so we suppose that the conclusion 
of Theorem 131 holds for all abelian fields with degree any power of l less 
than IR. 

Consider now the subfield C, of degree l included in Cy, and suppose 
that the discriminant of C is divisible by a rational prime number p distinct 
from l; by Theorem 39 it follows that the discriminant of Ch is also divisible 
by p. Then, according to Lemma 17, there is an abelian field C;, of degree 
i} not exceeding /* such that Ch is a subfield of the compositum of Cj, 
and a cyclotomic field P}. If Ci, is a cyclic field of degree less than / or 
the compositum of several such cyclic fields then, according to our inductive 
hypothesis, C}, is a cyclotomic field and hence so also is Ch. So we have only 
to consider the case where h’ = h and Cj, = Cj, is a cyclic field of degree IR. 
Referring again to Lemma 17 we see that the discriminant of C} is divisible 
only by those rational primes which divide the discriminant of Ch with the 
exception of p; so the discriminant of C}, has at least one prime factor fewer 
than the discriminant of Ch. 

We denote the subfield of C}, of degree ! by Ci. If the discriminant of Cj 
has a rational prime factor p’ distinct from / then we can apply to C, the 
same procedure as we have just used for the original field C, and so either 
conclude that C% is a cyclotomic field or else find a cyclic field C} of degree ir 
whose discriminant has at least one prime factor (namely p’) fewer than the 
discriminant of Ci. After repeating this procedure a certain number of times, 


say m, we either obtain a field am, which is cyclotomic in consequence of 


the inductive hypothesis or else a cyclic field ci” of degree |” such that the 


discriminant of the subfield ci”) of degree l in ow has either no rational 
prime factor or only the factor l. Since, as we remarked on p.184, there is no 
cyclic field of degree ! with discriminant +1, only the latter case can arise. 
We now distinguish two cases, according as l is an odd prime number or 
[= 2. 
In the first case C{™ coincides with U; by Lemma 18. 
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In the second case, where l = 2, if h = 1 then the field C(™ is either k(t) 
or k(Y2) = IIı and hence obviously a cyclotomic field. For h > 1 the field 
o™ always turns out to be k(V/2) = IJ. For if cm) is a real field then 
ce”) is also real and our assertion follows, while if ch”) is an imaginary field 
then the real numbers in it form a subfield of degree 2%”! and since om) 
must be included in this subfield it is also real and so coincides with TJ. 

In both the cases just considered except when / = 2 and h = 1 we have 
co”) = Uı or II. By Lemma 19 it follows that cm) is a subfield of the 
compositum of U, or IJ, and a cyclic field Cy, of degree I? less than IF. 
According to the inductive hypothesis the conclusion of Theorem 131 holds 
for such cyclic fields C}; so it follows that ch”) is a cyclotomic field. 

This completes the proof of the fundamental Theorem 131 and at the 
same time it is clear how we can determine all abelian fields with given group 
and given discriminant. 


24. The Root Numbers of the 
Cyclotomic Field of the [-th Roots of Unity 


8105.Definition and Existence of Normal Bases 


A basis of an abelian field K of degree M is called a normal basis if it con- 
sists of an integer N and its conjugates N’,..., N°“), We have the following 
lemma. 


Lemma 20. If an abelian field K has a normal basis then so also does 
every subfield k of K. 


Proof. Let M be the degree of K and let t1,..., tm be the automorphisms 
in the group of the abelian field K; let N be an integer of K which, together 
with its conjugates, forms a normal basis of K. Let tı, ..., ty be the auto- 
morphisms in the subgroup belonging to the subfield k of K. Then, among 
t1,..-, ta we can find m = M/r automorphisms tį, ..., tia such that (apart 
from order) the automorphisms tı, ..., tm can be represented as 


titis. ' „titr tati, e. tatr, we imti» one stintr. 


Let a be an integer in k. Then, since a is also an integer in K, we have an 
equation 


a= ayıtıtı N +--+ aırtit-N +. + AmitmtıN ++ amrtmtrN 


where @11,..., @ir,..., ml; ---, &mr are rational integers. We recall that a 
is invariant under the action of the automorphisms t1, ..., tr and that there 
is no linear relation between the M = mr numbers titiN, ..., titrN, ..., 
tatiN, ..., tt, N with rational integer coefficients not all zero. It follows 
that 
Q11 = Q12 = +++ = ir, +++; mi = Ame = = Amr. 
Thus, if we set 
v=tıN +t3N+--- +1,N, 


then the m numbers tv, tyv, ..., tv form a normal basis for k. 


Theorem 132. Every abelian field K of degree M whose discriminant D 
is prime to M has a normal basis. 
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Proof. Let p, p’, ... be the distinct rational prime divisors of D. Since none 
of these prime numbers divides M we deduce from the proof of Theorem 131 
that the abelian field K is included as a subfield in the cyclotomic field gen- 


erated by the numbers ¢ = e277/?, ¢/ = e?"i/P' ie. the field determined 
by the root of unity Z = e?"*/PP --, According to Theorem 118 the numbers 
1, ¢,..., 6P”?, and hence also the numbers ¢, (?, ..., CP”! form a basis for 


the field k(C); this latter basis is a normal basis. We have similar results for 
kE) 

Now we consider the set of (p — 1)(p' — 1) --- numbers ¢}(¢')* ... where 
the exponents h, h’, ...run (independently of one another) through the sets 
1,2,...,p—1; 1, 2,..., p — 1, .... According to Theorem 88 this set of 
@(pp' -- +) numbers forms a basis for the field k(Z) and it is obviously a normal 
basis. Lemma 20 then shows that the abelian field K also has a normal basis. 

This completes the proof of Theorem 132. 


8106. Abelian Fields of Prime Degree l and Discriminant 
p'—}, Root Numbers of This Field 


The simplest and most important abelian fields after the quadratic fields are 
those whose degree is an odd prime number / and whose discriminant d is 
divisible by a single prime number p distinct from l. Let k be such a field. By 
Lemma 16 the prime p must be such that p = 1 (mod J). In k the prime p 
must be the [-th power of a prime ideal of degree 1. According to the remarks 
after Theorem 79 and the fact that k is in this case a real field (and so d is 
positive) we have the result that d = p'!. 

Let 1, t, t?,..., t!-! be the automorphisms in the group of k; let v, tv, 
t?v, ..., t'-1v be a normal basis for k (see Theorem 132). The number v is 
then a generator of the field k. If we set € = e?"'/! the expression 


Nave tut? Pute el t w 


is called a root number of the field k = k(v). 

Each such root number is clearly an integer of the compositum k(v, ¢) 
of k(v) and k(¢). Study of the normal bases and root numbers we have 
introduced leads us to important information about the prime ideals of k(() 
dividing p. The development of this chapter needs only slight modification 
when we take ! to be 2 instead of an odd prime number. 


§107. Characteristic Properties of Root Numbers 


Theorem 133. Let k be an abelian field of degree | and discriminant d = 
p'=!, where l and p are distinct odd prime numbers. Letv, tv, ..., tly form 
a normal basis of the field k. Set ¢ = e?™/', [= (1 — Ç) and s = (¢: ¢°), 
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where r is a primitive root modulo l. Then the root number N of the field 
k = k(v) derived from the normal basis has the following properties: 

(1) The l-th power w = N! of the root number belongs to the cyclotomic 
field k(¢) and w*" is the l-th power of a number in k(¢). 

(2) The (equivalent) congruences 


Q=+1 (mod) and w=+1 (mod t) 


are satisfied. 
(3) The norm of the number w in k(C) is n(w) = pt“, 


Proof. The numbers 9! and 2°” in k(¢,v) are unaltered when v is 
replaced by tv; hence they lie in k(¢). So we have established the first asser- 
tion of the theorem. 

Since v, tv, ..., t!"1v form a basis of k(v) there are rational integers 
Q0, 41, ..., @f-, such that 


l=agvt+ayty +. + arti tv. 


Applying the automorphism ¢ to this relation we see that agọ = a, == = 
aı_ı and since the coefficients ag, a1, ..., @j-, can have no common factor 
other than +1 they must be equal to +1. Thus we have 


v+tv+ ty = +1, 
It follows that 


N v+ tute Pup teto 


= v+ty+-.-4th!y=+1 (mod). 
From the fact that w #1 = (N #1)(€2 F1) (CLR F 1) we obtain the 
second property of the number w. 


Finally, by an appropriate application of the multiplication theorem for 
determinants, we have 


U ty Lae tly 

i~1 l-2 
EY uttu ttn) = EnA), 
tv tv V 


where 
n(Q) = (v+ tv + Hy. wre tur + ED tito) 


is the relative norm of §2 with respect to the field k{v). The square of the 
determinant on the left hand side is equal to the discriminant of the field 
k(v), ie. to p'1, and hence we have 


n(w) = (n(@))! = palm, 
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This completes the proof of Theorem 133. 


Conversely, the three properties of a root number f2? proved in Theorem 
133 actually give a complete characterization of such root numbers. We have 
in fact the following result. 


Theorem 134. Let | be an odd prime, C = e?™*/' and p a prime 
number congruent to 1 modulo l. Let w be a number in the cyclotomic field 
k(¢) which is not the I-th power of a number in k(C) but which satisfies the 
three properties described in Theorem 133. Then N = Yw is a root number 
of the abelian field of degree | with discriminant p'—!. 


Proof. The number N = Yw generates a Galois extension of k(¢) of relative 
degree l. Let t be the automorphism in the group of this extension for which 
tN = GTIN. As a consequence of the first property of w, which asserts that 
sw = wa! where a is a number in k(¢), we deduce that the field generated 
by ¢ and S2 is a Galois number field of degree /(/ -1). The number a satisfies 
the condition 


l-r! fair -r), 
w r =a (s y/(s r). 


We fix it uniquely by the additional requirement that 


warst gl rT A-r), 


We now understand by t and s those automorphisms in the group of the 
Galois number field k(¢, 92) which in addition to the relations already laid 
down for t and s have the further properties that t¢ = ¢ and s = R'a. 
These two automorphisms commute with one another since 


stR =a = tsh: 


Thus k(¢, 92) is an abelian field. The subgroup of the group of k(¢, 2) con- 
sisting of the powers of the automorphism s has order ! — 1. So the subfield 
k of k(¢, £2) belonging to this subgroup has degree J; it is again an abelian 
field. 

We prove first that the discriminant of the field k is prime to l. Since 2 is 

_ RFI. o, , 

congruent to +1 modulo [ = (1 - ¢) the quotient IC is an integer. Since 
t = CEN the relative different of this integer with respect to k(¢) has the 
form ¢2'-!, where e is a unit. Hence the relative different of k(¢, 92) with 
respect to k(() is prime to l. If £ is a prime ideal of k(¢, 2) which divides I 
it follows from Theorem 93 that it cannot divide [ to any power higher than 
the first; hence we have | = £!-1!M where M is not divisible by £. Thus it 
follows from Sect. 39 and Sect. 40 that the inertia field of the prime ideal £ 
must have degree /; hence this inertia field must be the field k. According to 
Theorem 76 the different of k is not divisible by £ and hence, by Theorem 
68, the discriminant of k is not divisible by J. 
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We set 
„= +1 + NRHSNHPSNH +I 


l 


where the sign is the same as in the congruences 2 = +1, s9 = +1,... 
(mod N); then the numerator of the fractional expression in (24.1) is congru- 
ent to 0 modulo I. This numerator lies in the field k. If l is a prime ideal 
of k this numerator must also be divisible by / and hence v is an integer. 
Otherwise, since the discriminant of k is not divisible by l, we would have a 
factorisation l = [,...; in k where Iı,...., I; are distinct prime ideals. Then, 
as a consequence of Theorem 88, we have in k(¢, {2) the factorisation 


I=(1-0)= (0) Ra)... (ul). 


Since the numerator of the fraction on the right hand side of (24.1) is divisible 
by the ideal (í, f1) it is also, considered as an integer of k, divisible by l. 
Similarly this numerator is divisible by l2, ..., I; and hence by l; thus the 
number v defined by (24.1) is an integer. 

Using the equation tN = ¢~' we may derive from (24.1) the two equa- 
tions 


(24.1) 


vtu +t? +: tiv = 1 (24.2) 
y+ tute tute tlt SR. (24.3) 


An application of the multiplication theorem for determinants like that in 
the proof of Theorem 133 gives 


v ty... thlp 
l-1 l-2 

Nal’ r ¥ EOV | ANR- sR... sN, 
tv Pv v 


and from this, using the third property of w in Theorem 133, we deduce the 
equation 


N! = +palli-l) 
and hence 2 
Vv ty tly 
thy v 2, _ it 
tv Pv vo | 


We now prove that the discriminant of k must be p'—!. According to the 
last equation it must be a positive factor of p!”!. Since, by Theorem 44 or 
Theorem 94, it cannot be 1 it must have p as a factor and indeed, according 
to the remarks on Theorem 79, to the (1 — 1)-st power. From the fact we have 
just proved it follows that v, tv, ..., t!"1v form a basis of the field k; this is 
clearly a normal basis. According to (24.3) 2 is the root number of k arising 
from this normal basis. 
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8108. Factorisation of the !-th Power of a Root Number 
in the Field of the l-th Roots of Unity 


Theorem 135. Let I, p, Ç, r, s have the same meaning as before; let k(v) 
be an abelian field of degree | with discriminant p!"! and N a root number of 
k(v). Then w = 92' splits in k(C) as the 


(ro +r-18+r-28 +. +r_4as'"")th 


power of p where p is a certain prime ideal of k(C) dividing p and in general 
r_i is the least positive rational integer which is congruent modulo | to the 
(—i)-th power r—* of the primitive root r (Kummer (6, 11)). 


Proof. The prime number p splits in k(¢) as the product of l — 1 distinct 
prime ideal factors p, sp, ..., s‘~2p. We claim that the number w must be 
divisible by each of these prime ideals. For, according to the proof of Theorem 
134, the relative different of k(¢, 2) with respect to k(C) is a factor of R! = w; 
if w were prime to p say, then this relative different would be prime to p. 
Hence, by Theorem 41, the different of k(¢, 12) and so also, by Theorem 68, 
the discriminant of k(¢, £2) would be prime to p, which is not possible since 
it has the discriminant of k(v) as a factor. Since n(w) = p#!U-D it follows 
that p, sp, ..., s'"*p are the only prime ideals dividing w. Let p be one of 
these prime ideals which occurs in w to the lowest possible power; then we 


have 122 
— pao tais Hana 
w=p o+a13+'-+Qi-2 , 
where ao, aı, ..., @j-2 are rational integers none of which is less than ao. 


The formation of n(w) shows us that 
ao +4, + + aa = Zl -1). 


Since ao, @1,..., @i-2 are all positive it follows from this that these numbers 
cannot all be divisible by l. As a result of the first property established in 
Theorem 133 we have 


wet = p(s-r)(aotars+--+ar_2s'~”) — al, 
where & is a number in k(¢). Since the prime ideals conjugate to p are all 
distinct from p and from each other it follows that when we multiply out the 
polynomial 

(s-r)(ao +aıs+t ‘+ ay_as'~?) 


and set s'~! = 1 all the coefficients must be divisible by ! and so this polyno- 
mial must be congruent to a;—2(s‘~!—1) modulo !. Thus we see that a;_2 Æ 0 
(mod !) and if a;_, = r™~'+? (mod I), where m is one of the numbers 0, 1, 
...,1- 2 then for each index i = 0,1,...,/ — 2 we have the congruence 


a; =r" (mod J). 


8109. An Equivalence for the Prime Ideals of Degree 1 193 


In general we set a; = rm-ı +!b; with 0 < rm_; < l and b; a rational integer; 
we always have b; > 0. Since 


Tm +rm-1 +: +Trm-142=1+2+ (l-1) = 4- 1) 
it follows that bp + 6; +-+ + bi_a = 0 and hence 
bo = 0, b1 =0,...,bi-2 = 0; 


that is to say 


Qi = fm-i fori=0,1,...,[-2. 
Among the numbers ro, rı, ... ‚ rı-a it is clear that ro is the least; and since ao 
is the least among the coefficients ao, aı, ... , at -2 it follows that ag = ro = 1. 


Hence m = 0 and so, in general, a; = r-i. 
This completes the proof of Theorem 135. 


8109. An Equivalence for the Prime Ideals of Degree 1 in 
the Field of the !-th Roots of Unity 


From the results we have developed so far we can deduce an important 
property of the prime ideals of the field of the l-th roots of unity which 
divide a prime number p congruent to 1 modulo ił. 

Theorem 136. Let | be an odd prime number, € = e?7/!, r a positive 
primitive root modulo lands = (Ç : C"). If p is any prime ideal of degree 1 
in the cyclotomic field k(¢) then 

ptg- 18+g-28°+ +4-1428°° ~ 1l 


where the numbers q—; are rational integers given by 


Troi- Tfi , 
g-i = = E (4 = 0,1,...,/—2). 
(Here ro, 7-1, :.., T~142 have the same meaning as in Theorem 135 and in 


addition rı =r-ır2.) (Kummer (6, 11)). 


Proof. Let p and w have the same meaning as in Theorem 133. Then, by 
Theorem 133, w°”” is the /-th power of a number «& in k(¢). If we introduce 
the representation of w as a power of p given in Theorem 135 then it follows 


that 
per )(rotr—1 sper tripygs!~4) = a! 


and when we deduce from this equation the factorisation of a the result of 
Theorem 136 follows. 
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Let C be any ideal class of the cyclotomic field &(¢); if i is an ideal in C 
and sC, s?C, ..., s'~?C are the ideal classes containing the ideals si, s?i, ..., 
s'—*i respectively, then it follows at once from Theorems 89 and 136 that 


C® (gC)9-1 (s?C)I-2 ... (g'"2C) 4-142 = 1. 


§110. Construction of All Normal Bases 
and Root Numbers 


Theorems 133, 134 and 135 make it possible for us to construct all the root 
numbers of the abelian field k(x). We have the following result. 


Theorem 137. Let k be an abelian field of odd prime degree | with 
discriminant p'—'; let t be a generator of the group of k. If N and 2” are 
distinct root numbers of k corresponding to t then 92" = ef} where e is a unit 
of the field k(C) such that e = +1 modulo | = (1—C). Conversely, if e is such 
a unit in k(¢) and N is a root number of the field k then 12" = EN is also a 
root number of k. 


Proof. Under the hypothesis of the first assertion the quotient € = 9* /N is 
a number in the compositum of k and k(¢) which remains unaltered when we 
replace ¢ and v by ¢ and tv respectively and hence lies in k(¢). Let w = R! 
have the form described in Theorem 135. Let s~°p (where a is one of the 
numbers 0, 1, 2, ..., į — 2) be that one among the conjugates of the prime 
ideal divisor of p in k which occurs only to the first power in w* = (N*)!, 
Then, according to Theorem 135, we have 

w" = pe (rotr-ist trias?) 

and it follows from this that the prime ideal p occurs in w* precisely to the 
r_a-th power. The quotient w*/w can thus be expressed as a fraction whose 
numerator is divisible by p”-« ""° and whose denominator is prime to p. Since 
w* jw = e! the exponent r-a — ro must be divisible by l; hence r-a = ro and 
so a = 0. From this it follows that w and w* are products of the same powers 
of the prime ideal divisors of p, hence e is a unit. 

The remaining assertions of Theorem 137 follow immediately from Theo- 
rems 133 and 134. 


Using (24.1) we can obtain from the root numbers corresponding to t all 
the normal bases v, tv, ..., t!"!v of the abelian field k. 
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§111. The Lagrange Normal Basis and the 
Lagrange Root Number 
Again let | be an odd prime number, ¢ = e?7*/! and p a prime number of the 
form Im + 1. Let Z = e?**/P and R be a primitive root modulo p. Let k be 
the abelian field of degree l with discriminant p/~'. 

The p—1 numbers Z, Z?, ..., Z?~! form a normal basis of the field k(Z). 
It follows from the proof of Lemma 20 that the / numbers 


Xo _ Z4 ZR zZ). ZR 
M — ZR ZR 4 zet” pee p ZR 
Ai — ZRT + ZR 4 ZR gee p ZR 


form a normal basis for the field k. From this normal basis we produce the 
following root number for k: 


A = ot Cà tC tee + CNY 
= ZEZAO 4...4.¢7-2Z RP 


The special normal basis ào, A1,..., Ar—1 is called the Lagrange normal basis 
and the root number A the Lagrange root number. 


§112. The Characteristic Properties of the 
Lagrange Root Number 


The Lagrange root number A of the field k is distinguished from the other 
root numbers of k by the following properties. 


Theorem 138. If the I-th power A! of the Lagrange root number A is 
expressed, in accordance with Theorem 135, as 


A! — protr-1s+r- 28° + tr-i4as T? 


then the prime ideal p is determined by the formula 
p= (p,¢ ~~ R™), 


where m = (p—1)/l. The remaining symbols have the same meaning as in 
Theorem 135. The Lagrange root number A is congruent to —1 modulo I and 
its absolute value is |,/p|. 

Conversely, if a root number N has these properties and if, further, N! 
is divisible by precisely the first power of the prime ideal p just defined, then 
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N = ("A where (* is an l-th root of unity. 


Proof. Let P = (1 — Z, p). Then, using the relations (1 -- Z)?~! = (p) and 
(p,p?=!) = p, we find that 


PPTI = (p,(1-ZyP%p,...,pri)=p. 


From this it is clear that % is a prime ideal in the field generated by ¢ and Z 
and that the number 1 — Z is divisible by only the first power of this prime 
ideal P. We set Z = 1+ IT; and, making use of the congruence ( = R™™ 
(mod p) and the equation (1 + M)’ = 1 we find that 


A = SoR-™(1+T)" (mod p) 
(x) 
= ix” E)r} (mod p) 
(X) (Y) 
where the respective sums are taken over x = 0, 1,2 ,...,p— 2; X = 1,2, 
..,p—-1;Y =0,1,2,..., X. When we invert the order of summation in 
the second formula we obtain the congruence 
II” 
— _II m+1 
= (mod Pr). (24.4) 


The Lagrange root number is thus divisible by precisely the m-th power of 
P and consequently A! is divisible only by the first power of p. 
If we denote the complex conjugate of A by A we have 


Ä= ZI 4092-24 CPZ 4p P, 


when we form the product AA and collect the terms involving the same power 
of ¢ we obtain 


AA = (14+1+4::-41) 

p-l po 
+ (ZR 4 ZEB +... +ZR ae) 
+ CZF -14 7R-R Ly ER ) 


+ Cp-2(zRP®-1 + ZRrÜ-R.... 4 DRA RP?) 
= p-1—-(C4+C?4+--4¢P-7) =p 


This establishes the first part of Theorem 138. 

The second part is essentially the converse of the first. It follows easily 
from Theorems 135 and 137 when we make use also of Theorem 48; we have to 
take account of the fact that when a number of an abelian field has absolute 
value 1 then so also do all its conjugates. 

By arguments similar to those used for (24.4) we can also deduce the 
following congruences (Jacobi (3)): 
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IT-7 
“tA =H d prt! 24.5 
s m (mod we) (24.5) 
fori = 0,1,2,...,/—2. If we bear in mind that A is congruent to —1 modulo 


l and that |A| = |,/p| we can obtain from the congruences (24.5) another 
proof of Theorems 135 and 136 (Kummer (6, 11)). 


All the theorems and proofs in this chapter hold also for | = 2 except 
that in that case the discriminant of the abelian field k takes the value d = 
(-1)2 Dp, 

The Lagrange root number A of the field k is an integer of the compositum 
of k and k(C) which, according to the properties enumerated in Theorems 133 
and 138, is completely determined up to the factor ¢*. Finally, in order to 
determine ¢* we must set A = |,/ple?™*”, where 0 < p < 1, and then discover 
which of the intervals 


1 1 2 l—1 
ISp<nTSP<T Con <y<l 
contains the required number y. In the case where instead of | we take the 
prime number 2 this question gives rise to the celebrated problem of the 
determination of the sign of the Gauss sum (cf Sect. 124). For the case | = 3 
we are led to a problem tackled by Kummer (Kummer (2, 4)). 

The numbers of the Lagrange normal basis are usually called “periods”, 
The literature includes a collection of articles concerned with these peri- 
ods and related integers in cyclotomic fields (Kummer (3, 17), Fuchs (1, 2), 
Schwering (1, 3, 4), Kronecker (17), Smith (1)). In the literature we find also 
investigations into particular cyclotomic fields (Berkenbusch (1), Eisenstein 
(10), Schwering (2), Weber (1, 2, 4), Wolfskehi (1)). We mention here also 
that if the prime number l is less than 100 and not equal to 29 or 41 then 
the cyclotomic field k(¢) always has an ideal class whose powers constitute 
all the classes of the field (Kummer (11, 13)). 


25. The Reciprocity Law for [-th Power 
Residues Between a Rational Number and a 
Number in the Field of [-th Roots of Unity 


8113. The Power Character of a Number and the Symbol 
P) 

Up 

Let ! be an odd prime number, ¢ = e?"'/! and k(¢) the cyclotomic field 
generated by ¢. Let p be a rational prime number distinct from / and p a 
prime ideal of k(¢) dividing p. If p has degree f then, according to Theorem 
24, we have for every integer a of k(¢) not divisible by p the congruence 

ar-1_1=0 (modp). 


By Theorem 119 pf —1 is divisible by l; so the left hand side of this congruence 
admits the factorisation 


a” -1_4 = [e — ¢°) 
(c) 


where the product is taken over the range c=0,1,..., 2-1. From this it 
follows that for one (and in fact only one) value of c we have the congruence 


al! ~1)/t = C° (mod p). 
The root of unity ¢° which appears here is called the power character of the 
number a with respect to the prime ideal p in k(¢) and we denote this root 


of unity ¢° by the symbol Hi so we have (Kummer (10)) 


p!-1 _ = a 
a l= (5) (mod p). (25.1) 
If a and £ are two integers of k(() not divisible by p then it follows easily 


u (2}- (2H) 


If in particular the integer a is congruent modulo p to the i-th power of an 
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integer in k(¢) we call a an l-th power residue modulo the prime ideal p. We 
have the following result. 


Theorem 139. If p is a prime ideal of k(C) distinct from | = (1— Ç) and 
a ts an integer of k(C) prime to p then a is an l-th power residue modulo p 


if and only if (F) =1. 


Proof. Suppose a = 6! (mod p), where £ is an integer of k(¢). Then we 


have a(P’-D/l = gp’-1 = 1 (mod p) and so {5} = 1. To prove the converse, 


let p be a primitive root modulo p and set a = p” (mod p). If we have 
oP! -1)/t = ph(p!-1)/! = 1 (mod p) it follows that 

h{p? —1 

Mer =) 20 (mod pf — 1), 
i.e. that k is divisible by l and so a is an /-th power residue modulo p as 
asserted. 

If p is a primitive root modulo p the power character {£} is certainly 
not equal to 1. For in the sequence p, p?, ...the first number congruent to 1 
modulo p is pP’-! and hence p” -D/! £1 (mod p). 

Suppose {£} = (9; let g* be a rational integer prime to pf — 1 such that 
gg* = 1 (mod !). Then p* = p° is clearly a primitive root modulo p for 
which we have =} = (. If now a is any integer of k(¢) not divisible by p 
and a = (p*)° (mod p) then the power character of a is ¢°. 

From this it follows easily that the complete set of numbers 1, p*, (p*)?, 
bey (pt)? =? mutually incongruent modulo p splits into l subsets such that 
all (pf — 1)/! members of each subset have the same power character. In 
particular there are (pf — 1)/l mutually incongruent /-th power residues 


modulo p. 
If b is any ideal of k(£) prime to land a is an integer of k(¢) prime to b 


then, if b = pq---to where p, q, ..., m are prime ideals, the symbol 5 is 
defined by the equation 


8114. A Lemma on the Power Character 
of the l-th Power of the Lagrange Root Number 


Eisenstein succeeded in discovering and proving the reciprocity law which 
subsists in k(¢) between a rational number and an arbitrary number of this 
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field. (Here again we take ¢ to be e?7*/! where l is an odd prime number.) This 
reciprocity law is also a tool which has hitherto been found indispensable in 
the proof of the general Kummer reciprocity law (cf Chap. 31). For the proof 
of the Eisenstein reciprocity law we need the following lemma. 


Lemma 21. Let = e?"'/!; let p be a rational prime number distinct from 
l of the form mi+1; let R be a primitive root modulo p and p the prime ideal 
(p,C - R-™) of degree 1 in k(C). Let Z = e?"/P and 


A=Z+ (ZF 4 Cz +e (P7277? 


the Lagrange root number; set n = A!. Finally let q be a rational prime 
number distinct from p and l; let q be a prime ideal of k(¢) which divides q 
and let g be the degree of q. Then the power character of the number 7 = A! 
with respect to the ideal q is given by the formula 


OROK 


Proof. By raising the equation for A to the q-th power g times we have 
the congruence 


AW = ZË Zr 4 et g... 4 eD (mod g). (25.2) 


If we recall that according to Theorem 119 we have q? = 1 (mod /) and write 
g? = R* (mod p) then the right hand side of the congruence (25.2) becomes 


ZZ Zr ZRH ch 
From this, since (by Theorem 138) A is prime to g, we have the congruence 
Av = CR (mod q) 
and from this we deduce that 
AUT em Mech (mod q) 


and hence 
T e-h 
{ } ch, (25.3) 
On the other hand we deduce from the congruences q9 = R” (mod p) and 
R™ = (7! (mod p) that 


g9 PTD/ gam = Ram = uh (mod p). 


(PGF ao 25.4 


Equations (25.3) and (25.4) together yield the result of Lemma 21. 


Thus we have 
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§115. Proof of the Reciprocity Law in the Field k(¢) 
Between a Rational Number and an Arbitrary Number 


Let [= (1 —¢) be the prime ideal of the field k(¢) which divides l. An integer 
a of k(C) is called semiprimary if it is prime to [ and congruent modulo 
[? to a rational integer; according to this definition every rational integer 
not divisible by / is semiprimary. Any integer a of the field k(¢) can be 
transformed into a semiprimary number by multiplying by a suitable power 
of ¢. In fact, if 

a=a+b(1—¢) (mod Ê), 


where a and b are rational integers, we have 
(aza (mod), 


where b* is determined by the congruence ab* = b (mod !). Thus the number 
¢° a is semiprimary. 

After this introduction we can now state the Eisenstein reciprocity law as 
follows. 


Theorem 140. Let a be a rational integer not divisible by the odd prime 
number | and a a semiprimary number prime to a in the field k(C) of the l-th 
roots of unity. Then in this field we have the reciprocity equation 


(Eisenstein (2)). 


Proof. We let r be a primitive root modulo | and write s = (Ç : 6"). 

We suppose first that a is a rational prime number, q say, and that the 
number a is divisible only by prime ideals of k(¢) of degree 1. Let q be a 
prime ideal of k(¢) dividing qy let g be the degree of q. Let p be a rational 
prime dividing the norm n(q) and let m and p have the same meaning as in 
Lemma 21. If s” is any power of the automorphism s then, applying Lemma 
21 to the prime ideals s~“q and p, we have 


{sag} = {ib 


Applying the automorphism s” to this equation, we obtain 


sn q 19 
— } = { —}. 25.5 
{ q } { sup } 
Let the distinct rational primes dividing the norm n{a) be p = mi + 1, 


p* = m*l +1, ...; let R, R*, ...be primitive roots modulo p, p*, ... 
respectively; set 
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p= (p, = R™) p" = (p",¢ - (RN)... 
and suppose a splits as 
a= pl) (psy PC) eae 
where the exponents F, F*, are all polynomials in s of degree / — 2 all of 


whose coefficients are non-negative integers. 
Let A, A*,... be the Lagrange root numbers corresponding respectively 


to the primes p, p*, ...and their primitive roots R, R*, ...; set 7 = A, 
n* = (A*)', .... Then, according to Theorem 138, we have 

= protr- trat e T 

Tm = (p* ro+r-10tr- 20° + ttri? 


ee ee ee 


where r-n is the least positive rational integer congruent modulo / to the 
(—h)-th power r—" of the primitive root r. The quotient 


aro+r-ı84r7-28° + +r-1428'”? 
mP(8) (g+) EC) an 


is then clearly a unit of the field k(¢). We shall prove that this unit e = +1. 
To this end we form the expression 


| |? 14, LOSS a rotr_ 1847-284 47-1428") 

E| =E — i 
(|) E (fr 2)... 

For h =0, 1, 2, ..., z( — 3) we have the equations 

rh + r_h-4(1-1) = I; 


so the numerator of the fraction on the right hand side is 


(t-1)) 2... {-2 ane 1-2 
alirst (ro+r_-ıs3+r_28 +++r_1+23 ) = all+s+ +3 ) = (nfa). 


Bearing in mind that, according to Theorem 138, we have |r|? = p', 
|x*|? = (p*)!, ..., we deduce that |e| = 1. It follows from Theorem 48 that 
€ is (up to a factor of +1) a power of the root of unity ¢. Since on the other 
hand (by Theorem 138) we have the congruences 


m=—l, m* =-1,... (mod l), 


so that 7, 7*, ...are all semiprimary numbers, it follows that £ is also a 
semiprimary number. Hence € = +1 and consequently 


aro+r-ı8+1-28?+- 47.1428”? = trf mr) ... 


When we apply formula (25.5) this equation yields the reciprocity equation 
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{= orate} = EY. (25.6) 


We notice that 


DEE Eee 


then, since the symbols are powers of ¢, we deduce from (25.6) that 


eh 
q3 a q a 
thus Theorem 140 is established under the conditions we imposed at the 
beginning, namely that the prime ideal factors of a are all of degree 1 and 
that a is a prime number q. 

To remove the first restriction we now suppose that a is any semiprimary 
integer in k(¢) prime to q which may be divisible by prime ideals of degree 
greater than 1. We form the number 


[[a-«) 


B = ale 


where the product in the exponent is taken over all the divisors e of l — 1 
apart from ! ~ 1, and we set 


i 

8 7 p’ 
where i and £ are relatively prime ideals. It is easy to see that i and € have 
only prime ideals of degree 1 as factors and that they are not divisible by I. 
If h is the number of ideal classes in k(¢) then it follows from Theorem 51 
that # = (x) where « is an integer in k(¢). Set y = @x'; then y is an integer 
of k(¢) which has only prime ideals of degree 1 as factors and furthermore, 
like a, is semiprimary and prime to q. According to the result proved above 


it follows that 
2} {9} an 


where p and ø are any integers of k(¢) prime to q. (This does not conflict 
with our earlier notation.) Since 8 = y/r! we deduce from (25.7) that 


2-6) ass 
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When we take into account the equations 


s'a) fay“ q)_sayr 

{Sheth ant aah tab 

we deduce from (25.8) that 
[[a--) J [o-o 
{=} ={Z}o 
q a 

If we notice that the product which occurs as exponent on both sides is not 
divisible by / then we obtain 


Finally suppose that a is an arbitrary rational integer not divisible by 1, 
subject only to the condition that it is prime to a. If we set a = qq* +++, where 
q, q", ... are rational primes, then multiplication of the equations 


(2}={} oe {B}-{}.- 


yields the result of Theorem 140 in the most general case. 


26. Determination of the Number 
of Ideal Classes in the Cyclotomic Field 
of the m-th Roots of Unity 


$116. The Symbol = 


In order to apply the transcendental method described in Sect. 26 for finding 
the class number of a field to the case of the cyclotomic field k(e?"*/™) where 
m is a rational integer we introduce first the following symbols. 

Let !" be a power with positive exponent of an odd prime l and r a 
primitive root modulo /". If a is a rational integer not divisible by l and a’ 


an exponent such that 
r? =a (mod iR) 


then we define 
| — edmia’rTT-ı), 


Ih 
a 
| =° 
if a is divisible by l. If a and b are any rational integers then clearly 
ab aırb 
is] ale) 
If a is an odd integer then we define 
a _ 
[z] = ner 


and, for an exponent h greater than 2, if a’ is a rational integer such that 


In addition we set 


50 = +a (mod ar), 
we set 
gh 
Finally, if a is an even number, we set 


[Z] =0 and [Š] =0 (h > 2). 


a >. F anh—2 
| | — e2tia /2 , 
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If a and b are any rational integers it is easy to see that 


ab aırb 
a >». 
According to these definitions the symbol [= | is completely determined for 


the cases where a is any rational integer and L is either a power of 2 higher 
than the first or else any power of an odd prime, where in the latter case a 
particular primitive root r modulo L is fixed in advance. 

Let iR, he ... be given powers of distinct odd primes and 2%” a power 
of 2 greater than 2°, Then for brevity we set 


Er el Gl” 


a ajtfa yr a ]¥2 
a Be fa m a 
a aj*~aj* fa ]Jtır a u 
| lal el Tel” 
where a is any rational integer and u, u*; u1, Un, ... are non-negative rational 


0 
integers. Finally we stipulate that Fa shall always have the value 1 even 


when | =Q. 


8117. The Expression for the Class Number 
of the Cyclotomic Field of the m-th Roots of Unity 


We state the following theorem, whose proof will be given in Sect. 118. 


Theorem 141. Let m be a positive rational integer of the form 
m=i or m= 2? or m= QU... 
(h* > 2, hı > 0, hz > 0,...). 


where li, lo, ...are distinct odd primes. Let ri, ro, ... be primitive roots 
modulo [ha phe, ... respectively and use them to define the corresponding 
symbols. Then the class number H of the cyclotomic field k of the m-th roots 
of unity can be expressed in two ways as described below. 
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(1) The first form for H is as follows: 


1 1 
H = — ; 

U I] - 

(u1,U2,...) (p) 1— A p78 


Ul U2.. 

when m = [ha pha ‘+> and ui, uz,... are replaced by U; U1, U2,... and by 
u, U";U,,U2,... when m = g2yhijha,., and m = eh pha pha ++ respectively. 
The outer product is taken over the ranges 

u = 0,1... -1)-1, 

ug = 0,1,...,? (l2 —1)—1, 

en (26.1) 

u = 0,1 

u* = 0,1,...,2"°-2-1 
excluding the combinations u = ug =... = 0, u = Wm = w=... = 0, 
u = u" =u, = Ug =... = 0 respectively. So the outer product consists of 


a finite number of factors. Each inner product I] runs over all the rational 
prime numbers p and hence is an infinite product. The number « is the 
number associated to the field in Theorem 56 (see p. 60). 

(2) The second expression for H is a product of two factors, each of which 
is a fraction: in the first case 


n 
_ (unsu2....) (n) ma l (u1su2,-) (n) m .. \ En oma, 
(2Zm)3Pm)-1 R , 
in the other cases the first fraction on the right hand side has the 
additional factor 3 and u], ug, ...are replaced by u; uj, Un, ...or u, u"; 
U1, Ug, ...respectively. Here the product [| in the numerator of the first 


fraction runs over all the numbers given in (26.1) for which, in the first case, 
ui + uz +... and, in the other two cases, u + ui + Uz +... is an odd number 
while the product ]] in the numerator of the second fraction is taken over all 
the numbers in (26.1) for which in the first case ui +u2 ++: and in the other 
two cases u + u, +U2+--- is an even number (excluding always the combina- 
tions up = Ug =... = 0; u = Uy =Ug=...=Ou=U* =u =U=...=0 


in the three cases respectively). Each sum 2 in the first fraction extends 


(n) 
over all positive rational integers n = 1, 2,..., m—1 and each sum 2 in the 


second fraction only over all those integers which are less than 4m. Finally 
log An denotes the real value of the logarithm of the cyclotomic number 
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An = y (1 — etin/m)(] — e-?rın/m) 


and R is the regulator of the cyclotomic field (Kummer (22, 23)). 

Kummer called the two fractions appearing in the second expression for 
H the first and second factors of the class number. Twice the first factor and 
the second factor are rational integers (Kronecker (9)). 

Using the second expression for H Weber proved that the class number 
of the cyclotomic field of the 2°°-th roots of unity is always an odd number 
( Weber (1, 4)). 

The second expression for H can be further transformed. In the case where 
m = lis an odd prime number an easy calculation produces the following 
result. 


Theorem 142. Let! be an odd prime number. Then the class number h 
of the cyclotomic field of the l-th roots of unity is given by the expression 


I] > neztin'u/(t- 1) 


h = (u) (n) , Aoh-a) 
(21) 40-3) R 
where the product il is taken over the odd numbers u = 1, 3, 5,..., 1-2 
and each sum > is taken over the range n =1, 2, 3,..., 1-1. A primitive 


(n) 
root r modulo l is chosen and for each n we determine n' such that r” =n 
(mod l). A is the determinant 


logeı log £9 vee log ey (1-3) 
(—1)(-9)(1-8)/8 log ea log £3 wee log E} (1-1) 
log Ezz, logéergiy ++: log &ı-4 


where in general loge, is the real value of the logarithm of the unit 


_ 1 — cr’ 1 — er 
Eg = 1— cre} 1— Grm! 


where Ç = e?"'/! (Kummer (7, 11), Dedekind (1)). 


The two fractions occurring in this expression for h arise from the two 
fractions in the formula given above for the general case and hence are the 
first and second factors of the class number in the earlier sense. In the present 
case both factors of the class number are rational integers. The second factor 
represents the class number of the real subfield of k(¢) of degree $(/ - 1). 
Kummer has stated other results about these two factors concerned with 
their divisibility by 2 (Kummer (25)). The attempts by Kronecker to prove 
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these theorems by purely arithmetic means contain a mistake and the gen- 
eralisation given by Kronecker is not correct (Kronecker (11)). In addition 
Kummer has carried out investigations in another direction into the meaning 
and properties of these two factors (Kummer (13)). We refer also to Chap. 
36. Finally, Kummer has stated a result asserting that the class number of 
every subfield of k(() is a factor of the class number of k(¢). His proof of this 
statement, however, is not valid (Kummer (7)). 


§118. Derivation of the Expressions for the Class Number 
of the Cyclotomic Field k(e?**/™) 


To prove Theorem 141 we consider the most complicated case, in which m is 
divisible by 8, and state the following lemma. 


Lemma 22. Let p be a rational prime number, m an integer divisible by 
8. Then, with the notation introduced in Theorem 141, we have, for all real 
numbers s greater than 1, 


I]i--@-}= J hi- |—_~_ le} 


*, 
(P) (uu yuru.) U,U,U],ÜUg,.... 


where the product on the left hand side is taken over all prime ideals P of 
the cyclotomic field k(e?"*/™) dividing p and the product on the right hand 
side over all the ranges for u, u*; ui, Un, ... given in (26.1) (the system 
u = u* = u = ug =... =0 being included). 


Proof. First suppose that p is a prime number not dividing m. Let ! be 
one of the odd prime numbers 1), lz, ... and !* the exact power of l dividing 
m; let r be a primitive root modulo J" and suppose that p = r” (mod /"), Let 
e be the greatest common divisor of p’ and 1*1 {1 —1) and f = F"!(I-1)Je. 


Then the symbol [| is obviously precisely an f-th root of unity (i.e. not a 


root of unity of lower order). 


Choose first | = lı and correspondingly h = hy, e = e and set 
fh = ml, — 1)/eı. Then we have the formula 
p p fi ei 
N a Oo 
(u) U, U”; Ul, U2;--- U, U”; Ug, Ugye 


where the product extends over the range of u, given in (26.1). Next choose 
= ly and correspondingly h = ho, e = eg, fı = ll, — 1)/e2. Then, if fıa 
is the least common multiple of fi and fo, we have 
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p 
m {i-i an 
U, UŽ UL, U2,...4 


(uy u2) 

p fiz erve2fife/ fie 

(loa) | 
U, U”; U3, U4,.-. 


where the product is taken over the ranges of ui, u, given in (26.1). 
Proceeding in this way we obtain, if fio. is the least common multiple of 


fi, fa...» 


er 


(u ,u2....) U, U"; U1, U2,.-. 
p ıfı2. e162... fy fa.../ fir... 
[cal emp 
u, u* 
where the product runs over the ranges of u1, uz, ... given in (26.1). 


Next let p = +5” (mod 2""); let e* be the greatest common divisor of 
p’ and 2*" 2. set f= 22e", Then Fal is precisely an f*-th root of 
unity; hence we obtain (setting ffp., to be the least common multiple of 


Ft, fi, fay.) 


1 kr 


“, 
(u ;un sun...) U,U ‚U],U2,..». 


22 
where now the product is taken additionally over all the values of u* in (26.1). 
_ Finally, let ē be the greatest common divisor of *(p — 1) and 2 and set 
f = 2/é. If F is the least common multiple of the numbers f, f*, fi, fo, 


. and we write _ _ 
eerejen [fifa 


(1 [B poeti Pome Ae 


E= 
F 
then we deduce from the last formula that 
p 
fı- [j -n (26.2) 
u, u”; U1, U2, tae 


(UU IUL ta...) 


where the product is taken over all values of u, u*, ui, uz, ... given in (26.1). 
We see at once that F is the least positive exponent with the property that 
pë = 1 (mod m); and in addition FE = (m). Hence, when we make use 
of Theorem 125 we deduce from (26.2) the formula asserted in Lemma 22. 
With the help of the second assertion in Theorem 125 we deduce easily that 
the formula holds also in the case where p is a prime divisor of m. 
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The first expression for H in Theorem 141 now follows at once from 
Theorem 56 if we use the second representation of ¢(s) in Sect. 27 and apply 
Lemma 22 which we have just proved. 

To derive the second expression for H we transform the infinite product 
appearing after the limit sign in the first expression into an infinite sum, as 
follows: 


1 n 1 
aeee nn, — 

I] p Dl u*; u, u | n? 

o1- lA (n) te Bun Bla Yate 

U, U”; Ul, U2,» r 

where the sum on the right hand side is taken over all positive integers n. 
Further manipulation of the sum is most easily carried out if we make the 


substitution ı 


1 O nts- 
= ntgs-Igy 
n al 


and then proceed in the same way as in Sect. 86. 


8119. The Existence of Infinitely Many Rational Primes 
with a Prescribed Residue Modulo a Given Number 


Each of the two expressions for the class number H of the cyclotomic field of 
the m-th roots of unity which we stated in Sect. 117 and have just proved has 
an important consequence. The first expression serves to prove the following 
result. 


Theorem 143. Let m and n be relatively prime rational integers. Then 


there are infinitely many prime numbers p such that p = n (mod m) 
(Dirichlet (5, 6), Dedekind (1)). 


Proof. Here again we consider the most complicated case, in which m is 
divisible by 8. As in Sect. 117 we set m = 2"" 122... Each of the infinite 


products j 


p 
(p) 1 — | p 3 
UU ‚U],U2,... 
occurring there, with the exception of the one corresponding to the values 
u=u* =u, = U2 =... = 0, converges for s = 1 to a determinate limit; from 
the first expression for the class number H given in Sect. 117 these limits 
must all be nonzero. Thus we may take the logarithms of these products 
and then simple calculations similar to those in Sect. 80 lead to the result 
that for every set of values for u, u*; ui, Ua, ... (always excluding the case 
u = ut = Uy = Ug =... =0) the infinite sum 
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> —— I (26.3) 


*, 3 
(p) UU 4 U1, U2,.-. p 


(where p runs over all rational prime numbers) has a finite limit at s = 1. 
Since n is supposed relatively prime to m the symbols 


ah lah h E 

22 1 ah ’ yn 1 (h? gea’ 

are all nonzero. We multiply the expression (26.3) by 
1 


aE e e 
22 Qh yh [he 
then, letting u, u*; u1, u2, ... run through the values given in (26.1) (with the 


case u = u* =u = Ug =... = 0 excluded) and adding all the expressions so 
formed to the infinite sum (18.1) (see Sect. 80, p. 143) we obtain 


Lll +P) (1+ Pe+(P*)h +. 
(14+P4+ (FA)? + 
(1+ P+ (P) +e 


* h*-2-1 
+ (P*)? ): 
+ (Pi dan). 
.+ (BD) (el... p~ 


where we write (26.4) 
En p- E p- Œl 
een 


If we omit from the infinite series (26.4) the terms corresponding to the prime 
divisors 2, lı, l2, ...ofm (of which there are only finitely many) the remaining 
terms of the series sum to #(m) $ p~* where p runs over only those rational 
primes for which the values of P, P*, Pi, Po, ... are all equal to 1, that is 
for precisely those prime numbers which satisfy the congruence condition in 
Theorem 143. 

Since the infinite sum (18.1) (see p. 143) increases beyond all bounds for 
s = 1, while on the other hand the infinite sums (26.3) all remain finite for 
s = 1, it follows that the value of the infinite sum (26.4) must increase beyond 
all bounds for s = 1. Hence there must necessarily be infinitely many prime 
numbers satisfying the condition of Theorem 143. 
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8120. Representation of All the Units of the Cyclotomic 
Field by Cyclotomic Units 


The second of the two expressions given in Sect. 117 enables us to prove the 
following theorem. 


Theorem 144. Every unit of an abelian field is a root with rational 
integer exponent of a product of cyclotomic units. 


Proof. Consider first the case where m = l is an odd prime. According to 
the formula in Theorem 142 the second factor of the class number contains in 
its numerator a certain determinant A. This determinant A is thus nonzero. 
From this it follows, when we take into consideration the results of Sect. 20 
and 21, that the (l — 3) units £1, €2, ...,€4(1-3) given in Theorem 142 form 
an independent set of units. This fact establishes the result of Theorem 144 
for the particular case of the cyclotomic field k(e2**/') and so also for all its 
subfields (Kummer (11)). 

A transformation of the second factor of the class number similar to that 
given in Theorem 142 is also possible in the case of the cyclotomic field 
k(e2"*/™) of the m-th roots of unity where m is an arbitrary composite 
number; the corresponding expression together with Theorem 131 leads to a 
proof of the general case of Theorem 144. 


A rich store of numerical experimental data of great use for the deeper 
investigation of the theory of cyclotomic fields is available in the tables of 
complex prime numbers calculated by Reuschle (Reuschle (1), Kummer (24), 
Kronecker (12)). 


27. Applications of the Theory of Cyclotomic 
Fields to Quadratic Fields 


8121. Generation of the Units of Real Quadratic Fields 
by Cyclotomic Units 


If we apply to a quadratic subfield of the cyclotomic field of the m-th roots 
of unity some of the properties derived in the preceding chapters then we 
obtain new theorems about quadratic fields. We render this method even 
more fruitful by using it in conjunction with the results which we found in 
Part 3 by direct consideration of quadratic fields. 

According to the general Theorem 144 it follows in particular that every 
unit of a real quadratic field k(,/m) is a root of a product of cyclotomic units 
with a rational integer exponent. A special unit of k(y/m) is given by the 
following expression 

I cerra — e-rib/d) 


II nia/d _ ge-mia/d 
(ie € ) 


where d is the discriminant of the field k(,/m) and the products I and i 
are taken over all the integers a or b in the range 1, 2,..., |d| such that 


d 
(<) = +1 or (5) = — +1 respectively (Dirichlet (7)). Cf Sect. 86. 


§122. The Quadratic Reciprocity Law 


Let l be an odd prime number, r a primitive root modulo J; let ¢ = e?7*/! 
and s = (¢:¢"). The subfield of k(¢) belonging to the subgroup of its group 
consisting of the automorphisms 1, s?, s*, ..., s!’ is a quadratic field k*. 
Since, according to Theorem 118, the discriminant of k(C) is (-1)2!-Dl-2, 
it follows from Theorem 39 that the discriminant of k* has no rational prime 
factor other than / and so, by Theorem 95, it has the value d = (—1)}0-D, 

Let p be either the prime number 2 or an arbitrary odd prime number 
distinct from l. If we carry out the factorisation of p first in the cyclo- 
tomic field of the l-th roots of unity and then directly by Theorem 97 in 
the quadratic subfield k* and compare the results, we obtain a new proof of 
the quadratic reciprocity law (Kronecker (15)). We proceed as follows. 
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Let f be the least positive exponent such that p = 1 (mod !); set 
e = (l — 1)/f. Then, according to Theorem 119, the prime number p splits 
in the field k(¢) as a product of e prime ideals PB, sP, ..., s°~'$8 and, 
according to Theorem 129, the common decomposition field kz of these prime 
ideals is of degree e. The rational prime p then clearly splits or remains prime 
in k* according as k* is a subfield of k, or not. When we recall that the field 
k(¢) has only the one quadratic subfield k* and that an abelian field actu- 
ally has a quadratic subfield if and only if its degree is even, then we see 
that k* is included in k, if and only if the number e is even. On the other 
hand, according to Theorem 97, the prime number p splits or remains prime 


(—1)2-)] 
in k* according as (7) = +1 or —1, If e is even it follows that 


prt) = płef =] (mod 2), ive. ($) = +1; in the other case we have 


l 
pi) =pift= (-1)° = —1 (mod 2), ie. (7) = —1, Thus in each case we 
have hae 
p —1)2v 91 
(£) - (FT). (27.1) 


We suppose first that p is odd; from (27.1) it follows that 


—1)$(-1) 
A) (I) era 


and further, if we interchange p and ! we obtain 
(2) - (cure). 
p l 
If we set | = 3 this gives 


=) = (~1)#@-0), (27.3) 
Combining (27.3) with (27.2) we obtain 
LV (PY = (ye-DA@-D 
(D = nioso. ara 
If we set p = 2 in (27.1) we have 
2) 6D _ 42-1) 
(7) = (=a) ee. (27.5) 


Equations (27.4), (27.3) and (27.5) are the quadratic reciprocity law and its 
two supplementary laws. 
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8123. Imaginary Quadratic Fields with Prime 
Discriminant 


Theorem 145. Let! be a rational prime number such that | = 3 (mod 4); let 
p be a rational prime number of the form p = ml +1. Then for each prime 
ideal p of the imaginary quadratic field k(/—l) which divides p we have 


pid b-), a)/t 1 


where Ja is the sum of the smallest positive quadratic residues and Y` b is 
the sum of the smallest positive quadratic nonresidues modulo I. 


If p = pp’ and 
pL5-Le)/t = (m) 


where n is an integer of the imaginary quadratic field k(./—l) then we have 


n=4+ (mod p’), 


1 
Il, (am)! 
where the product in the denominator 1s taken over the smallest quadratic 


residues a modulo l (Jacobi (1, 2, 3, 4), Cauchy (1), Eisenstein (4)). 


Proof. If 3 is a prime ideal of degree 1 in k((), then, with the notation 
described in Theorem 136, we have 


gp dota 1044-28 444-1420" = (A), (27.6) 


where A is an integer in k(¢). If p = mi +1 is the rational prime divisible by 
P and p = pp’ its factorisation in the quadratic subfield k(/—l) of k(¢) then 


the prime ideals p and p’ of k(./—/) have the form 
p = yet 
! sp = gets? +t?) 


p = 


If we raise equation (27.6) to the (1+s?+s?+- + s'~3)-th symbolic power 
it follows that 


piotd-2td-atetd-i+3 (pya-ıra-atg-sttg-ir2 = (a), 


where a is a number in k(/—l). Since 


yub= da 
l 


g-1 + 4-3 + + g-i+2 — 90 ~ 9-2 = tt ts = (r+ 


it follows, when we take account of the equivalence pp’ ~ 1, that 


pen dZb-Le)/i n], (27.7) 
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On the other hand we have, according to Theorem 135, 
gprotr-1str—28 + tripas? = (B) 
where B is an integer in k(¢). If we now raise this equation to the 
(1+ s? stp s!=3)-th symbolic power it follows that 


pido D4) = peee) oy. (27.8) 


Since the number r+1 is not divisible by l (when we disregard the case where 
l = 3 in which the result is immediately clear) the equivalence asserted in the 
first part of Theorem 145 follows from the equivalences (27.7) and (27.8), 

The second part of Theorem 145 follows by a more detailed examination 
of the congruence properties (24.4) and (24.5) of the Lagrange root number 
A which we developed in Sect. 112. 


An essentially different proof for the first part of Theorem 145 follows 
immediately from a remark we made at the end of Sect. 86 concerning the 
form of the class number of k(V-!) in the case where l = 3 (mod 4). 

By a noteworthy modification of Jacobi’s procedure it is also possible to 
extend the statement of Theorem 145 to the case where the prime number p 
is not of the form ml +1 (Eisenstein (11), Stickelberger (1)). 


8124. Determination of the Sign of the Gauss Sum 


Let p be an odd rational prime number. Then, according to the definitions 
of Sect. 111 and their extension in Sect. 112 to the case where ! = 2, we can 
determine the Lagrange normal basis and the Lagrange root number for the 


quadratic field k(y (-1)#-Yp). If we set Z = e?”VP then the Lagrange 
normal basis for this field consists of the two numbers 
Ao = SOZ’, = rs 
(a) (b) 
and the Lagrange root number has the value 
A=db-Aı=),2°-) 2 
(a) (b) 


where a and b run respectively through the quadratic residues and non- 
residues modulo p among the numbers 1, 2, ...., p—1. The problem discussed 
at the end of Sect. 112 of determining A completely once A! is found reduces 
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in the present case of a quadratic field to the determination of a certain 
sign; it is answered by the following theorem. 


Theorem 146. The Lagrange root number A of the quadratic field with 
prime number discriminant (—1)-p is a positive real or positive purely 
imaginary number (Gauss (2), Kronecker (4)). 


Proof. Since the Lagrange root number A in question here is a number of 
the quadratic field and, according to Theorem 138, we have 


[Al = | val, 


its square has the value (—1)4@-Dp, Hence we have 


A= +4/(-1)2-Dp, (27.9) 


In place of the ideals denoted by p and 8 in Sect. 112 we have to deal in 
the present case where / = 2 with the ideals (p) and (1 — Z) respectively; the 
congruence (24.4) thus becomes 


(—1)3 (P+) 


= _ - _ ) 
A= Goi" Z)t@-)) (mod (1 — Z)#+), 


that is 
A= (4(p—1))'(1—Z)#@-) (mod (1 — 2) P*), (27.10) 
We consider on the other hand the expression 
A = (Z7! - 2+1)(27? — 2+)... (Z-4@-Y _ Zr), 


Since this changes only in sign if we replace Z by Z? (where R is a primitive 
root modulo p) and since the ideal (A) coincides with the ideal (1 — Z)4@-)) 


we must have 
A= +y (—1)łP-Dp, 
In order to determine the sign here we bear in mind that 


2h 
Z-h — Z+} = -2i sin == (h = 1,2,...,3(p—1)) 


and from this we obtain a value for A of the form (—i)#(°-") P where P is a 
positive real number, From this it follows that 


A = (-1)8 "94 /(—1)8@-Yp, (27.11) 


where from now on /(-1)3(#"Dp shall be taken to be the value of the square 
root which is either positive or positive purely imaginary. 
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Finally, the equation 
A = 271-8 FY — ZU — Z%)...(1- Ze) 
shows that 


A = 2.4-6. (p —1)(1 —Z)#@-Y 


2ł0-D(1(p—1))(1—Z)ŻP-) (mod (1 —Z)* P+) 


and hence it follows from (27.10) that 
A=240-YA (mod (1 — Z)? P+), 


Since 9 
40-2 = (Z\ = (_14P®-)) 
224P ( ) (—1)8” (mod p) 


we obtain from (27.11) that 
A= (-1)}0-Dp (mod (1 —Z)#@*”) 


and hence, according to (27.9), that 


A =y (-1)t@-Yp. 


This completes the proof of Theorem 146. 


Up to now very little has been published about special abelian fields of 
degree greater than 2; we mention, however, Eisenstein’s article on cubic 
forms arising from cyclotomy, which can be seen as an introduction to the 
theory of cubic abelian fields (Eisenstein (10)), Bachmann’s work on the 
complex numbers formed by composing two square roots (Bachmann (1)) 
and Weber’s investigations into abelian cubic and biquadratic number fields 
(Weber (2, 4)). 


Part V 


Kummer Number Fields 


28. Factorisation of the Numbers of the 
Cyclotomic Field in a Kummer Field 


§125. Definition of Kummer Fields 


Let ! be an odd rational prime number and k(¢) the cyclotomic field generated 
by Ç = e?™*/!, Let u be an integer of k(¢) which is not the /-th power of a 
number in k(¢); then the /-th degree equation 


z!—-u=0 


is irreducible over the field k(¢). If we choose a fixed root M = Yp of this 
equation then the remaining l — 1 roots are 


¢M,¢?M,...,¢°°'M. 


The field k(M, Ç) generated by M and ¢ is called a Kummer field. Such a 
Kummer field k(M,¢) is of degree I(l — 1); it includes the cyclotomic field 
k({¢) as a subfield and is an abelian extension of k(¢) of relative degree J. By 
the operation of replacing M by ÇM in a number or an ideal of this Kummer 
field we obtain the relative conjugate number or ideal. We shall denote this 
operation by prefixing the substitution symbol S. 

The following results are easily proved. 


Theorem 147. Let s = (Ç : ¢"), where r is a primitive root modulo l. 
Then the Kummer field determined by M = Yu and Ç is a Galois extension 
of the field of rational numbers if and only if there occurs among the symbolic 
powers ut, u°?, ..., ITEY. the l-th power of some number in k(C). 

In particular the Kummer field k(M,¢) is an abelian field if and only if 
pe? is the l-th power of a number in k(C). 


If the Kummer field k(M, Ç) is a Galois or, in particular, an abelian field 
then it is obtained (as we see using the ideas introduced in Sect. 38) by 
composing the cyclotomic field k(¢) and a field of degree I. 
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8126. The Relative Discriminant 
of aKummer Field 


Our first task is to determine the relative discriminant of k(M,¢) with 
respect to k(¢). We prove the following result. 


Lemma 23. If a prime ideal p of the cyclotomic field k(C) is the I-th 
power of a prime ideal $ of the Kummer field k(M,C) and A is an integer 
of k(M,¢) divisible by P but not by P? then the relative discriminant of A 
and the relative discriminant of k(M, C) with respect to k(C) are divisible by 
precisely the same power of p. 


Proof. It is clear that every integer {2 of the Kummer field k(M, ¢) can be 
represented in the form 
a+ A A+ aQA? +--+ + ay AT! 

8 ? 

where a, aı, M2, ..., &-ı, 8 are integers in k(¢). If 8 is divisible by p it 
follows that the numerator of the fraction on the right hand side must be 
congruent to 0 modulo p. Since A = 0 (mod 9) it follows that a = 0 (mod 
PB) and so, since a lies in k(¢) we actually have a = 0 (mod p). From this 
last congruence we have 


2 (28.1) 


aA + aA? +- +a Ai =0 (mod p). 


Since A # 0, A? = 0, ..., A! = 0 (mod 8?) it follows that a, = 0 (mod P) 
and hence a; = 0 (mod p) so that we have 


AA? +... +a_,A!=0 (mod p). 


Since A? # 0, A? = 0, ..., Al! = 0 (mod %?) we must have ay = 0 
(mod $8) and hence ag = 0 (mod p). Proceeding in this way we see that all 
the coefficients a, a1, @2, ..., &-ı must be divisible by p. If now 9’ is an 


integer in k(¢) which is divisible by 8/p but not by 8 then the numbers af’, 
aß’, ..., a-ıß’ are all divisible by 8. We set 


,_ af! aß’ , ap 


! 
, A) = potesy i-1 
B B B 


Q 


and obtain 

a’ +olA + aA? +. aL At! 
N= a, > 
where the exponent of the power of p dividing 9’ is 1 less than that for 9. If 
we apply to (28.2) the procedure we have just used to deduce it from (28.1) 
and continue in this way we eventually have the result that every integer 92 


, (28.2) 
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of the field k(M,¢) can be represented in the form 


& + GA + oA? +--+ 4+ a, Ab! 
B 


where &, &,..., Qj—1, @ are all integers in k(C) and @ is prime to p. Now we 
represent all the I(l — 1) numbers of a basis for the Kummer field k(M, Ç) in 
the form (28.3) and consider the !-rowed matrix formed from these numbers 
and their relative conjugates; it is then obvious that the relative discriminant 
of the Kummer field k(M,¢) on multiplication by an integer 8 prime to p 
must be divisible by the relative discriminant of the number A. 

This completes the proof of Lemma 23. 


N= , (28.3) 


Theorem 148. Let A = 1 — ¢, I = (A); let p be a prime ideal of k(() 
distinct from I. Let p be a number of k(C) divisible by p° precisely. If e is 
prime to l then the relative discriminant with respect to k(¢) of the Kummer 
field generated by M = u and ıs divisible by p!=! precisely. Ife is divisible 
by l then this relative discriminant is prime to p. 

As far as the prime ideal I is concerned we can first exclude the situation 
in which the number u is divisible by a power of | whose exponent is divisible 
by l; for in that case we can replace u by a number u* prime to | such that 
k(./u*,¢) is the same field as k(‚/n,C). When this possibility is excluded we 
have two cases to consider - (1) when u is divisible exactly by a power of I 
whose exponent is prime to l; (2) when u is not divisible by I. In the first case 
the relative discriminant of k(,Yn,() with respect to k(¢) is divisible by [~ 
precisely. In the second case let m be the greatest ezponent not exceeding l 
for which there exists a number œ in k(¢) such that p = a! (mod I”), Then, 
ifm = l, the relative discriminant is prime to I, while if m < l it is divisible 
by WIDMEN) precisely. 


Proof. We begin with the first part of Theorem 148. Let r be an integer 
of k(C) divisible by p but not by p° and let v be an integer of k(C) divisible 
by m/p but prime to p. 

If the exponent e of the precise power of p dividing p is not a multiple of / 
then we can find two positive rational integers a and b such that 1 = ae - bl. 
Then p* = pv?! /7°! is an integer of k(C) divisible by p but not by p? and it 
turns out that if we set M* = ./u* then k(M*,¢) = k(M,¢); furthermore, if 
we denote the ideal common divisor of M* and p in the field k(M,¢) by $, 
then 

P= SP, p=P'. 
The ideal 98 is thus an ambig prime ideal of the Kummer field k(M,¢) with 
respect to the subfield k(¢); hence, according to Theorem 93, % occurs as a 
factor of the relative discriminant of k(M,¢) with respect to k(¢). Since the 
number M* is divisible by P but not by P? and since the relative discriminant 
of M* with respect to k(¢) has the value (—1)$(-)i!(y*)!-! it follows from 
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Lemma 23 that the prime ideal p occurs in the relative discriminant of the 
field k(M, () to precisely the (J — 1)-st power. 

If, on the other hand, the exponent e of the precise power of p dividing 
pis a multiple of / then u* = uv*/n® is an integer of k(() not divisible by 
p. Since the relative discriminant of M* = Yu* with respect to k(¢) has the 
value (—1)4¢-7!'(,*)'-! it is prime to p. It follows that the same holds for 
the relative discriminant of the field kK(M,¢) with respect to k(¢). 

Now we consider the situation relating to the prime ideal [. If it happens 
that the exponent e of the exact power of I dividing yu is not a multiple of / 
then we proceed as we did in the first part of the proof when we dealt with 
the prime p. Thus we introduce in place of x a number p* which is divisible 
by I but not by [?. Since the relative discriminant of the number M* = yg" 
has the value (—1)#¢-1'(,,*)!-! it follows from Lemma 23 and the defining 
property of u* that the relative discriminant of the field k(M, ¢) with respect 
to k(C) is divisible by I”! precisely. 

Next we have to consider the case in which p is not divisible by [. Let m 
be the exponent defined for this case in the statement of Theorem 148; by 
the definition we have m < I. 

Suppose first that m = l. Then there is a number a in k(¢) such that 
u = a! (mod l); hence (u — a!) /A! is an integer in k(C) and so the l-th degree 
equation in T 

(Ar — a)! +p 
Ni 
has all its coefficients integers. Since x = (a — M)/A (where we set M = wp) 
is a root of this equation, we see that the number 2 = (a—M)/4 is an integer 
of the field k(M, (). The relative discriminant of 2 is eu!”!, where £ is a unit, 
and consequently the relative discriminant of the field k(M,() with respect 
to k(¢) is prime to I. 

Secondly, suppose that m < l, so that u cannot be congruent to an /-th 
power modulo lf; we set p= al + aA” modulo ("+! where a is an integer in 
k(¢), m is the exponent described in the statement of the theorem and a is 
a rational integer not divisible by l. Now we consider the ideal 


A= (A,a—M). 


= 0 


The number (a —M)/4 is certainly not an integer since its relative norm with 
respect to k(¢), namely (a! — u)/A!, must be a fraction since m < l and hence 
the number a — M is not divisible by I; thus the ideal U is distinct from [. 
On the other hand X is also distinct from 1 since the relative norm of the 
number œ — M is divisible by I!” according to the congruence 


Ni (a —M) =a! —p=-aX™ (mod "+. (28.4) 


Since SA = A we have that 2 is an ambig ideal; since it must be a factor 
of [ it follows that under the present conditions [ must belong to the first of 
the three types of prime ideals in the subfield which were distinguished in 
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the proof of Theorem 93 in Sect. 57, i.e. we have [= £! where £ is a prime 
ideal (obviously of degree 1) in the field k(M,¢). From the congruence (28.4) 
it follows that A = £”. 

Now we determine two positive rational integers a and b such that 
1 = am — bl and set 


(a - M)® 
a= zu 
Since SM = CM it follows that 
(a ~ M+ AM)? 
80 = y 


and we conclude from this expression that (2 — SN is divisible by precisely 
the (l — m + 1)-th power of £. Since the same holds for each difference 
between any two of the relative conjugates of N it follows that the relative 
discriminant of the number f2 with respect to k(¢) is divisible by precisely 
the (l -m+1)(/ — 1)-th power of I. From this it follows, using Lemma 23, 
since f2 is divisible by only the first power of £, that the relative discriminant 
of the field k(M,¢) with respect to k(¢) is divisible by the given power of I. 


The relative discriminant of the Kummer field k(M, ¢) with respect to the 
field k(¢) is completely determined by Theorem 148; according to Theorem 
39 we can deduce from this relative discriminant the discriminant of the 
Kummer field k(M, ¢). 


§127. The Symbol {=} 


To make further progress it is necessary to generalise the symbol {=} intro- 


duced in Sect. 113 as follows, so that it makes sense also in the cases where 
to divides u and where tv = I. 

Let w be an arbitrary prime ideal in k(¢) and p any integer in k(¢) which 
is not the /-th power of an integer in k(¢). If the relative discriminant of the 
Kummer field generated by M = „a and ¢ is divisible by w then the symbol 
{=} has the value 0. 

If, on the other hand, the relative discriminant of the field k(M, £) is not 
divisible by to then, according to Theorem 148, we can find a number a of 
k(¢) such that u* = a' is an integer of k(¢) not divisible by to. (If p is itself 
prime to tv then a = 1 already fulfils this condition.) If t # | we define the 
symbol in question by setting 
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If w = [ then, since the relative discriminant of k(M, Ç) is not divisible by I, 
we can, according to Theorem 148, choose a in such a way that we have in 
addition u* = 1 (mod |). In this case we have a congruence of the form 


p*=1+ad (mod t+!) 


where a is a certain integer in the range 0, 1, 2,..., 2-1. We then define the 


(=e 


If p is the l-th power of an integer in k(() and w is any prime ideal of 
k(¢) then we define {=} = 1. 


symbol iF} by the equation 


In this way the value of the symbol { } is uniquely determined for every 


ait 


: the value is in each case either 0 


set 


integer u and every prime ideal w of k(¢ 
or else a certain {-th root of unity. 
Finally let a be any ideal of the field k(¢); set a = pq--- tw where p, q, 


..., to are prime ideals of k(¢). Then, if x is any integer of k(¢), the symbol 


{E} is defined by the following equation 
a 


at int 


If a and b are any ideals in k(¢) then it is clear that we have 
tat e 


8128. The Prime Ideals of a Kummer Field 


Let u be an integer of k(¢) such that M = ‚Yg is not a number in this field. 
The problem of factorising the prime ideals of k(()) into prime ideals of the 
Kummer field k(M, (6) is resolved by the following theorem. 


Theorem 149. A prime ideal p in k(¢) is either the l-th power of a 
prime ideal in the Kummer field k(M, C) determined by M = Yu and ¢ or the 


product of | distinct prime ideals or itself a prime ideal according as 


(E) = 0 or 1 or anl-th root of unity distinct from 1. 


Proof. The first part of the theorem relates to the prime ideals which 
divide the relative discriminant of the Kummer field k(M,¢); according to 
Theorem 93 these are ambig ideals. From this fact or from the proof of 
Theorem 148 we deduce the result stated for these prime ideals. 
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If p is a prime ideal which does not divide the relative discriminant of 
k(M, ¢) let #* be an integer not divisible by p such that the quotient u*/u 
is equal to the i-th power of a number in k(¢). The field k(M,() is then 
generated also by M* = Yu* and ¢. 


We consider first the case where p Æ l. Then, if it happens that (E) =], 


it follows from Theorem 139 that u* is congruent to an l-th power modulo p. 
We determine (as is clearly possible) an integer a in k(¢) such that 


u* =a! (modp) and p* #a' (mod p°); 
then we construct the relatively conjugate ideals 


P = (p, M* - a), 
SP 


Il 
— 
= 
Mr 

= 

t 
| 
Q 
— 


sim — _ 
and easily verify the result that 


| 
— 
Ba 
wx 
_— 
= 
* 
R 
— 


Since 
(P, SP) = (p, M* —a,¢M" —a) = 1 

it follows that P and S$ and consequently all ! prime factors P, SP, ..., 
S'-193 of the ideal p are distinct from one another. Thus the prime ideal 
p belongs to the second of the three types of prime ideal of the subfield 
which were enumerated in the proof of Theorem 93: it splits in k(M, ¢) as the 
product of ! distinct prime ideals. Conversely, if a prime ideal p of the field 
k(¢), where in this case we may have p = I, splits in the field k(M,() as a 
product of l distinct prime ideals P, SP, ..., S'~'%3 of k(M,¢) then if p is 
the rational prime number divisible by p and N(P) = pf is the norm of ® 


we have 
N(p) = N(PIN (SP) N(ST P) = p” 


and hence the norm n(p) of p in the field k(C) is also equal to pf. The fact 
that the norms N{P) and n(p) are equal allows us to deduce, as in Sect. 57, 
that every integer of the field k(M, ¢) is congruent modulo $ to an integer 
of the subfield k(¢). In particular, if we set M* = a (mod $$) where a lies 
in k(C), it follows that (M*)! = p* = a! (mod P); since yt - a! is in k(C) 
we must have p* congruent to a! modulo p also. Hence (Th = {E =1, 


p 
This completes the proof of the last part of Theorem 149 for a prime ideal p 


distinct from I. 

Finally we consider the case of the prime ideal I. If the relative discrim- 
inant of k(M,¢) with respect to k(¢) is not divisible by I then, according to 
Theorem 148, the number u* satisfies a congruence of the form 
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u" =al+ad (mod +), 


where a is a rational integer. If now iF} = 1, ie. if a is divisible by /, we 
deduce a congruence of the form 
u" =a'+a*d't! (mod (+7), 
where a” is also a rational integer. If a* is not divisible by / we set u** = p"; 
if, on the other hand, a* is divisible by l we set u** = (1+A)'p* = (1-27)! yu", 
from which it follows that 
we =al+ dla! (mod t'+?), 
Thus in both cases the number p** satisfies a congruence 
u** = a! + at* tt) (mod +2), 
where a** is a rational integer not divisible by /. If we set M** = Yy** and 
£ = (A, (a - M**)/A) 
then we obtain the factorisation 
(=£. S£- SIE. 
Since 
(à, (œ — M**)/à, (a — ¢M**)/à)=1 
it follows that £ # S£ and hence the ! prime ideals £, S£, ..., S'"!L are all 
distinct. 

Conversely, suppose that [ has a factorisation of this form in the Kummer 
field k(M, ¢); then, according to a remark made earlier which, as we noted at 
the time, applies also when p = I, the norms of £ in k(M, ¢) and of [ in k(¢) 
coincide. Hence each integer of the field k(M, ¢) must be congruent modulo £ 
to an integer of k(¢). Then, since according to Theorem 93 [ is not a factor of 
the relative discriminant of k(M,¢) with respect to k(¢), Theorem 148 allows 
us to write u* = a! (mod lt) and consequently (a — M*)/ is an integer. Since 
£ is a prime ideal of degree 1:in k(M, ¢) this integer is congruent modulo £ 
to a rational integer a. Then, if N, denotes the relative norm with respect to 
k(¢), we have the congruence 


N. (2 — 


_ a) =0 (mod I), 
i.e. 
(a — ad)! — p* =0 (mod (+4), 
hence {= \ = (E) = 1. These facts establish the last part of Theorem 149 
for the prime ideal I. 


By means of Theorem 149 we have obtained, in the present case of the 
fields k(M,¢) and k(¢), a simple means of distinguishing the three types of 
prime ideals of a field with respect to a cyclic extension field of prime degree 
which we enumerated in Theorem 93. 


29. Norm Residues and Non-residues 
of a Kummer Field 


8129. Definition of Norm Residues and Non-residues 


As in Sect. 125 let u be a number in the field k(¢) such that M = Yp does 
not lie in k(¢) and let k(M,() be the Kummer field generated by M and ¢; 
for each number A in k(M, ¢) we shall denote its relative norm with respect 
to k(¢) by Nx(A). Let w be a prime ideal of k(¢) and v an integer of k(¢). If 
v is congruent modulo mw to the relative norm of an integer of k(M, ¢) and if, 
further, for every higher power to® of to there exists an integer A of k(M,() 
such that v = N(A) (mod mw*) then we say that v is a norm residue of 
k(M, ¢) modulo m. In all other cases we say that v is a norm non-residue of 
k(M,¢) modulo tv. 


§130. Theorem on the Number of Norm Residues. 
Ramification Ideals 


We have the following important theorem. 


Theorem 150. If to is a prime ideal of the cyclotomic field k(C) which 
does not divide the relative discriminant of the Kummer field k(M,¢) then 
every number v ink(C) which is prime to to is a norm residue of k(M,¢) with 
respect to to. 

Suppose on the other hand that w is a prime ideal of k(C) which does 
divide the relative discriminant of k(M, C). If te # I let e be any positive ez- 
ponent; if to = I let e be any positive exponent greater than |. Then of all 
numbers of k(C) which are prime to to and mutually incongruent modulo to® 
precisely one l-th are norm residues modulo tw. 


Proof. First let t be a prime ideal distinct from [ in the cyclotomic field 
k(¢) which does not divide the relative discriminant of k(M,¢). There are then 
two cases to be distinguished, according as to splits in k(M,() or not. In the 
first case let W be a prime ideal of the Kummer field k(M, ¢) which divides tv. 
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Referring to the proof of Theorem 148 we see that we may suppose without 
loss of generality that the number yp, and hence also the relative discriminant 
of the number M = „p with respect to k(¢), are not divisible by W. There 


are then l integers Aı, Aa, ..., A, satisfying the l congruences 
A, + A gM + e + AME] = vp 
A, + AM + oss) + ACM)? = 1 
A, + A&M + + Al@M-!I = 1 (mod M). 
A, + ATM 4+ =) + Ad Mj} = 1 


Now obviously each integer of the field k(M, ¢) is congruent modulo W to an 
integer of k(¢); we set 


Al =a, Ag=aa, ..., A=a (mod 2), 
where a1, @&a, ..., & are integers of k(C) and 
A=a +09M +-+ aMi. 
From this we have 
v=A, 1=SA, ..., 1=8' A (mod %) 


and on multiplying these congruences we have that v is congruent to N;(A) 
modulo 2% and hence modulo w. Thus under the conditions at present applied 
to the prime ideal to we have established the first part of the theorem for 
the case where e = 1. To deal with the case where e > 1 we suppose that 
v # N,(A) (mod m?) and set 


V 


NLAJ =1+w (mod tv’) 


where w is an integer in k(C) which is divisible by to but not by tv”. Let l* 
be a rational integer such that !!* = 1 (mod tv); then we have v = N;(B) 
(mod m?) where B is the integer A(1 + l*w). By an appropriate repetition of 
the procedure adopted here we obtain eventually an integer of k(M, ¢) whose 
relative norm with respect to k(¢) is congruent to v modulo an arbitrarily 
high power tv® of tv. 

On the other hand, suppose that w does not split in the field k(M, ¢); here 
we can again arrange that u is not divisible by w and hence, by Theorem 149, 
not an /-th power residue modulo tv. Let r = (n(tw) — 1)/l; then according to 
the discussion following Theorem 139 there are precisely r /-th power residues 
in k(¢) prime to tv; let these be denoted by p1, ..., Ar. Then the n(tw) — 1 
numbers 

pips (i= 1,2,...,739 =0,1,2,...,2-1) 

are all incongruent to one another modulo tv since yp is not an /-th power 
residue modulo tv; hence every number in k(¢) prime to to is congruent 
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modulo tv to one of these numbers. If we set pı = af, ..., pr = at, where 
Q1,...,@, are numbers in k(¢), it follows that 


piu? = N,(aiM%) (mod w) 


and hence every number in k(¢) prime to tv is congruent modulo tv to the 
norm of a number in k(M,¢). From this we deduce further, just as in the 
earlier case, that for every integer v in k(¢) prime to w and every power w€ 
of w we can find an integer of k(M, ¢) whose relative norm is congruent to v 
modulo tv®. 

We shall now prove the first part of the theorem for the case where w = [; 
here we may suppose that u is prime to [. We denote by A” the highest power 
of A which divides pic! — 1; of course we have m > 1. We set 


u!=1+al” (mod Pt) 


where a is a rational integer prime to /. Let a* be a rational integer such that 
aa* = —1 (mod !) and set p* = p?"“-), Then we have 


pe =1-%” (mod (™*!), (29.1) 
On the other hand we have the congruences 
1-ıthi = 14 d9 
a — MR = 1+ hits (mod tet) (29.2) 


where g is any positive rational integer and A is any positive rational inte- 
ger prime to l. Since in the case currently under consideration the relative 
discriminant of k(M,¢) with respect to k(¢) is not divisible by [ it follows 
from Theorem 148 that we must have m > L 

Suppose first that m = lL. Then we conclude easily from the congruences 
(29.1) and (29.2) that for every positive rational integer g there exists an 
integer ag of k(¢) such that 


wa, =1—-A+At9 (mod (+947), 


Now we set M* = ,/y* and in general for each value of g we define 


p- 1-0,M* 
g À ’ 


then 2, is always an integer of k(M, () and 
N(R) =1—9 (mod (977), 


From this it follows immediately that every integer v in k(¢) which satisfies 
the congruence v = 1 (mod J) is a norm residue of the field k(M, C) modulo I. 
The restriction imposed by the condition that v = 1 (mod 1) is easily removed. 
To see this let v be any number prime to |; if it is congruent modulo [ to the 
rational integer a we set v* = (a*)'v where a* is a rational integer such that 
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aa* = 1 (mod [). Then we have v* = 1 (mod [) and furthermore v and v* are 
either both norm residues or both norm non-residues of k(M,¢) modulo I. 
Secondly suppose that in the formula (29.1) we have m > l and hence 


+ 


{=} = 1; then if g is any positive rational integer we can always find two 


integers ag and a4 in k(¢) such that 


prot = = 1+ AMY iat) (mod ['+9+2), 
(29.3) 
wrod = 141 + Altg+2 (mod (!+9+3), 
According to Theorem 149 we set [= £. œ... 2U-)) where £, £', ..., 
£1) are distinct prime ideals of k(M, ¢). The numbers 
1 —a,M* 1 — Gg4,M* 
Ag = _—— As+ı = Z—— | — 


(where M* = Yu”) are integers and since N,(Ag) = —A (mod I?) it follows 
that A, is divisible by one of the prime ideal factors of I, say £, raised to the 
first power, but by none of the others. From the formula (29.3) it follows 
that 


l 


a, =a4,, (mod ['*?), 


and we can now suppose that &,+1 is chosen from the numbers 0941, (Ag+1; 
..., C"lag+ı in such a way that a, = G41 (mod I?) and thus A, = Ag41 
(mod [). From this last congruence it follows that Ag, is also divisible by £ 
but by none of the other prime ideals £’, ..., gü-), and since we also have 
Ny(Ag+ı) = —A (mod I?) we see that A,,, is divisible by only the first power 
of £. From what we have just proved we see that we can write the number 
Ag/Ag+ı as a fraction whose numerator and denominator are both prime to 
[. If we set Ag/Ag41 = Ng (mod (8+1) where 2, is an integer in k(M, ¢), then 


we have 
N; (Ag) 
Ny(Ag+ı) 


Since we can produce such a formula for each positive exponent g it follows 
as before that every number prime to [is a norm residue of the field k(M, ¢). 

We now proceed to the proof of the second half of Theorem 150. First let 
to be a prime ideal, distinct from I, which divides the relative discriminant 
of the field k(M, Ç) with respect to k(¢); then, according to Theorem 149, we 
have tv = 20' where W is a prime ideal of k(M, (). Then, as we have already 
mentioned several times, each integer of k(M,¢) must be congruent modulo 
MW to an integer in k(C). Suppose now that an integer v of k(¢) prime to t is 
congruent modulo tv to the relative norm N;(A) of an integer A in k(M, ¢); 
if we have A = a (mod W) (where a is an integer of k(¢)) it follows that v 
is congruent to a! modulo W and hence modulo ty, ie. v is an l-th power 
residue modulo tv. Conversely, if a number v in k(¢) is an [-th power residue 
modulo w then v is obviously also congruent modulo tv to a relative norm 


N(R) = =1+% (mod Tt’), 
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Nx(A). We deduce from this that the !-th power residues modulo mw are at 
the same time all the norm residues of k(M,¢) modulo tv. 

Finally we have to deal with the case in which to = [ and [ divides the 
relative discriminant of k(M,¢). In this case we have [= £! where Lisa 
prime ideal in k(M,¢) and in view of Theorem 148 we can arrange that the 
number yp satisfies either the congruence 


w= (mod I?) 
or one of the congruences 
u=z1+X” (mod Mt!) 


where m is one of the integers 1, 2,..., 2-1. We shall then investigate in 
these two cases which numbers of k(()) are congruent to the relative norm of 
a number in k(M,¢) modulo l+! or ( respectively and easily deduce from 
this the number of mutually incongruent norm residues modulo each higher 
power of [. 

In the case where u = X (mod I?) M is divisible by £ but not by £? and 
we have the congruences 


N.(1+M) = 1+X (mod l?) 
ie. N(1+M) = 14A+4A7p1 (mod +!) 
Ni(1+M?2) = 14? (mod P) (29.4) 
ie. Ny(L+M?) = 1474 Ap (mod (+!) 
N(1+ M5!) = 147 (mod t’) 
ie. Na(1 +M!) = 14A 714d, (mod +) 
where p1, p2, +--+; pt-1 are integers of k(¢). Finally we have 
N;(1 + A*M9) =1 (mod +!) (29.5) 
for t = 1, 2, 3,...; g = 0,1, 2,..., į — 1. Now obviously each integer A of 


k(M,¢) which is prime to £ satisfies a congruence of the form 


A = a(l + M)eı(1 + M2)92 ++. (1 + M!-1ya-ı. 
“(1+ AM)*% + AMP). (1 + MIT. 


(1 + Meyer” (1 4 yiM2ya2” Eu (1 4 AIME Leia (mod (+1) 


where a is one of the numbers 1, 2,..., /— 1 and the (+ 1)(l — 1) exponents 
Ql, 49, ..., a are rational integers in the range 0, 1, 2,..., /—1. According 


to the congruences (29.4) and (29.5) it follows that 
Ny (A) = a! (1+4)? 91)9 (1447 +49 09)9? «+ (14 Ao +A" oy 1) (modlt}), 
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When a runs through the values 1, 2,..., 2-1 and the exponents a), aa, ...., 
a,-, run independently through the range 0, 1, 2, ..., ¿— 1 the expression 
on the right hand side represents (l — 1)l'~' numbers and it is easy to see 
that these are all incongruent to one another modulo [!*!. Now each number 
in k(¢) which is prime to [ and congruent modulo [!*! to the relative norm 
Nx(A) of a number in k(M,() is necessarily congruent modulo ['+! to an 
expression of this form and conversely, as we see from (29.4), each expression 
of this form is congruent modulo [‘t! to the relative norm of a number in 
k(M, ¢). With the help of the congruences (29.2) we see that any two numbers 
of k(¢) prime to [ which are congruent to one another modulo I+! are either 
both norm residues or both norm non-residues modulo [. The number of norm 
residues modulo | which are prime to [ and mutually incongruent modulo (t+! 
is thus precisely (l — 1)l'~?, i.e. one l-th of the total number of numbers in 
k(C) prime to [ and mutually incongruent modulo ['+!; this result can be 
extended immediately to the powers [° with exponent e greater than / +41. 

For the sake of brevity we shall consider only the simplest among the 
remaining possibilities for u; namely we suppose that u = 1 +À (mod [°). 
Set N = M — 1; then N is an integer of k(M,¢) which is divisible by £ but 
not by £2. When we recall that N;,({2) = A (mod I?) we obtain after some 
simple calculations the following congruences 


N,(1+2) = 1+4+A (mod 1?) 
ie. N,(1+2) = 14+A4A?p, (mod t!) 
N,(1+27) = 14? (mod [?) (29.6) 
ie. +22) = 1494 Nm (mod ff) ' 
Na (1 + 0272) 14-2 (mod I!-}) 


i.e. Ni (1 + 2172) 14-24-15 (mod l’) 
where p1, p2, ..., pt-2 are certain integers in k(¢). Further, we have 
Na(l + 2!) = 14-50, 4 Dg 4 D3 + +81 + NR) 


where we write for brevity 


Mo say iy... 4 (stay, 
Da — 2“ say 4 (SMHS RT! 4...4 shay lish aye}, 
I = 2 (sn) stay +4... 4 (st 3 ay stay list i gy 


d 
I 


We have at once that Xi = l. The individual summands in the expressions for 


Xa, Xs, ..., Dj-1 are all divisible by £'; they can be collected into l-element 
subsets in which all ! summands can be obtained from any one of them by 
applying the automorphisms 1, S, S?,..., S'-!. If we write an arbitrary term 


in the form A® then @ is an integer of k(M,¢) and hence, as we see from the 
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proof of Lemma 23, can be expressed as a polynomial in f2, and hence as a 
polynomial in M, whose coefficients are numbers in k(¢) all with denominator 
prime to I. Accordingly we set 6 = F(M); then the sum of the corresponding 
l-element subset can be expressed in the form 


A{F(M) + F(CM) + FM) + + F(C7'M)}; 


it is easily seen that the sum within the braces turns out to be congruent 
to 0 modulo /; hence the numbers Xa, 23, ..., X;-, are all congruent to 0 
modulo l! and so 


Ni, (14+ 2) 314145) =1 (mod). (29.7) 
Finally we easily obtain the congruences 
N,(1 + *29) =1 (mod) (29.8) 


for t = 1, 2,3,...;9 =1, 2,3,...,/-1. 
Now clearly each integer A of k(M, () prime to £ satisfies a congruence of 
the form 


A = a(l + ey + N?) raa (1 + nt-hya-ı. 
(1 + ANAL + AQ?) (1+ ARHI. 


Lt Haya? IE”... ANNE (mod), 


where a is one of the numbers 1, 2, ..., 2-1 and the I(l — 1) exponents 
a1, G2, «+e, ain) lie in the range 0, 1, 2, ..., 2-1. According to the con- 
gruences (29.6), (29.7) and (29.8) which we have just established, it follows 
that 


Nu (A) = a! (14A+A791)2 (14.47 +43 09)? © (L447? +A! p1 9)? (mod). 


If a runs through the range 1, 2,..., /— 1 and the exponents a), a2, ..., aj_2 
independently of one another run through the range 0, 1, 2,...,/—1 then the 
expression on the right hand side represents (/— 1)l'~? numbers, all prime to [ 
and mutually incongruent modulo [!. Using the fact that N,(1+AM) = 142! 
(mod l!+!) and the congruences (29.2) we conclude that precisely one /-th of 
all the numbers prime to I and incongruent to one another modulo (! are 
norm residues of the field k(M, ¢) modulo [ and we may extend this result at 
once to the case of powers [€ where e = /+1 and e > l+ 1 respectively. 

The same result is also obtained, by means of similar calculations, if we 
suppose that = 1 (mod [*) and hence Theorem 150 is completely proved. 
We should remark, however, that we can organise our later discussion in such 
a way that Theorem 150 is required only in the case where we have p = 1+ 
(mod I?) which we proved in detail above. 
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Theorem 150 gives expression to a new deep property of the prime ideal 
factors to of the relative discriminant of k(M,¢) with respect to k(C). This 
property corresponds in a certain sense to the well-known theorem concerning 
the branch points of a Riemann surface according to which an algebraic 
function in the neighbourhood of a branch point of multiplicity ! maps a 
complete disc conformally onto the /-th part of a disc. In consequence of this 
I propose to give the name ramification ideals for the field k(M,¢) to those 
prime ideals tw which divide the relative discriminant of k(M, ¢) with respect 
to k(¢). The terms “ramification ideal” and “prime factor of the relative 
discriminant” thus have the same meaning; and the ramification ideals are 
the /-th powers of the ambig prime ideals. 


§131. The Symbol l — } 


Theorem 150 suggests the possibility of classifying the numbers of k(¢) which 
are mutually incongruent modulo a power tv® (where e > lin the case tv = [) 
into l subsets, all with the same number of members, one of which consists 
of the norm residues modulo m. In order to carry out this classification in a 


Ld ` Y, H 
precise way we introduce a new symbol w where v and yp are nonzero 


integers of the field k(¢) and w is a prime ideal of k(¢). The value of the 
symbol is an /-th root of unity, determined as follows. 

First let w be distinct from I. In this case if v is divisible precisely by tv? 
and u by to“ we introduce the number «s = v*/° and reduce it to a fraction 
p/a where neither the numerator p nor the denominator ø is divisible by tv. 


The symbol {=} is then defined by the formula 


Bay (RY peZ 

(ah tet 5) ' 

We deduce at once the following simple rules for these symbols: 
Vıva, H V1, H V, H 
re = Re) 


CORECTE | agg 


to to tu 


Im tthe 


where v, vı, va, H, Hi, H2 are any nonzero integers in k((). 


1 
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In order to define the new symbol for the case to = [ we make use of the 
following considerations. 
If w is any integer in k(¢) which satisfies the congruence w = 1 (mod |) 
then, if 
w=c+talt+4-20'?, 


where c, cı, ... , Ct-a are rational integers, we have the congruence 
ete, +" +&-2=1 (mod J). 


We now define 


I-2 _ CHC te +a- 


1 
w(r) =e+e,o+°+++ C92 7 (1+r+ +r!) 


Then w(x) is an integer polynomial of degree l — 1 and we have 
w(1)=1 and w(¢)=w. 
We call w(x) the function belonging to the integer w. We shall also write 
E logw(e”) 
dv 


for g = 1, 2,..., /—1; this notation, introduced by Kummer, has the advan- 
tage of abbreviating some calculations (Kummer (12)). 

If a number w which is congruent to 1 modulo [ is expressed in any way 
in the form 


| =u) (29.10) 


w=atact--+a¢', 
where a, aı, ..., a: are rational integers, then 
Or) =at+air++:++a,2° 


is an integer polynomial of degree t which in general does not satisfy the 
equation @(1) = 1 but only the congruence 


@({1)=1 (mod |) 


and so is prime to / for x = 1. We have the following congruences between the 
derivatives of log @(e”) for v = 0 and the derivatives introduced in (29.10): 


d? log @(e”) 
ie A = ](9) 
| do = (w) (mod l) 
for g = 1, 2, ..., | — 2 and 
d'- log @(e”) | 1 — @(1) 
—_—_—_— a = (1—1) _— 
a i = dw + = (modi). 


These congruences follow easily when we remark that 
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w(x) = @(x) + er +2 +... +271)+0O(z)(z' — 1) 


and 


w(e”) = @(e") + em (mod !), 


where in the first formula O(z) is a certain integer polynomial in x and the 
second formula is taken to mean that in the expansion in powers of v of both 
sides of the congruence the coefficients of 1, v, v?, ..., v'~! are congruent 
modulo I. 

If v and p are integers of k(¢) such that y = 1, a» = 1 (mod 0) we define 


the symbol {=} as follows: 


{ YU } = MT WE TIP) (29.11) 


From this definition we deduce at once the following rules: 


ae} = (are) 
(eam) -gea a | aa 


[= } { Hy } 1 
[ [ 
where v, vı, Va, H, H1, 2 are any integers of k(¢) congruent to 1 modulo [. If r 


is a primitive root modulo / and s = (Ç : ¢”) the corresponding automorphism 
in the group of the cyclotomic field k(¢) then, as is easily seen, we have the 


further formula SY, sy v, aT 
í | |= (2#) | (29.13) 


If v and x are any integers.of k(¢) prime to [ then we define the symbol 
Er 
I-1 „i-l 
ras dak ne 
[ [ 


For the case where one or both of the numbers v, u is divisible by I we refer 
to the remarks at the end of Sect. 133. 
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D, 


8132. Some Lemmas on the Symbol (28) and Norm 
Residues Modulo the Prime Ideal ! 


Lemma 24 (Kummer (20)). Let w be an integer of k(C) such that w = 1 
(mod I). Then the norm n(w) satisfies the congruence 


— n(w) 


dw) = l ; (mod !). 


Proof. Let w(x) be the function belonging to w and set 
F(z) = [[o(1+ 2(¢% -1)) 
(9) 


where the product is taken over the values g = 0, 1, 2, ..., 2-1. The 
expression F(z) is an integer polynomial in x and the coefficients of all the 
terms of this polynomial divisible by x! are obviously divisible by A’ and so, 
since the coefficients are rational, by /?. Expanding by powers of x we have 


—1 pdl 


(E-1)? „ra?logw(z) 
+e |e + (29.14) 


In this expansion we first substitute in succession 
€=1,¢,¢7,...,¢¢7 
and add the results; using the fact that 
(¢ —1)9 + (¢? —1)9 +- + (71-19 = (-1)91 (g=1,2,...,1-1) 
we obtain the equation 


log F(z) = I {i [ee] z=1 


dz 
x° rd?’ log w(z) 
L | Ze, un Jl 
+ 2! | dx? i= (29 5) 


zit! rd! log w(z) ! 
+ Tay dal |} +26 


where z'G is the sum of all the terms of the expansion divisible by z!. 
Secondly, we substitute € = e” in equation (29.14) and form the (l — 1)-st 
derivative with respect to v. Then, evaluating at v = 0, we have 


244 29. Norm Residues and Non-residues of a Kummer Field 


a tale ON) _ z [er] 


l- l- 
42 1_ 2.1 [este] 
2! dx? z=1 


3 -3.271 4+3. Tsd ee] R 
3 
„£ _ 1)'-1 - — (l-1). gaji log wla) 
( — 1)! dz'—1 z=1 
T [ee] 7 x? £ er n 
1! dx z=] 2! dx? r=l 


r!l pd! log w(z) 
ml dx? Jeet (mod /). 


Combining the formulae (29.15) and (29.16) we have 


dt~! log w(1 + z(e” — 1)) 


log F(z) = -| “mj 


| (mod 12) 

v=0 

in the sense that the coefficients of z, z?, ..., z!”! on the left hand side 
are congruent modulo /* to the corresponding coefficients on the right hand 
side. If we take the exponential of both sides of this congruence then we 
obtain first in the same sense and then, having regard to the remark made 
at the beginning of this proof, completely, the congruence of the two integer 
polynomials 


d'-) log w(1 + z(e” — 1)) 


F(x) =1- i| aa 


la (mod 1?) 


and hence, setting = 1, we have 
n(w)=1-1. DW) (mod °). 
This completes the proof of Lemma 24, 
Lemma 25. Letv and u be integers of k(C) such that v = 1 (mod |) 
and p =1+X (mod I?). Ifv is congruent modulo (' to the relative norm of 
an integer A of the Kummer field k(M,¢) determined by M = Yu then there 


exists an integer polynomial f(x) of degree l — 1 in x such that f(1) > 0 
satisfying the congruences 


n(f(¢)) =1 (mod 2) 


and 
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v= f(u) (mod ff) 
(Kummer (20)). 


Proof. According to the proof of Lemma 23 every integer A in k(M, ¢) can 
be expressed in the form 


ae rtn(M=1) 40 +7 (M N 
5 


and hence in the form 


_B8+BM + +p- Me? 
u ô 


where 7, Yi, -.-, Yt-1, 6 and 8, Aı, -.., Aı-ı are integers of k(C) and 6 is 
prime to [. From the latter result we see that we can write 


A 


A=a+a,M +e taa ME? (mod (') 


where a, aı, ..., &-.ı are integers in k(¢). Suppose now that 
@=a"*, a =aj, ... ‚a-ı=a)_, (mod!) 
where a*, aj, ..., @j_, are positive rational integers. We set 


f(z) =a* +taic+- -+at ja. 


Since we have [ = £! and M = 1 (mod £) in k(M, ¢) it follows that 
A=ata, te: +a =a“ +a +. +a (mod £). 


If now A is the number mentioned in the statement of the lemma such that 
v = N;(A) (mod I) then we have further that 


v = Nk(A)=a*" +a} +. +0 _,=1 (mod £) 
and hence also that 
a*+ai +: +a. =1 (mod J). (29.17) 


It follows that f*(¢) is a number in k(¢) satisfying the congruence f*(()=1 
(mod I). From this it is easy to find a positive rational integer b such that 
the norm of the number f(¢) = f*(¢) +!b in k(Ç) satisfies the congruence 


n(f(¢)) =1 (mod !?). (29.18) 
Then the integer polynomial | 
f(z) = ft(z)+lb=atayr+:--+aq,-,2'7! 
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satisfies the requirements of Lemma 25. For it is clear that A= f(M) + AB, 
where B is an integer in k(M,¢). From this we deduce, using an argument 
similar to that on p. 239, that 


v = Nk(A) = Ni(f(M)) (mod t). (29.19) 
On the other hand, by considering the congruences 
a! =a, al =a), o ‚al_, =a,-, (mod J), 
we see that we have 


f(a) f (Ex) >> FET!) = fiat) + Flat), (29.20) 


identically in z, where F(z!) is a polynomial in x! with integer coefficients. 
Using (29.18) we see that when we set z = 1 we have the congruence 


f(1) =f) +IF(l) (mod 1”), 


whence 
F(1)=0 (mod J). 


If we set z = M in equation (29.20) we obtain 
Ni(f(M)) = f(u) + IF (u) 
and hence, since F(u) = F(1) = 0 (mod I), 
Ni(F(M)) = f(u) (mod t); 


so, by (22.19), 
v= f(u) (mod !). 
This result together with (29.18) completes the proof of Lemma 25. 


Lemma 26. Letv and u be integers of k(¢) such that v = 1 (mod I) and 
p = 1+4+2 (mod Ê). If v is a norm residue modulo I of the Kummer field 
k(M,¢) determined by M = Yu then 


TE 
(Kummer (20)). 


Proof. Let F (v) be an arbitrary power series in v and y(v) a power series 
in v with nonzero constant term. If the variables v and V are related by the 
condition that Vy(v) — v = 0 then Lagrange’s formula for the reversion of 
power series yields the following identity 


[EEWO] _ | 


vet Jy dl? (29.21) 
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Now let v(z) and a(z) be the functions belonging to the numbers v and u 
respectively. Since v is a norm residue modulo [ of the field k(M,¢) it follows 
from Lemma 25 that there is an integer polynomial f(z) of degree l — 1 such 


that 


n(f(¢)) =1 (mod 1), (29.22) 
v= f(u) (mod) (29.23) 
and f(1) > 0. 
We set 
F(v) = log f(u(e")), 
V = log u(e”), 
_ v 
plo) = ene 


These functions will be considered only at the place v = 0 and the logarithms 
chosen so that they take real values at v = 0. 

{=l l mfp 
di log oe") D on p. 241 we replace the symbols 
v= 


In the formula for 29 
w, (x) and v by f(¢), f(z) and V respectively, obtaining 


t- “v 5 
el _ = MIO) + A (mod 1). 


When we use (29.22) Lemma 24 yields the congruence 
MDF) 20 (mod I) 
and consequently 
d'-! F(v) _ rd! log fle”) _ 1-f(1) 
[ae |... = I] = (modi). (29.24) 


V=0 u l 
On the other hand, when we take account of (29.23) we have the congru- 
ence 


flute?) = vier) + Ast (mod i) 


which is to be understood in the sense that when both sides are expanded 


in powers of v the coefficients of 1, v, ..., vt} in the two expansions are 


congruent modulo /; from this we have the expansion 


2 
+(1¢-Y(v) + 1-f0)) 2 (mod l) (29.25) 
l (1-2)! , 
which is to be understood as asserting that the coefficients of 1, v, ..., v'~? 


on the two sides are congruent modulo /. 
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Finally we consider the function (v). Since u =1+X (mod l°), (v) is 
a power series whose constant term is congruent to —1 modulo l. Further, it 
follows easily that 


—(p(v))! = glo!) = p(0) = -1 (mod I) 
in the sense that the coefficients of 1, v, ..., v!”? on the two sides are con- 


gruent modulo l. From this it follows that, in the same sense, 


-y(v)' b= seni (mod 1) 


and from this we have (still in the same sense) the expansion 


2 
LEI +1 (W) HO + 


(1-1) vi? 
l — 

Combining the congruences (29.24) and the expansions (29.25) and (29.26) 
with the equation (29.21) and using the facts that (4) = -1 and 
(!- g)'(g — 1)! = (-1)° (mod l) for g = 1, 2,..., 2-1, we obtain the 
following congruence: 


ED) EP) + 1M (VID (w) = (mod 1). 


(29.26) 


Hence, according to the definition (29.11) of the symbol {27} in Sect. 131, 


h 
we have ane 
7 , 


This completes the proof of Lemma 26. 


8133. Use of the Symbol (28) to Distinguish Norm 


Residues and Non-residues 


We are now in a position to establish the following assertion in the cases 
where the symbols involved have already been defined. 


Theorem 151. Let v and u be any two integers of the cyclotomic field 
k(¢) subject only to the condition that 4/p does not belong to k(¢); let ro be 
any prime ideal ofk((). Then v is a norm residue or non-residue modulo to 

V, 
of the Kummer field k(M,¢) determined by M = pn according as {=} =1 
or #1. 
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Proof. First let to be a prime ideal distinct from [ which does not divide the 
relative discriminant of the field k(M, Ç). If u* is an integer in k(¢) such that 
u* /p is the l-th power of a number in k(¢) then we have IE = a, 
Hence, having regard to Theorem 148, we may suppose that yp is not divisible 
by tv. We distinguish two cases, according as to splits in k(M, Ç) as the product 


of l prime ideals 20), ..., 20; or remains a prime ideal in k(M,¢). According 

to Theorem 149, in the first case we have {=} = 1 and in the second case 
H 

{=} #1 and £0. 


In the first case we find an integer A of k(M, 6) which is divisible by 20, 
but not by 25? nor by any of the prime ideals I, ..., ,. Then the prime 
ideal w occurs as a factor of a = N;(A) to the first power precisely. If m® 
is the highest power of to dividing v then « = v/a? can be written as a 
fraction whose numerator and denominator are prime to tv; hence, according 
to Theorem 150, the numerator and denominator of this fraction are norm 
residues modulo tv of the field k(M, ¢). Hence the same holds for v. According 
to the definition in Sect. 131, 


er (Ey 
tu m 
and so in this first case Theorem 151 is established. 
In the second case the exponent of the precise power of tw dividing the 


relative norm of an integer A of k(M,¢) is divisible by !. Again let tv? be the 
highest power of tv dividing v. If b is not a multiple of l then v cannot be a 


y -1 
norm residue modulo tv; in this case we have {=} = [E # 1. If, on 


the other hand, b is a multiple of l then we take a to be an integer of k(¢) 
divisible by w but not by tv? and set x = v/oP; as in the first case v is a 


. V, p T? 
norm residue modulo m and we have {=} = = = 1. Thus we have 


proved Theorem 151 for the second case also. © 

Now we suppose that tv is a prime ideal distinct from [ which divides the 
relative discriminant of the field k(M,¢). Suppose the precise powers of to 
dividing v and p are w? and wm“ respectively; a is not a multiple of l. The 
number « = v*/p° can be expressed as a fraction p/a whose numerator p and 
denominator o are prime to tv. The number po'~! is an integer not divisible 
by to; according to the proof of Theorem 150 on p. 236 such an integer is a 
norm residue modulo mw of the field k(M, Ç) if and only if it is an ‚th power 

-1 


residue modulo to, i.e. in the present situation if and only if (N =] 


v . , 
and so [= = 1. Thus in the case at present under consideration we have 


again established Theorem 151. 
Finally let wœ = [. We consider only the case in which p = 1+ A 
(mod [*): this is the only case of the theorem which we shall need later 
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on; the other cases, however, yield to a similar treatment. For the proof we 
shall suppose that v = 1 (mod I), which is no essential restriction. According 
to our assumption that u = 1+X (mod [?) we deduce from Theorem 150 that 
there are precisely !!”! norm residues v* modulo [ of the field k(M, ¢) which 
are congruent to 1 modulo [ and mutually incongruent modulo !*!, On the 
other hand it follows from Lemma 26 that each norm residue v* modulo [ of 


k(M,¢) for which v* = 1 (mod I) must satisfy the condition {- 1E) =1. 
Since 


(u) = -1 
W1-) = 0, IMa-HYz=o, ... , M?9A-0D=0, (mod 1) 
— 1 
I-11 — 2) a = —], 
it follows from (29.11) that 
1 — l, - 
First let a be any integer of k(¢) such that œ = 1 (mod [) and suppose that 
{=} = ¢*, where a is an integer in the range 0, 1, 2, ..., 2-1. Then 
— [1% —/ zr 

obviously {aC Oe) = 1 but al -Dy # 1 if z is any integer 
distinct from a in the range 0, 1, 2, ...., 2-1. Next let a’ be an integer of 


k(C) which is congruent to 1 modulo [ but not congruent modulo [!*! to any 
of the ! numbers a, a(1 — l), a(1 — !)*,..., a(1 -!)'=!, Then the ! numbers 
a’, a (1-1), @(1-1)2,...,a'(1-1)'”! are all mutually incongruent modulo 
(‘+1 and furthermore none of them is congruent to any of the first | numbers. 
Using (29.27) we see that among the latter / numbers there is clearly one 
al (1 — Dn 


and only one, say a’(1 — ne, such that { = 1. Proceeding in 


this way we see that there are precisely !'"! numbers v, mutually incongruent 
modulo (‘+!, which are congruent to 1 modulo [ and satisfy the condition that 


u “ a , 
{2E} = 1. Since this is the same as the number of norm residues v* found 
above, it is clear that, conversely, every number v with the two properties is 


a norm residue modulo [ of the field k(M, ¢). 

The preceding arguments serve to establish all parts of Theorem 151, al- 
though in the case where tv = [ we have considered only the case where v 
and p satisfy the conditions v = 1 (mod () and u = 1+ A (mod P). The 
restriction on v is clearly easily removed. 


Using Theorem 151 we deduce from the first formule in (29.9) and (29.12) 


that . y 
(riw) 
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where w is any prime ideal in k(¢) and v* is a norm residue modulo w of 
k(M, ¢). 

In order to define the symbol af} in the case where one or both of the 
numbers v, u is divisible by [ we need only require the general validity of the 


formulae vu", Yan PR 
ru 


where v* is any norm residue modulo [ of the field k(./u, ¢). From this stip- 
ulation we deduce in particular that 


(Leary _ {2 + ox) ca, 


We can base the definition of the symbol (N on the formule 
(S6) = moon, (aan) (any oy 


een (ee) 


where a is an integer of k(C) prime to [, v* is a norm residue modulo [ of the 
field k( 4/4, Ç) and v, vı, v2, p are any integers in k(¢) (see Sect. 166). I have, 
however, chosen here the definition (29.11) above, which ties up directly with 
Kummer’s development. 

Finally we remark that the goal we set ourselves at the beginning of Sect. 
131 has now been achieved; namely, if wf is any power of the prime ideal 
to (where, in the case w = [ the exponent e exceeds /) then a complete set 
of numbers v in k(¢) prime to tw and mutually incongruent modulo m“ can 
be partitioned into / equinumerous subsets according to the values assumed 


V 
by the symbol { af; one of these subsets consists of all the norm residues 


modulo w of the Kummer field k(M, ¢) which occur in the original set. 


30. Existence of Infinitely Many Prime Ideals 
with Prescribed Power Characters in a 
Kummer Field 


8134. The Limit of a Certain Infinite Product 


Having determined in Sect. 128 all the prime ideals of a Kummer field we 
are in a position to carry out for Kummer fields investigations corresponding 
to the questions which we discussed in Sect. 79 and Sect. 80 in the case of 
quadratic fields . We derive first the following important result. 


Lemma 27. Let! be an odd rational prime number and a an integer in 
the cyclotomic field k(C) generated by € = e?"'/! which is not the l-th power 
of a number in k(C). Then the limit 


1 
m UT (Epo 


(p) (m) 


is finite and nonzero. (The product II is taken over all prime ideals p of the 
(p) 
field k(C) and the product II over all exponents m in the range 1, 2, ...., 


I —-1.) (Kummer (20)). m 


Proof. We consider the Kummer field K = k(./a,() generated by a and 
C and denote by (x(s) the function ((s) for K defined as in Theorem 56. 
Then, according to Sect. 27, we have 


1 
¢x(s) = ima 


where the product is taken over all prime ideals R of K and N() is the 
norm of Pin K. We arrange the product according to the prime ideals p of 
k(¢) from which the prime ideals P are derived: we conclude from Theorem 
149 that to each prime ideal p there corresponds as a factor of the product 
either 1 1 i 


(1-n(p)=>)! or IZ n(p)=® or IZ n(p)-!s 
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a 
according as { =} = 1 or = 0 or is distinct from 0 and 1. We write these 


expressions in the common form 


1 1 
TE m = 1, EEE a 1 
ne” 2 l- tps n{p)~* | | 


and so obtain 


ee 
m an n ~4 
(p) (p) (m) p p 
where the product II runs over the exponents 1, 2, ..., 2-1 and both 
(m) 
products II run over all prime ideals p of k(¢). Now both expressions 
(p) 


s=l 


lim (s-1 I] moe and lim (s — 1)¢x(s) 
(p) 


are finite and nonzero, as we see when we apply Theorem 56 once to the 
cyclotomic field k(¢) and then to the Kummer field K = k(./a,¢). When we 
multiply (30.1) by s— 1 and take the limit at s = 1 we see that the expression 
given in Lemma 27 is also finite and nonzero. 


8135. Prime Ideals of the Cyclotomic Field k(¢) with 
Prescribed Power Characters 


Theorem 152. Let ai, ..., ax be any t integers of the cyclotomic field k(() 
such that none of the products 


mı 


m2... amt 
ay ag a 


(where mi, ma, ...., Mme run through the range 0, 1, ..., L— 1), except when 
mı = m =...=m = 0, is the I-th power of a number in k(¢). Let yı, 
Ya,---, Ye be arbitrarily chosen l-th roots of unity. Then there are infinitely 


many prime ideals p of the cyclotomic field k(¢) for which 


tn" na” 
for some exponent m prime to | (Kummer (20)). 


Proof. If s > 1 we have 
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> log - Dar 
One Oo 17 =F oy” (30.2) 


= ape 2s “Saget 


where 5 runs over all ideals i and each sum y runs over all the prime 
(i) (p) 

ideals of the field k(¢). Since the expression S, as was shown in Sect. 50, 

remains finite for s = 1, it follows from (30.2), in which the left hand side is 

infinite for s = 1, that the sum 


1 
ap 


(p) 


taken over all prime ideals p of k(¢) increases beyond all bounds as s 
approaches 1. If œa is any integer of k(¢) then in a similar way we have for 


s>l 
l = ) 
ee hr 

(30.3) 


S(a) = = Li; } Er Dahn: 


and here also S(a) remains finite for s = 1. Let now m be one of the numbers 
1,2,...,2-1; then in (30.3) we set 


mu 


a =a; =a] m 


mu2,,, et 


u2,,, 


and multiply the resulting equation by the factor yj "'Yz yı “t. We give 
each of the t exponents u}, t2,..., ur successively all / values 0, 1,...,!-1, 
excluding the case where uj = ua =... = u: = 0. When we add to (30.2) all 
the {t — 1 equations produced in this way we obtain the relation 


ow ae" og — ae — 
p 


(u1,.-.,ue) W1- {2 E) n{p)=® (30.4) 


= S72) -- ‘age tS+ Lowe scar) 


(p) (u1,---,te) 


where we write for a moment 
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_ -1f %1)” afaa. -1f% \" 1-1 

1 = 1+ i} ) +7 (7) "++ (©) a 
= | -1f %2\™ —1f 22 ... -1f%2)™\t-1 

[2] a, 
= -1f e” EN"... rar a UTEE 

e = rto {Eta E) Peor E 

In S(a™) we set the above expression for a”. 
There are only finitely many prime ideals p dividing aı, ..., a, A; let 


the sum of the terms in the first sum on the right hand side of (30.4) which 
correspond to these ideals p be denoted by Gm. The remaining, infinite, part 


1 
of this sum clearly has the value tY —_ where q runs through only those 


n(q)° 
prime ideals p for which the ¢ conditions 
a m u a m u 
i} =n E) =% (30.5) 
are all fulfilled. We now form the equations (30.4) for m = 1,2,...,!-1 


successively and add the results, obtaining 


1 
(1-1) —— +(l-1)8 
2) 


+ Do Mey" log I —r —— 


aul... 
(ul... Wr) (p) (m) 1 — I 
p 


1 
l 2 YAT + 2 + (1 ~1)S+ 


(Ui, ntt) , (m) 


in the first sum on the right hand side t runs through all prime ideals p of k(¢) 
which satisfy any one of the sets of conditions (30.5) as we take m = 1, 2,..., 
l- 1. (For yı = 1, ..., ye = 1 these sets of conditions are all the same and 
the corresponding prime ideals are to be counted / — 1 times.) Now we take 
the limit at s = 1. According to the arguments at the beginning of the proof 
the first sum }_ on the left hand side of (30.6) increases beyond bound; from 
Lemma 27 we see that the second sum on the left remains finite for s = 1. 
Since the sums S and S(a7) all remain finite for s = 1 it follows that the sum 


1 
> O increases beyond bounds as s approaches 1. Hence there must be 
(t) 
infinitely many terms of the sum >, and hence infinitely many prime ideals 


(t) 
t whose power characters satisfy the conditions of Theorem 152. 


31. Regular Cyclotomic Fields 


8136. Definition of Regular Cyclotomic Fields, 
Regular Prime Numbers and Regular Kummer Fields 


Let ! be an odd prime number and k(¢) the cyclotomic field generated by 
C = e?"i/l; k(C) is called a regular cyclotomic field and l is called a regular 
prime number if the number of ideal classes of the field k(¢) is not divisi- 
ble by J. The remaining chapters will be concerned exclusively with regular 
cyclotomic fields and with Kummer fields derived from them. Such Kummer 
fields will be called regular Kummer fields. We can prove at once the following 
simple result. 


Theorem 153. Let k(() be a regular cyclotomic field, K a Kummer field 
derived from it. If an ideal i of k(Ç) is a principal ideal in K then it is also 
a principal ideal in the cyclotomic field k(£) itself. 


Proof. Suppose i = (A) where A is an integer in K. Then, taking relative 
norms, we have i! = (N;(A)); so we have the equivalence i! ~ 1 in k(¢). Of 
course we have also i ~ 1 where A is the class number of k(¢). We determine 
two positive rational integers a and b such that al — bh = 1; it follows that 
jel-bR 1, i.e. that i is a principal ideal in k(C). 


The question now arises whether we can find a criterion by which we can 
decide easily whether a given prime number / is regular. We shall prove two 
lemmas which lead to such a criterion. 


8137. A Lemma on the Divisibility by l of the First Factor 
of the Class Number of k(e27?/") 


Lemma 28. Let l be an odd prime number and k(¢) the cyclotomic field 
of the l-th roots of unity. The first factor of the class number of k(¢) is 
divisible by | if and only if | divides the numerator of one of the first 
i* = 4(1- 3) Bernoulli numbers (Kummer (8), Kronecker (5)). 
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Proof. In Theorem 142 the class number h was represented as the product 
of two factors; we consider the expression given there for the first factor of 
the class number. For brevity we shall write Z = e?7*/('-), We shall choose 
the primitive root r modulo / so that ri(-l) +1 is divisible by only the first 
power of J. Finally, as in Sect. 108 and Sect. 109, let r; be the least positive 
residue of rê modulo l and qi = (rr; — rirı)/l. 

The first factor of the class number h was represented in Theorem 142 as 
a fraction whose denominator is (2/)'" and whose numerator has the form 


F(Z) F(Z) F(Z?) ++ F(Z?) (31.1) 
where f(z) is an abbreviation for the integer polynomial 
f(x) = ro riz rar? te rart? 


If we set 


g(x) = qo + qıT + qr’ +e qua”? 


then it follows easily that 
(rZ — 1) f(Z) = IZ. g(Z). 
From the choice of r we see that the product 
(rZ = 1)(rZ3 — 1) (rZ? = 1) = (-1)3 Drill 4 1) 


is divisible by precisely the first power of l. It follows that the numerator 
(31.1) of the first factor of h is divisible by 14!-V = ("+1 only if the number 


9{Z)9(Z3)9(Z°) «+ g(Z'7?) 


is divisible by I. Now £ = (l,Z — r) is a prime ideal of k(¢) dividing l; since 
clearly Z = r (mod £) we have 


9(Z)9(Z*)9(Z°) --- 9(Z'-*) = g(r)g(r?)g(r°)---g(r'?) (mod £). 


Thus the first factor of the class number A is divisible by / only if at least 
one of the congruences 


g(r!) = go + gir! + gar? DL. gg PC-D =O (mod |) 
(t=1,2,3,...,3(1-1)) 


is satisfied. 
Let t be one of the numbers 1, 2, 3,..., al — 1). If we raise the identity 


Tri = Tiga + (rri — Ti41) 


to the (2t)-th power and recall that rr; —ri41 is divisible by / then we obtain 
the congruence 


rrt = rž + 2t(rr; — rigi)rzty! (mod /?) 
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or 
21-1 _ „2,28 _ „2t 2 
al - ining, =r r ri, (mod I). 
Since obviously 


(rri — ra) = (rr; —riga)rFVCOY (mod I) 


it follows that 
lm; ng) DEN = ppt _ ri, (mod !?). 


Summing these congruences for i = 0, 1, 2,..., 1 — 2, we obtain 


Qtr -1Y gyri) = rit r? _ Sort, (mod /?). 
(i) (i) (i) 


Since we have 


Sort = Soh = 1% 42% 49% 4-6 4 (1) 
(i) (i) 


it follows that g(r*—') is divisible by l if and only if the number 
(r? _ 1)(1% 4 92t + g% ++ (l _ 1)*#) (31.2) 


is divisible by /*. According to the hypothesis made concerning the primitive 
root r the expression (31.2) is certainly not divisible by /? when t = a(t —1). 
It follows from the Bernoulli summation formula that in each case 


1% +2% 13% 4... 4 (1-1) = (-1)'*! Bil (mod l°) 


where B, is the t-th Bernoulli number (t = 1,2,...,3(l — 3)). Thus we see 
that the divisibility by I? of at least one of the numbers (31.2) fort = 1,2,..., 
sl — 3) is equivalent to the divisibility by l of the numerator of at least one 
of the first 3(l— 3) Bernoulli numbers. 

This completes the proof of Lemma 28. 


§138. A Lemma on the Units of the Cyclotomic Field 
k(e?"'/!) When l Does Not Divide the Numerators of the 
First A — 3) Bernoulli Numbers 


Lemma 29. Let | be an odd prime number which does not divide the 
numerators of the first [* = z( — 3) Bernoulli numbers. Then by forming 
appropriate products and quotients of the cyclotomic units of the field k(¢) of 
the l-th roots of unity we can construct a set of [* units €1, E2, ..., Ej which 
satisfy |* congruences of the form 
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1+a1X? (mod I?) 


El = 
Eo = l+ar4_ (mod Č) 
i €3 = 1+43\® (mod 1”) (31.3) 
Ey = 1+a,AXl”? (mod i?) 
where ai, @2, -.., a are rational integers not divisible by l, A=1-( and 


[= (A) (Kummer (12)). 


Proof. We start from the cyclotomic unit 


_ /@=-o)0-¢77) 
Sy ToU me 


where r is a primitive root modulo I. (See Sect. 98.) Then we set n = e!”! 
and 


E: _ 60 9) a)r a)r? a(r? t (rtta) ria) (31.5) 


for t = 1, 2, 3, ..., /*. This is to be understood as a symbolic power with 
s=(¢:¢"). 

Since 7 is the (l — 1)-st power of an integer in k{¢) we must have 7 = 1 
(mod [), and the same holds also for each of the units ez. For each index t we 
consider the function £;(x) belonging to the unit £; according to Sect. 131. 
Then we shall show that the rational numbers 


1) (e4), 1 (eg), «1 (ex), 


i.e. the values of the first | — 2 derivatives of the logarithm of ¢:(e”) at the 
place v = 0, satisfy the congruences 


I (e,) =0 (mod |) 
(u=1,2,3,...,8- 1,22 +1,...,1-3,1- 2) 
- B 
(2t) = (-1)it tL 
19% (e,) = (—1) har! (mod 2) 
(=1,2,...,i*). 


(31.6) 


To prove this we notice that according to the formulze on p.245 for the 
determination of the first | — 2 derivatives 


1) (n), 1 (n)... 1 (m) 


with respect to 7 we may take in place of the function belonging to 7 the 
following function 


_ (1 — z”)(1 — z") #(i-1) 
ne) = (Gass) 
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We have the well-known expansion 


ev—] 1 Bı By B; 

| = y? 4 „4 4,6 _,,, 

°8 HEIA TA. Tea? i 
where Bı, Ba, B3, ... are the Bernoulli numbers. From this infinite series we 
deduce that 

ed ov 2 Bı 2 

log(n{e”)) = (i-1 eee —1) v 
7 2! (31.7) 
B3 » 
—(r4 “ra FT = a ve—...}. 


Just as 7(e”) corresponds to the number n, the function j(e””) corresponds to 
sn, the function a(er’”) to s?n and so on. In the expansion of the expression 
(31.5) for c; we replace n, sn, s?n, ...by Ale”), Ae”), file’), ... and so 
obtain a function &;(e?) which can be used in place of &;(e”) in the procedure 
on p. 241 for forming 1) (e,), 1) (e+), ..., 1?) (e,). From (31.7) we have 


log &:(e”) = (1 — 1){C + (—1} (r? — r*)(r4# — r”) 


ve (ptt 2 — pt) (r+? _ r? Vir at+4 _ rt)... 


r (ri=3 _ rt)(1 _ ee) 


+Cy1v t + Chyyult! e, 


where C, Ci_1, C41, ... are certain constants. The product shown in detail 
as the coefficient of v* 


. [d(x —1)(x@ -r?)--- (er?) 
AN Inn. 


r=r?t 


and the function which is differentiated here is congruent to aD 1 
modulo /. From this discussion we deduce at once the congruences (31.6). 

According to our hypothesis the numerators of the first !* Bernoulli num- 
bers Bi, ..., Bı- are not divisible by l; so it follows from (31.6) that the /* 
derivatives 1*)(e,) for t = 1, 2, ..., (* are all incongruent to 0 modulo J. 
From this we conclude that none of the units £1, ..., E£ is congruent to 1 
modulo J. Let us set 


eg = 1+a,A% (mod 61+!) 
eroe (31.8) 
Er = l+apà“t (mod (e+?) 
where the exponents e1, ..., €} are such that a1, ... , a;- are rational integers 
not divisible by /. These exponents e1, ..., eı- are all less that !— 1. Now, 


since the expansion of an expression (1 — e”)9 in powers of v begins with the 
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term (-1)9v?, we deduce from the congruences (31.8) that for each unit €z 
we have the congruences 


1D (e,) = 0,1 (e,) = 0,..., K&D (e) = 0 (mod l), 
I) (e1) = (-1)*ar er! (mod J). 


Since a; is not divisible by l it follows, when we take account of the conse- 
quences of (31.6) already mentioned, that e; = 2t and hence Lemma 29 is 
established. 


§139. A Criterion for Regular Prime Numbers 


The following theorem gives a simple criterion for the regularity of a prime 
number l. 


Theorem 154. An odd prime number l is regular if and only if it does not 
divide the numerators of the first I* = 3(l- 3) Bernoulli numbers (Kummer 


(8)). 


Proof. Lemma 28 shows that if l divides the numerator of at least one 
of the first /* Bernoulli numbers then the class number A of the field k(¢) is 
divisible by l. If, on the other hand, the numerators of the first /* Bernoulli 
numbers are all prime to / then Lemma 28 shows also that the first factor of 
the class number is prime to /. We must therefore show that if the numerators 
of the first /* Bernoulli numbers are all prime to / then the second factor of 
the class number A is also not divisible by !. The proof of this is carried out 
as follows. 

Let 71,---, Yı- be a fundamental set of /* real units of the field k(¢); such 
a set exists by Theorem 127. Then we can write 


she = yp tay yet (31.9) 
fort = 0, 1, ..., /* —1, where £ is the cyclotomic unit defined by the formula 
(31.4) and mit, ma, ..., Mi-¢ are rational integers. From (31.9) we obtain 

log |s*e| = mit log |y1| + mar log [ya] + + muetlye (31.10) 
fort = 0,1,...,/*—1, where we always take the real values of the logarithms. 
On the other hand the defining equations (31.5) of the units €1,..., Epe give 
rise to a set of equations of the form 

Ep = et (ge)"2t... (ler (t= 1,2,..., 1") (31.11) 
from which we have the equations 
loge: = nir log Je| + nat log |se| + --- + nie log |s" "Tel (31.12) 


(t=1,2,...,!*) 
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where again we take the real values of the logarithms. (31.10) can thus be 
written 


log et = Mu log [yi] + + Mrtlog|y-| (£=1,2,...,i*) (31.13) 


where Mit, ..., Mi: are familiar bilinear combinations of the 2(i*)? 
rational integers nil, nal, .--, Nit; Mio, Mao, ---, My... From the 
equations (31.9) and (31.11) we can deduce /* — 1 further sets of equations 
by applying the automorphisms s, s?, ..., s’ ~! in succession to the units 
occurring in them. Taking logarithms we obtain the sets of equations which 
are derived from (31.10), (31.12) and (31.13) by applying the automorphisms 


s, 82, ...,s T. in succession to the units occurring in them. 
If we set 
log |yı | n log |Yı- 
ar | lls] oe loglsyel | 
log|s" ty] ... log |s” tye 
log lel log |sel ...  Jgls" tel 
A-| 18 sel log|se| ... log |s" e| 
log|s!" te] log|se| ... log|s?!”"?el 
log £1 log £3 ... log €i» 
x log sé, log se, n log seı- 
A i ? 
logs!" "le, logs~leg ... logs! le. 


then, by the multiplication theorem for determinants, we have 


o Mu Ma -- Mı- 

A A A Mio Ma 2.. Mira 

— = —,— = . 31.14 

2-3.2-| Mm Ma w (31.14) 
Mir Ma ... Mee 


The determinant on the right hand side is a rational integer, which we claim 
is prime to J. If this determinant were divisible by ! we would be able to find 
l* rational integers N,..., Nie not all divisible by | for which the expressions 


SMM, > Ni Mae, rr} NM (t = 1,2,...,i*) 
(t) (t) (t) 


are all divisible by 1. We would then be able to deduce from (31.13) an 
equation of the form 


Ni log E1 + Nalog Ea ++ Ne log eı- = Į log E 
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in which E is a certain positive unit of the field k(¢). Taking the exponential 
of both sides we have 
ehe: en" =E. (31.15) 
But such an equation is impossible. For we would have E = E! = 1 
(mod J); if we introduce the function E(z) belonging to E and consider the 
values of the first l — 2 derivatives of log E(e”) at v = 0 then, applying (31.6), 
we deduce from (31.15) the congruences 


- B 
t+l t — — * 
( 1) gra Me = 0 (mod l) (¢=1,2,...,/ ). 
The Bernoulli numbers B,, Bo, ..., Be, however, are all prime to / and the 
integers Ni, Na, - , Nie are not all divisible by !; so we have a contradiction. 


Thus the determinant on the right hand side of (31.14) is not divisible 
by l. Since the factors A/A and A/R on the left hand side are both integers 
and A/R is the second factor of the class number A it follows that the second 
factor of the class number is not divisible by l. This completes the proof of 
Theorem 154. 


Using Theorem 154 we deduce from the values of the first 47 Bernoulli 
numbers that apart from the three primes 37, 59 and 67 all primes less than 
100 are regular. Further calculations show that for ! = 37, 59 and 67 the class 
number h of the cyclotomic field k(e?”*/!) is divisible by the first power of l 
but by no higher power (Kummer (11, 26)). 


§140. A Special Independent Set of Units in a Regular 
Cyclotomic Field 


In Sect. 139 we found a way to produce a set of units for a regular cyclotomic 
field which will be useful in our later development. 


Theorem 155. Let l be a regular prime number. Then the cyclotomic 
field of the l-th roots of unity has an independent set of l* = Au — 3) units 
El, ..., Ej» satisfying the congruences 


Æ = 1+? (mod?) 
Ē& = 1+2* (mod PP) 
Ej.» = 1+A° (mod t?) 


where A=1-( andl = (A). 


Proof. Since the cyclotomic field k(¢) is regular it follows from Theorem 
154 that the numerators of the first !* Bernoulli numbers are all prime to / 
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and consequently, by Lemma 29, there are /* units £1, ..., &ı- satisfying the 
congruences (31.3). Since the coefficients a,,..., aj- in these congruences are 
all prime to / we can find /* rational integers bı, ..., bi such that 


a,b) = 1,a9b2 =1,...,a1)-b =1 (mod J). 


If we set 
bi“ 


Ey = el. ee = Ey. 
these units £1, ..., Æp satisfy the congruences in the statement of Theorem 
155. 

Furthermore the units Zı, ..., €{- form an independent set since the units 
Ey, -.-, E determined in Sect. 138 form such a set. To justify this last 
statement let us suppose to the contrary that we have an equation of the 
form 


ei er =l, (31.16) 
where the exponents eı, ..., € are rational integers not all zero. Then we 
may make the further assumption that the exponents e1, ...., eı- are not all 


divisible by l, for, if they were, we would have 


ee, 


But if the exponents e1, ..., ej are not all divisible by / then equation (31.16) 
has the form of equation (31.15) and we have already shown in Sect. 139 that 
such an equation is impossible. 


§141. A Characteristic Property of the Units of a Regular 
Cyclotomic Field 


Theorem 156. Ifl is a regular prime number then any unit E of the field 
k(C) of the l-th roots of unity which is congruent to a rational integer modulo 
l is the l-th power of a unit of k(¢) (Kummer (8)). 


Proof. Let Eı, ..., Z be a set of units determined as in Theorem 155. 
Since this set is independent there are rational integers e, e1, ..., er, not all 
zero, such that 

E° = aye (31.17) 


and, as can be shown at once, we may suppose that the exponents e, e1,..., 
e are not all divisible by l. If e were divisible by | then equation (31.17) 
would have the form of equation (31.15) and we have already shown that no 
such equation holds. If, on the other hand, e is not divisible by / then we 
have E® = 1 (mod !) and hence E = 1 (mod J); then we form the logarithmic 
derivatives of the functions belonging to both sides of equation (31.17). Since 
E = 1 (mod !) the numbers 1{9)(&,), ..., P(E) are all congruent to 0 
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modulo / for g < i — 1; so when we take in particular g = 2, 4,..., 2/* and 
substitute the values of the numbers 19) (z1), ..., 1{9)(é;-) from (31.16) we 
obtain successively e} = 0, ..., e = 0 (mod l). Thus E° = H! where H 


is a certain unit of the cyclotomic field and e is, by hypothesis, a rational 
integer not divisible by i. We determine rational integers a and b such that 
ae + bl = 1; it follows that 

E= (H° E’)! 


and this completes the proof of Theorem 156. 


An essentially different proof of Theorem 156 is based on the following 
considerations. If E were not the /-th power of a unit in k(¢) then the unit 
H = E!~* could not be the /-th power of a unit: this is clear from the fact that 
1-sandl+s+---+s'”? are polynomials which (in the sense of congruence 
modulo l) have no common factor. If, however, E is congruent modulo l to 
a rational integer, we have H = 1 (mod I!) and so it would follow from the 
second part of the proof of Theorem 148 that the Kummer field k(WH ,¢) has 
relative discriminant 1 with respect to k(¢). Since this Kummer field is an 
abelian extension of k(Ç) of degree l it would follow from Theorem 94 that 
the number of ideal classes of the cyclotomic field k(¢) is divisible by l; this 
contradicts the hypothesis that k(¢) is a regular cyclotomic field. 


§142. Primary Numbers in Regular Cyclotomic Fields 


An integer a of the regular cyclotomic field k(¢) is said to be primary if 
(1) it is semi-primary (see p.204) and (2) it has the property that its product 
with its complex conjugate number stl-Dea is congruent to a rational integer 
modulo ! = I!-1, A primary number is thus prime to [ and satisfies the 
congruences 

a=a (mod), 


a+st"“Yeq@=b (mod ll"), 


where a and b are rational integers (Kummer (12)). We have the following 
result. 


Theorem 157. In a regular cyclotomic field k{C) each integer a prime to 
| can be transformed into a primary number on multiplication by a suitable 
unit (Kummer (12)). 


Proof. Let 8 = a: sta, B is obviously a number of the subfield of k(() 
of degree AU —1) and hence satisfies a congruence 9 = a (mod [*) where a is 
a rational integer not divisible by l. Let &1,..., &- be the /* units determined 
in Sect. 140. If we have 8 = a+ aıX? (mod [*), where a; is a rational integer, 
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we can find a rational integer u; such that 2au, + a1 = 0 (mod /); then we 
have 

BE =a (mod (4). 
If BE?“ = a + aaX* (mod IF), where a, is again a rational integer, we can 
find a rational integer us such that 2aug + a2 = 0 (mod l); then we obtain 


Betz"? =a (mod lÔ). 


Proceeding in this way we produce eventually 


and 82? = a (mod ['-!). If ¢* is a power of ¢ such that ¢*a is semiprimary 
then clearly ¢*€a is a primary number. 


Every real primary number is congruent to a rational integer modulo 
l = (1, It follows easily from Theorem 156 that a primary unit in k(C) is 
the /-th power of a unit in k(¢). 

We now discuss briefly a lemma on primary numbers which will be useful 
to us later. 


Lemma 30. Ifv and u are primary numbers in the regular cyclotomic 
field k(¢) then we have 
{=*} = 1, 
[ 


Proof. We may suppose that v and p are both congruent to 1 modulo J; 


otherwise their (! — 1)-st powers would certainly satisfy this condition and 


vu pit pi! 
since 4 —— } = į ——— } (see p. 242) we can consider these powers in- 


stead of v and p themselves. By (29.12) we have 


Ju-D . gt (l-1) 
ass ees ol ee i 


By hypothesis we have p- st! -V) = 1 (mod t!) and v = 1 (mod lÊ). So it 
follows from the general definition (29.11) of the symbol (25) in Sect. 131 


. of (l-1) 
that II) = 1 and hence 
f 
ar u _, 
[ H [ }= 


ae M nn _1 


We prove similarly that 
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From (29.13) we have further that 


v, py f sèv, st du 
(FHS 
[ [ 
The last three equations taken together show that 
2 
{=*} =1 and so {=*} = 
[ [ 

This completes the proof of Lemma 30. 


32. Ambig Ideal Classes and 
Genera in Regular Kummer Fields 


8143. Unit Bundles in Regular Cyclotomic Fields 


Let ! be a regular odd prime number; let k(£{) be the regular cyclotomic field 
determined by ¢ = e?"'/!. A set E of units of k(¢) which contains the l-th 
powers of all the units of k(¢) and is closed under the formation of products 
and quotients is called a unit bundle! of the cyclotomic field k(¢). In each 
unit bundle Ẹ we can find a certain number m of units £1, ..., Em such that 
every unit of k{¢) can be expressed uniquely in the form 
Et eine! 

where the exponents un, -.-, Um run independently through the range 0, 1, 
...,/—1 and £ is any unit in k(¢). A set of units eı,...., Em with this property 
is called a basis of the unit bundle E. It is clear that the units £1, ..., Em of 
a basis of E cannot satisfy a relation of the form 

ej'---enm =¢! 
where €), ..., €m are rational integers not all divisible by / and e is a unit in 
k(¢). It can be easily shown that all bases of a unit bundle must consist of 
the same number of units. This number m is thus completely determined by 
the bundle E: we call it the degree of the unit bundle. 

The unit bundle which consists precisely of the i-th powers of the units in 
k(C) is the unit bundle with the fewest possible members; its degree is 0. The 
totality of all units of the field k(¢) is a unit bundle. From the fact that, as 
we showed in Theorem 127, every unit of k(¢) is the product of an /-th root 
of unity and a real unit and our discussion in the proof of Theorem 157 we 
conclude that the units denoted in Sect. 140 by Z1, ...,E }q-3) together with 
the root of unity ¢ form a basis for this most extensive unit bundle. Thus the 
bundle consisting of all the units of k(¢) has degree ¿(l — 1); it is obviously 
the only unit bundle of degree 4(i—1) and furthermore there can be no unit 
bundle of degree greater than fu —1). 

We easily see moreover that the relative norms of all units of a Kummer 
field k(./u,¢) formed from k(¢) constitute a unit bundle for k((); finally, the 
collection of all units of k(¢) which are relative norms (whether of units or of 
fractions in the Kummer field k(./u,¢)) forms a unit bundle. 
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§144. Ambig Ideals and Ambig Ideal Classes of a Regular 
Kummer Field 


Let k(¢) be a regular cyclotomic field, u an integer of k(¢) which is not the 
I-th power of a number in k(¢); we denote by A the regular Kummer field 
k(M,¢) generated by M = Yu and ¢. We now seek to advance the theory 
of such fields by means of ideas and methods analogous to those we used in 
Chapters 17 and 18 for the theory of quadratic fields. 

The group of K over k(¢) is generated by the substitution S = (M : ¢M). 
According to Sect. 57 an ideal % of K is called an ambig ideal if it remains 
unaltered under the action of S, i.e. if SQ = A and, in addition, U is divisible 
by no ideal of k(¢) other than 1. According to Theorem 93 the ¢ prime ideals 
which divide the relative discriminant of K are all ambig and there are no 
other ambig prime ideals apart from these. If then 2 is any ambig ideal in 
K we easily conclude from the fact that SA = A that every prime ideal of 
K which divides 2 must be ambig (cf. Sect. 73); from this it follows that the 
number of all ambig ideals in K is !*. 

Let € be an ideal in the ideal class C of the Kummer field K; then the 
ideal class determined by the relative conjugate ideal SE will be denoted by 
SC. The classes SC, S?C, ..., S'"!C are called the relative conjugate classes 
of C. If F(S) is any polynomial of degree l — 1 in S, say 


F(S) =a+4a,S + a8? + t aS, 


where a, @,,..., @[-1 are rational integers, then the ideal class given by the 


expression 
C*( SC)" (S?C)% nae (stloya-ı 


will be called the F(S)-th symbolic power of the class C and denoted by 
GetaıS+aaS?++a-15'7' = CF5). 

Finally, an ideal class A of the Kummer field X is called an ambig class if 

A = SA, i.e. if its (1 — S)-th symbolic power A!"° = 1. The l-th power of 


any ambig class A contains among its ideals certain ideals of k(¢). We see 
this at once when we notice that since SA = A we have 


A! = Al+S+S°+ +57 


and that the norm of an ideal in K must be an ideal in k(¢). 


§145. Class Bundles in Regular Kummer Fields 


Let us consider a set of ideal classes of a regular Kummer field, closed under 
the formation of products and quotients, such that the /-th power of each 
class in the set contains ideals of the field k(¢) and containing in particular 
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all classes which themselves contain ideals of the field k(¢). Such a set of 
classes is called a class bundle? of the Kummer field. In each class bundle we 
can find a certain number n of classes Ci, ..., Cn with the property that 
every class in the bundle can be expressed uniquely in the form 


Cy Cy? e Cire 


where the exponents u1, ..., un run independently through the range 0, 1, 
...,4—1 and c is a class which contains ideals of k(C). We say that the classes 
C\,..., Cn form a basis for the class bundle. It can easily be shown that for 


every other basis of the class bundle the number n of classes in the basis is 
the same. This number n is called the degree of the class bundle. 

In particular, if every class in a bundle contains ideals of the field k(£), 
then the bundle has degree 0. Next, for example, the totality of all classes 
of K containing either ambig ideals or products of ambig ideals with ideals 
in k(¢) is a class bundle. Finally the collection of all ambig ideal classes of a 
regular Kummer field is a class bundle. 


§146. Two General Lemmas on Fundamental Sets of 
Relative Units of a Cyclic Extension of Odd Prime 
Number Degree 


Before continuing the investigation of the preceding sections we derive two 
lemmas which are related to Theorem 91 in Sect. 55. 


Lemma 31. Let l be an odd prime number, K a cyclic extension field 
of degree | over a subfield k. Let S be a non-identical automorphism in the 
group of K over k. Let Hy, ..., Hr+ı be a fundamental set of relative units 
of K with respect to k. Then every unit E of K satisfies an equation of the 
form 

Ef — HF) Hi Tey, 


where f is a rational integral exponent not divisible byl, F\(S), ..., Fr+ı(S) 
are integer polynomials of degree |— 2 in S and |e] is a unit whose l-th power 
lies in k. 


Proof. It follows from the proof of Theorem 91 that the units 
Hı, ..; Hr+ı, SH, reeg SHr41, srry S'=2H,, ray S'=?H,,1, 


together with r fundamental units of the field k form an independent set. 
Since there are /(r +1) —1 units in this set, it follows that if E is any unit of 
K then there are relations of the form 
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G(s Gi(S Gr+1($ 
ESO = HPO. He, (32.1) 


where G(S), Gi(S), ..., Gr+1($) are integer polynomials of degree l — 2 in 
S, of which the first does not vanish identically and [e] is a unit in X such 
that [e]! lies in k. Among the infinitely many relations of this kind we choose 
one for which the polynomial G(£) is divisible by the lowest power of 1 — ¢. 
We suppose that the relation (32.1) itself satisfies this condition. 

We first examine the possibility that G(¢) is divisible at least once by 
1 — ¢. By the definition of a fundamental set of relative units in Sect. 55 we 


must have 
GG), tae »Gr41(C) 


all divisible by 1 — ¢. If we raise the equation (32.1) to the 
(1 — $?)(1 — S3)---(1 — S'“!)-th symbolic power and set 


GC) = (1—)G"(¢), 


Gi(C) = (1 HEN. Gr+1 (6) = (1 - End) 


it follows easily, when we recall that the (1+ $+S?+---+$'~!)-th symbolic 
power of a unit in K is a unit in k, that 


ESED = HE, SI en, (32.2) 


where [e] is either a unit in k or the /-th root of a unit in k. According to 
equation (32.2) the /-th root of this number [e] is a number in K and so, as 
we see easily, is a unit of K whose l-th power lies in k, which we shall again 
denote by [e]. Thus we conclude from (32.2) that 

ES (5) _ Hei (5). u Herner, 
where [e] is again a unit of K whose I-th power lies in k. This equation has 
the same form as (32.1), the only difference being that G*(¢) is divisible by a 
power of 1 — Ç one less that G((). In this way we establish a contradiction to 
our hypothesis that (32.1) is already a relation in which G(£) is divisible by 
the lowest possible power of 1 —¢. It follows then that, under this hypothesis 
on (32.1), G(¢) cannot be divisible by 1 — Ç. 

We now set 
FAN aT? 

f is a rational integer not divisible by l and we can find two integer poly- 
nomials H(S), M(S) such that 


f = H(S)G(5) + M(S)1+S+8°+--- +5") 


holds identically in $. If we raise the equation (32.1) to the H(S)-th 
symbolic power we obtain a relation with the property described in Lemma 
31. 
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Lemma 32. With the notation of Lemma 31 let the relative norms of the 
r +1 fundamental relative units of the cyclic extension K be 


m = Ne(Hi),---s%r41 = Ne(He41). 


Then every unit e in k which is the relative norm of a unit E in K can be 
expressed in the form 


— ui Ur+ırıl 
E = Ne [e] 
where ui, ..., up}1 are rational integer exponents and |e] is a unit in K. 


Proof. According to Lemma 31 we have an equation for E of the form 
E =H O Hi OE] 


(using the notation of Lemma 31). Taking the relative norms of both sides of 
this equation with respect to k we obtain 


Fy(1 Frl 
ef et fell. (32.3) 
We determine rational integers a and 6 such that 
l=af+bl. 


Then, raising equation (32.3) to the a-th power, we obtain an equation of the 
type called for in Lemma 32. 


§147. Ideal Classes Determined by Ambig Ideals 


Let K = k(./u,¢) be a regular Kummer field; let S be the substitution 
(YA: CYB) in the group of K over k. Since an ambig ideal 2 of the field K, 
by virtue of its property SA = 2, determines an ambig ideal class, it follows 
that to obtain information about the ambig classes we should first study the 
class bundle derived from the ambig ideals, We prove the following important 
result. 


Theorem 158. Lett be the number of distinct prime ideals which divide 
the relative discriminant of the regular Kummer field K = k(./pi,¢) of relative 
degree l. Suppose the relative norms of all units of K with respect to k(¢) form 
a unit bundle of degree m. Then the classes which contain either ambig ideals 
of the field K or products of ambig ideals of K with ideals of k(C) form a 
class bundle of degree 

t+m-—4(l +1). 
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Proof. In what follows we assume first of all that the number is not of 
the form ca! where e is a unit of k(¢) and a is a number in k(¢). Then every 
unit [e] of the field K = k(./f, ¢) whose I-th power lies in k(¢) must itself lie 
in k(¢). Henceforth let H1, ..., Hy(-1) be a fundamental set of relative units 
of K with respect to k(¢) and let 


m = Ne(H1), +++) 4¢-1) = Me(H yaa) 


be their relative norms. 

(1) We consider first the extreme case in which we have m = t(l — 1). 
Here we conclude from Lemma 32 that the units m, ..., nu, form a basis 
for the unit bundle consisting of the relative norms of ki the units of K. 
Next we consider the ¢ ambig prime ideals £),..., £& of K; these determine 
t ambig ideal classes, which we denote by Li, ..., Li respectively. In order 
to determine the degree of the class bundle arising from these classes we set 


M = Wp =i... ga (32.4) 


where aı, ..., a, are rational integer exponents and i is an ideal in k(¢). 
According to the hypothesis concerning u which we made at the beginning, 
at least one of the exponents aı, ..., @ must be prime to l; say a, is not 
divisible by !. We see from equation (32.4) that 


= ai... ar 
c= Li Li 


is a class containing ideals of k(¢). Since L! is also such a class it follows 
at once that the class L; can be represented as a product of powers of the 
classes Li, ..., L¢-1 and a class containing ideals of the field k(£). 

We prove next that no class of the form 


cf = LM... pie (32.5) 


formed from the ideal classés L1, ..., 24-1 alone, where aj, ..., aj_, are 
rational integer exponents not divisible by l, can contain ideals of k(¢). If 
this were possible then from the relation (32.5) we would be able to set up 
an equation 


M= VER... geet (32.6) 


with i’ an ideal of k(¢) and M’ an integer of the field K. From this we could 
deduce that E = (M‘)!-8 must be a unit in K. Applying Lemma 31 to this 
unit E we would obtain an equation of the form 


Fya_1() 


— ur) 
E’ = Hy" Dy yy 


(32.7) 


where f is a rational integer not divisible by I, Fi(S), ..., Fy a1) (S$) are 
integer polynomials in S and e is a unit in k(¢). Since we obviously have 
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Nx (E) = 1 it would follow, on forming relative norms of both sides of (32.7), 
that 


Fy yy ()) 
Fi (1) 4 (t~1) l 
=n Han) 
Since m, ..., TA(L~1) form the basis of a unit bundle the rational integers 


Fı(l),..., Fju-1(l) must all be divisible by / and consequently the integers 
F,(¢), ..-5 Fyq-1(¢) must all be divisible by 1 — Ç. Let us write 


Fi() = (1- OFF). Fand = 1- OF ue 
and re (s) 
HHO onde 


Then we have 
Ef — H!-Se* 
where e* is again a unit in k(¢). Taking relative norms of both sides of this 
equation we deduce that 
1 = (e*y', 
whence ex is an l-th root of unity, say &* = (9. Recalling that M!-° = (7! 
we have 
(MFMOHIP=S = 1, 

so that (M’)fM9H~! is a number in k(¢). Now since, according to (32.6), 
M’ is either not divisible by £; or is divisible by £, raised to a power with 
exponent divisible by ! the number M, on the other hand, is divisible by £, 
raised to a power whose exponent a; is not divisible by /. So the factorisation 
of this number into prime ideals of the field k(¢) shows first that g must be 
divisible by ! and then, since f is prime to l, that all the exponents aj, ..., 
ai_, must be divisible by J. This contradicts our hypothesis. Thus it follows 
that no relation of the form (32.5) can hold between the classes Zı,..., Z¢-1. 
So, under the current assumption that m = t(l- 1), the classes L1, ..., L-1 
form a basis for the class bundle derived from the ambig ideals. The degree 
of this class bundle is therefore t -- 1, which is the result asserted in Theorem 
158 when we have m = ¿(l — 1). 

(2) We suppose secondly that m = Ł(l — 3). In this case we must have 


a relation between the units 7, ..-,7,¢-1) of the form nj" - my = nf, 
where the exponents e1,..., € (1-1) are rational integers not all divisible by 
l and 7 is a unit in k(¢). If ey (1-1), Say, is not divisible by ! then we may 
deduce from Lemma 32 that nı, ..., 14 (1~3) form a basis for the unit bundle 
formed by the relative norms of all the units in AK. We form the unit 
€ 
E=H%..-H pop T (32.8) 


Since this has relative norm 1 it follows from Theorem 90 (p. 105) that there 
is an integer A in K such that E = A!-5, We now determine (as is always 
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possible) a positive rational integer r such that the prime ideal £; occurs as 
a factor of M’ = AM” raised to a power with exponent divisible by l. Then 
the prime ideals £4, ..., &,_ı cannot all occur as factors of M’ raised to 
powers with exponents divisible by J; if they did, then, using Theorem 153 
(p. 257), we would have M’ = Ga with © a unit in K and a an integer in 
k(C). But then it would follow that @!~5 = EC" and this, having regard to 
(32.8) and the fact that e141) is prime to /, contradicts the definition of the 
fundamental set of relative units H),..., H (1-1) in Sect. 55. Let the ambig 
prime ideal £,_,, say, occur as a factor of M’ to a power with exponent not 
divisible by !. We conclude that the class L,_ı can be expressed as a product 
of powers of the classes L1, ..., Lı-. and a class containing ideals of k(¢). 
We prove next that no class 


H 
Arig 


CHL Ls (32.9) 
can be found containing ideals of k(¢) where the exponents af, ..., af_, are 


rational integers not all divisible by /. If this were the case we could deduce 
from a relation (32.9) an equation 


M” = "eet... peee (32.10) 


where M” is an integer in K and i” is an ideal of k(¢). From this we could 
conclude that E’ = (M”)!-5 must be a unit in K. We apply Lemma 31 to 
this unit E’ and so obtain an equation 


; ' Fy ay) 
ey ng fhe en) 
where f’ is a rational integer not divisible by /, F{(S), ..., FY a- (9) are 


integer polynomials in S and e is a unit in k(¢). We now determine a rational 
integral exponent u such that the integer F} a- (1) + U€1(1..1) is divisible 
by l. Since N,.(E’) = 1 we deduce from (32.11) by taking relative norms with 
respect to k(¢) that 


' Fi (1)+ue 

F'(1)+ d-3) 4 (1-3) 

ban hres mds) Go (32.12) 
where e’ is again a unit in k(G). Since the units m, ..., n}q-3) form a basis 


for a unit bundle it follows from (32.12) that the exponents F{(1) + ue1,..., 
FY ul) + Uez q3) are all divisible by | and so the numbers FÍ (Ç) + ueı, 


u, Fy 1-3, (9) + Ue}, (;~3) must all be divisible by 1 — Ç. We set 


Fi) + ter = (1- QF (Qs -- Fea (@) + ueza- = (1- OF fu 


and rie (3) 
Fi*(S) 4 (1-1) 
H’ = H;? ARG 
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Then it follows from (32.11) that 
(ef Et = (H)! Sem 


where E is the unit of K defined by (32.8) and e™ is once more a unit in k(C). 
Taking relative norms we obtain the result that 1 = (e’*)!, ie. that e’* is an 
i-th root of unity, say e* = ¢9 . Then, as we see from the equations 


mi-s — Ct (my! — EC”, (M’’y1=5 — E’, 


we have 
UM (MNeMI Tr (Ht ps =]. 

Hence the expression (M”’) m’ J“ M2- “r(H’)~! represents a number in k((). 
When we recall that £i, £_,, &_,, ..., £ are prime ideals in k(¢) we 
conclude first that g — ur must be divisible by l. Then, since (by hypothesis) 
M” is divisible by a power of £,_ı with exponent not divisible by l, and since 
on the other hand it follows from (32.10) that M” is divisible by a power 
of £;~1 with exponent divisible by l, then u also must be divisible by | and 
hence (since f’ is prime to !) the exponents af, ..., a/_, must all be divisible 
by / - which contradicts our hypothesis concerning these exponents. Thus we 
have shown that no relation of the form (32.9) can hold between the classes 
Li, ..., E4-9; hence, in the present case where m = sl — 3), the classes 
Li, ..., E4-2 form a basis for the class bundle derived from all the ambig 
ideals. The degree of this class bundle is thus t — 2 and this corresponds to 
the assertion of Theorem 158 when m = (i — 3). 

(3) If we suppose, in the third case, that m = (l — 5) then we have not 
only, as in the previous case, one relation between the units 7, ..., TA(L-1) 


e 
of the form ni n joy = n' where n is a unit in k(C) and the exponents 
€l,- € 4 q~1) are not all divisible by / but also a second relation of the form 


né.. nit >= (7’)' where n’ is a unit in k(¢) and the exponents ef, ..., 


€4 (1-3) are not all divisible by I. Say €4 (1-1) and ey u-3) are not divisible by 
l. We form the units 


u Fed —1 


E = H 4-1," 


ui.) 
m 


(32.13) 


‘ 1-3 
E = Hi. H ki a(n yet 
Since the units E and E’ have relative norms 1 we can apply Theorem 90 
(p. 105) and write E = A!~° and E’ = (A’)!~5 where A and A’ are integers 
in K. As in the previous case, we then determine a positive rational integer 
r such that the ideal £; occurs as a factor of M’ = AM” to a power with 
exponent divisible by J. As in the earlier case it follows that at least one 
of the ambig prime ideals £1, ...,&;.-ı occurs as a factor of M’ raised to a 
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power with exponent not divisible by l; say this is the case for £&,;_ı. Then 
we determine two positive rational integers r’ and r” such that the number 
M” = A’ (M/)" Mr has as factors powers of £; and £,_ı with exponents 
divisible by l. Then £1, ..., &:-2 cannot all occur as factors of M” raised 
to powers with exponents divisible by l. For, if this were the case, we could 
apply Theorem 153 and write M” = @’a’ where ©’ is a unit of K and a’ an 
integer of k(C). Then, having regard to the equations M!~% = (1, A!-5 =E, 
(A’)!~5 = E’, we would have 


(@’)1-8 — EEr goir +r”), 
according to (32.13) it would follow from this that 


Epa- t" haa) reza) 

4(1-3) pan © 
where € is a certain unit in k(¢). This relation, however, contradicts the 
definition of a fundamental set of relative units in Sect. 55, for since e4(._1) 
and ey. are both prime to / the exponents of Hy. ,_a, and Hy,,_,, in 


(E75 = HATH (32.14) 


{~3) 
(32.14) can never both be divisible by I. If £;-2, say, occurs as a factor of 
M” to a power with exponent not divisible by / then the ideal class L;_, can 
be expressed as a product of powers of the classes L1, ..., L-3 and a class 
containing ideals of k((). 

By arguments similar to those used above in the case where m = al — 3) 
we can show in the present case where m = ¿(l — 5) that there is no class 

cl = po las Le 
containing ideals of k(¢), where the exponents ai”, ..., a}, are rational 
integers not all divisible by /. We now see that in the present case where m = 
4(1-5) the ideal classes Lı,.... , 24-3 form a basis for the class bundle derived 
from the ambig ideals. So this bundle has degree t — 3, which corresponds to 
the result stated in Theorem 158 for the case where m = $(l — 5). 

By appropriate repetition of the procedure sketched above we obtain 
finally the complete proof of Theorem 158. 

We excluded earlier the case in which the Kummer field K can be gener- 
ated by a number /e where € is a unit in k(C); so we still have this special 
case to deal with. According to Theorem 148 the relative discriminant of the 
field K = k(./e,¢) can have no prime factor other than I; by Theorem 94 
and Theorem 153 it must actually have I as a factor. Then we have in K the 
factorisation [= £! and £ is the only ambig prime ideal of the field K. Again 
let m1, ..., M2 (1-1) be the relative norms of the fundamental units Hj, ..., 
H4 (1-1) respectively. Since the degree of a unit bundle in k(¢) cannot exceed 


t(l — 1) there certainly exists a relation of the form 


m een = 1! (32.15) 
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where e1, ..-, €(1-1): €4(141) are rational integers not all divisible by ! and 
nis a unit in k((). If we set 
e (i-1) = 
ee 0m 


then we have N;,(H) = 1 and so, by Theorem 90, we have H = A!~* where 
A is a suitable integer in K; we can then set A = £*i where £® is a power of 
the ambig prime ideal £ and i is an ideal in k(¢). The exponent a is certainly 
not divisible by J; for, if it were, then since £! = [ = 1—¢ and taking account 
of Theorem 153 we would have A = Oa with 8 a unit in K and a a number 
in k(C). From this, however, we could conclude that H = @!~* and hence, 
referring to (32.16), we would have a contradiction to the definition of a 
fundamental set of relative units in Sect. 55. From the equation A = £*i we 
see that i! ~ 1, whence i ~ 1 and £% ~ 1; since a is prime to l it follows that 
£ ~ 1. Thus in the case we are at present considering the sole ambig ideal 
£ is a principal ideal; thus the degree of the class bundle derived from the 
ambig ideals is 0. 

We now suppose that among the exponents e),..., eju-ı) Say E411) is 
prime to / and prove that we can have no relation of the form 


ei a a9 "Yun _ ( ni (32 17) 
ni 1} (1-3) =") ‘ 


where ej, ..., eh 3)’ e441) are rational integer exponents not all divisible 


by l and n’ is a unit in k(¢). To see this we note that if an equation (32.17) 
did hold then ar 

‘ ~ € 

H= BEL ENTE BEE 

would be a unit with relative norm 1. Using Theorem 90 we would have 
H’ = (A’)!~5 where A’ is a suitable integer in K; then we would determine 
a positive rational integer exponent r such that the prime ideal £ occurs as 
a factor of A'A” raised to a power with exponent divisible by l. Referring to 
Theorem 153 we set d'A" = O’a’ with ©’ a unit in K and o’ an integer in 
k(C); then we would have (@’)!~5 = H’H’, i.e. the unit 


1 Hre a-a) re re 
Harrer. f HB 3) $: H Hyde (ve) kunt HED (y ln -r 
would be the symbolic (1 — S)-th power of a unit in K, which leads to a 
contradiction in a way we have seen several times. Thus we have shown that 
no relation of the form (32.17) can hold; referring to (32.15) and the fact that 
e}q-1) is prime to l, we see that the units 71, ..., 74.3), E form a basis for 
the unit bundle formed by the relative norms of all Ta units in K; hence the 
degree m of this bundle is 4(/ — 1) and so every unit in k(Ç) is the relative 
norm of a unit in K. Thus 


t+m-—3(l+1) =0 


and so Theorem 158 is established in this case also. 
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8148. The Set of All Ambig Ideal Classes 


Theorem 158 has revealed a remarkable connexion between the class bundle 
derived from the ambig ideals and the unit bundle formed by the relative 
norms of all the units in K. An equally important connexion holds between 
the class bundle formed by allthe ambig classes and a certain unit bundle in 
k(¢). We have the following result. 


Theorem 159. Lett be the number of prime ideals which divide the rela- 
tive discriminant of a regular Kummer field K of relative degree |. Let the set 
of all units in k(¢) which are relative norms (whether of units or of fractions 
of the field K) form a unit bundle of degree n. Then the class bundle of all 
ambig classes has degree t +n — 4(1 +1). 


Proof. Let m have the same meaning as in Theorem 158. 

(1) First suppose n = m, Then the unit bundle in question here coincides 
with the unit bundle considered in Theorem 158; that is, if a unit of k(¢) is 
the relative norm of a fraction in K it is also the norm of a unit in K. We shall 
prove that in this situation the class bundle derived from the ambig ideals is 
actually the bundle of all ambig classes. To see this, let A be any ambig class 
in K, A an ideal in A; then we can write A!-$ = A where A is a suitable 
integer or fraction in K and the relative norm N;,(A) will obviously be a unit 
V of the field k(¢). As we noted above, in the present case where n = m we 
can find a unit H of K such that N,(H) = 9. So we have N.(A"!H) = 1 
and hence, by Theorem 90, we have A~!H = B!~° or AB!~* = H, where B 
is a suitable integer in K. Since A = A!” we have (AB)!-° = 1; thus AB 
is equal to the product of an ambig ideal and an ideal in k(¢). Hence the 
class A is formed by multiplying a class which contains an ambig ideal and 
a class which contains ideals of k(¢). So our assertion is established and the 
degree of the class bundle consisting of all ambig classes is, in accordance 
with Theorem 158, equal to ° 


t+m-—i(l+1) 


which, in the present case where n = m, is the assertion of Theorem 159. 

(2) Secondly let n = m + 1. Then there is a unit 0 in k(¢) which is not 
the relative norm of a unit in K but which is the relative norm of a fraction 
A in K; further, every other unit # with this property is expressible in the 
form 9 = °y where a is a rational integer exponent and 7 is the relative 
norm of a unit in K. We set 


A= Be. peo, 


where 73), ..., P, are distinct prime ideals of K, no two of which are relative 
conjugates, and G,(S), ..., G,(S) are integer polynomials of degree !- 1 in 
S. Since Ng (A) = 0 we have 
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(Bor) tae PSS) LF S+ 4S _ ı 


and from this we deduce easily that the polynomials G,(S), ..., G,(S) must 
all be divisible by 1 — S. We set 


G(S) = (1- §)G{(S),...,G-(S) = (1 — S)G;(5) 


and . . 
per) u mots) — Aa 


where 2 is an ideal in K and a is an integer or fraction in k(¢); then 
A = 2-5. From this it follows that A determines an ambig ideal class, 
which we denote by A. This class A cannot contain any ideal which is the 
product of an ambig ideal and an ideal of the field k(¢). For, if it did, we could 
write A = (Li where I is an integer or fraction in K, £ is an ambig ideal 
of K and i is an ideal of k(¢); then, however, we would have 41-5 = T!-$, 
whence A = HT!" where H is a unit in K. From this it would follow that 
0 = Nk(A) = N;(H) and this contradicts the defining property of the unit 9. 

We shall now prove that, under the present assumption that n = m+1, 
every ambig ideal class A’ can be expressed in the form A’ = A* Le where A“ 
is a power of the ideal class A defined above, L is a class containing ambig 
ideals and c is a class which contains ideals of the field k(¢). To this end, let X’ 
be any ideal in A’; then we have (2’)!-5 = A’, where A’ is a suitable integer 
or fraction in K. It follows that 0’ = N,(A’) is a unit in k(¢); according to 
our hypothesis on 0 we have N (A') = 0°, where 3, a and n are as described 
above. Let A be the number introduced above such that N,(A) = U and let 
n = N,(H) where H is a unit in K. From these relations we deduce that 
N,((A’)~!A°H) = 1 and hence, by Theorem 90, we have (A’)~!A?H = T!-$ 
where I is an integer in K. From this we deduce that (a) -!ae 11° = 1. 
This last equation shows that (A) -Ae r-t} on multiplication by a suitable 
integer of k(¢) is the product of an ambig ideal £ and an ideal i of k(¢); so 
we have U’ ~ Agi. In the present case, where n = m + 1, it follows that the 
degree of the class bundle consisting of all ambig classes is t+m-+1—- sl +1), 
which is the assertion of Theorem 159 in this case. 

(3) Thirdly we suppose that n = m + 2. Then in addition to the unit V 
there is another unit 9 in k(¢) which is the relative norm of a fraction A’ in 
K and which cannot be expressed in the form 8 = °y where J* is a power 
of the unit V introduced above and r is the relative norm of a unit in K. We 
set 

Al (PAIN... (per) 


where Pi, ..., Pi are prime ideals of K no two of which are equal or 
relatively conjugate and G1(S), ..., G/,($) are integer polynomials of 
degree l — 1 in S. Since N,(A‘) = W it follows that 


(AN... (gt, JES) IFS Hts Ly 
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From this we conclude easily that the polynomials G{(S), ..., G/,($5) must 
all be divisible by 1 — S. If we set 


18) = (1 — $)G7(S),...,G (8) = (1- S)CH(S) 


and 
(Bi)... (BL) = aa! 


where W is an ideal in X and a’ an integer or fraction in k(¢), then we 
have A’ = (2’)!~5. Thus the ideal 2’ determines an ambig class A’. This 
class cannot be expressed in the form A’ = A“Lc where A® is a power of the 
class A, L is a class containing an ambig ideal and c is a class containing 
ideals of k(¢). For, if such a representation of A’ were possible, we would 
have W = F2l°Li where I is a number in K, £ an ambig ideal and i an 
ideal in k(C); but this would imply that (2’)!-% = T!-Fqel1-8) = pl-Saa, 
ie. A’ = HT!-SA® where H is a unit in K. Taking relative norms we have 
v’ = N,(A’) = 9°N,(H) and the existence of such a relation was ruled out 
when 9’ was introduced. 

Under the present assumption that n = m + 2 every unit 9” in k(¢) 
which is the relative norm of a number in K must be expressible in the form 
8” = (9’)@ en where a’ and a are rational integer exponents and y is the 
relative norm of a unit in K. Using this fact we can conclude, by arguments 
similar to those used above for the case where n = m+ 1, that every ambig 
class A” can be represented in the form (A’)* A@Lc where A’ and A are the 
ambig classes introduced above, L is a class containing an ambig ideal and c 
is a class containing ideals of k(¢). From this it follows that the degree of the 
class bundle consisting of all the ambig classes is precisely t+m+2-— t(l +1), 
which is the assertion of Theorem 159 for the case n = m +2. 

By repetition of this line of argument we obtain the complete proof of 
Theorem 159. 


8149. Character Sets of Numbers and Ideals in Regular 
Kummer Fields 


Our next task is to describe a classification of the ideal classes of a Kummer 
field K = k(,/f, Ç) derived from a regular cyclotomic field corresponding to 
the classification of the ideal classes of a quadratic field into genera. Suppose 
there are t distinct prime ideals of k(¢) dividing the relative discriminant of 
K; we denote them by h, ..., k. Corresponding to each nonzero integer v of 


k(¢) we have t symbols vu vu 
toad ee {3E} (32.18) 


according to the definition in Sect. 131 the values of these symbols are /-th 
roots of unity. These ¢ roots of unity (32.18) form the character set of the 
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number v of the Kummer field K. In order to associate a character set also 
with each ideal J of K we form the relative norm N;(3) =i. We denote by h 
the number of ideal classes in k(¢) and determine a positive rational integer 
h* such that hh* = 1 (mod !). Then i?” is certainly a principal ideal in k(C); 
we set i" = (v) where v is an integer in k(C). 

If for every unit €, of k(¢) all £ symbols 


{ SW. } { u H } 
h SG 
have the value 1 then we set r = t and say that the r roots of unity 
A zerg [, 
form the character set of the ideal 3; the character set is thus completely 
determined by the ideal J. 


Suppose on the other hand that there exists a particular unit £; in k(¢) 
for which at least one of the t symbols 


{aap {A} 
n STIEG 


does not take the value 1. Then we may suppose, without loss of generality, 


that we have = =} = Ç. We consider now all the units £z in k(¢) for which 
t 


(2E) = 1. Suppose that there is among these a unit é = ga for which at 
t 
least one of the t — 1 symbols 


{=F} {2} 
GQ Py 


has a value distinct from 1. Then we may suppose that we have, say, 


(25) = Ç. Now we consider all the units £3 for which both (=£) =l 


and {Sub} = 1 and examine whether among them there is a unit & = £3 
t~1 
for which at least one of the t — 2 symbols 


ree an er 
a nen Cees 
turns out to be different from 1. Proceeding in this way we obtain eventually 


a number r* and a set of r* units €1,..., Ere ofk(() such that, by a suitable 
arrangement of the prime ideals h, ..., I; we have the equations 
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Fi;u | _ 
= 
{SH} <1, {eh =< 
le k-ı 


eraga 


{ae} =1, [2E] =1, {st} =... { Er*, h \ = ¢ 
l: Ce lı-2 es 

(32.19) 
and further, for each unit € which satisfies the r* equations 


(3E) =L {PE} =n {-* } =l 


the remaining r = t — r* symbols 
Epe) 
a POOG 
all have the value 1. 


Let v be the number in k(¢) which was derived earlier from the ideal 7. 
Multiply v by suitable powers of the units £1, ..., Ep- so that the product 7 
so obtained satisfies the equations 


nE) - [DEN = { Vie | _ 
— } = 1, — >} = 1.,..., =]; 
{ h h1 a 
then the r =t- r* units 
_ [hr = {44 
x) = { A ba xe(3) = } 


form the character set of the ideal J. This set is completely and uniquely 
determined by the ideal J. In Sect. 151 we shall show that we always have 
r* <t and hence r> 1. 


8150. The Character Set of an Ideal Class and the Notion 
of Genus 


From Theorem 151 and the remarks following it on pp. 250-1 we deduce at 
once the following result. 


Theorem 160. All the ideals belonging to a single ideal class of a regular 
Kummer field have the same character set. 
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In this way we associate a character set with each ideal class. As we did 
in Sect. 66 for quadratic fields we shall say that all ideal classes with the 
same character set form a genus and in particular we define the principal 
genus to be the totality of all the ideal classes for which the character set 
consists entirely of the unit 1. Since the character set of the principal class 
clearly has this property the principal class always belongs to the principal 
genus. From the first formule in (29.9) on p. 240 and (29.12) on p. 242 we 
deduce easily that if G and G’ are any two genera and every class in G is 
multiplied by every class in G’ then the totality of all these products again 
forms a genus; we call it the product of the genera G and G’. The character 
set of the product is obtained by multiplying the corresponding characters of 
the two genera G and G’. 

From the above definition of genera it is clear that the relative conjugate 
classes SC, ..., S'~!C of an ideal class C belong to the same genus as C 
itself. From this it follows that the (1 — $)-th symbolic power C175 of a class 
C always belongs to the principal genus. Finally it is clear that all the genera 
of a Kummer field consist of the same number of ideal classes. 


§151. Upper Bound for the Degree of the Class Bundle 
of All Ambig Classes 


The important question now presents itself, as in the theory of quadratic 
fields, whether a set of r arbitrarily given /-th roots of unity can be the char- 
acter set for a genus in a Kummer field. We shall find the complete answer 
in Chapter 34. In this and the following section we shall simply prove some 
lemmas which will be necessary later. 


Lemma 33. Ift and n have the same meaning as in Theorem 159 and 
r is the number of characters which determine the genus of a class of the 
Kummer field then 
tin-s(l+l)<r-1. 


Proof. Let eı, ..., Er* be the r* units of the field k(¢) which were intro- 
duced in Sect. 149. Then r = t — r*. Next let 3), ..., On be a basis for the 
unit bundle in k(¢) which consists of all the units in k(¢) which are relative 
norms of numbers in K. We now suppose that there were a relation between 


the r* +n units €,,..., €,*, Ùl, ..., By, of the form 
tt. gon = e! (32.20) 
where al, ...; Q@-*, 01, ..., bn are rational integers not all divisible by l and 


e is a unit of k(¢). Then for u = 1, 2,..., t it would follow that 
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r" b 
ger am y 
hu ' 
When we recall that the units %4, ..., 3, are all relative norms of numbers 
Üy, 
in K, and hence {te} =i foru=1, 2,..., t and v = 1, 2,..., n, we see 
u 


~ that we would have a, aa 
E EET H) _1 
lu 
for u = 1, 2, ..., ¢. According to the formule for the units £1, ..., €,« this 
is possible only if the exponents aı, ...., @,+ are all divisible by l. Thus the 
relation (32.20) would take the form 


= (er) 


where e* is again a unit in k(¢). But, since J), ..., 0, form a basis for a unit 
bundle in k(¢), such a relation can hold only if all the exponents b1, ..., bn 
are divisible by /. From this it follows that no relation of the form (32.20) 
can in fact hold; so the units €1,..., Er», 01,..., Un form the basis of a unit 
bundle, The degree of this unit bundle is r* + n and since the degree of a 
unit bundle cannot exceed 4(/ — 1) we have r* +n < 4(l— 1); from this we 
deduce the assertion of Lemma 33. 

Since t+n— al +1) > 0 it follows in particular that r* <tandsor > 1. 


§152. Complexes in a Regular Kummer Field 


Let h be the number of ideal classes in the regular cyclotomic field k(¢); then 
in the Kummer field K = k( "F, Ç) there are precisely h distinct ideal classes 
which contain ideals of k(¢). To see this we notice that every ideal class of 
k(¢) obviously gives rise to a class of K of the type under consideration; if two 
distinct classes cı and cg of k(¢) were to contain ideals which are equivalent in 
K then an ideal i of k(¢) in the class cı/ca would have to become a principal 
ideal in K. According to Theorem 153 i must also be a principal ideal in k(¢), 
which contradicts the hypothesis that cı Æ ca. 


Let now C be any ideal class in K and c1, ..., cp the k classes of K which 
contain ideals of k(¢). Then the collection of classes cıC, ..., cnC is called 
a complex. The complex consisting of the h classes c1, ..., cn is called the 


principal complex and is denoted by 1. Clearly all h classes of a complex P 
belong to the same genus; this genus will be called the genus of the complex 
P. 

If one of the classes in a complex P is ambig then all the classes of P are 
ambig; in this case we say that P is an ambig compler. 

If P and P’ are ambig complexes and every class in P is multiplied by 
every class in P’ then the collection of all the products so formed is again a 
complex; we call it the product of the complexes P and P’ and denote it by 
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PP’. If C is a class in a complex P then the complex to which the relative 
conjugate class SC belongs will be denoted by SP; the complex Q which, 
on multiplication by SP, yields the complex P will be called the (1 — $)-th 
symbolic power of P and denoted by Q = P!-%. 

If in particular the (1 — S)-th symbolic power of a complex P is the 
principal complex 1 then P is an ambig complex. For, if C is a class in P, 
then, since P!~* = 1, we must have C!~* = c, where c is one of the h classes 
C1, ..-, Ch. Taking relative norms of both sides of this equation we obtain the 
result that 1 = c!. Since we also have c” = 1 we deduce easily that c = 1, i.e. 
C!-5 = 1, Hence C is an ambig class and P an ambig complex. 


§153. An Upper Bound for the Number of Genera in a 
Regular Kummer Field 


Lemma 34. Ift and n have the same meaning as in Theorem 159 and g is 
the number of genera of the regular Kummer field K then we have 


g< tn- 4 (+1) 


Proof. If g is the number of genera in the Kummer field K then, as we 
see at once from the definition of the genus of a complex, the complexes of 
K also fall into precisely g genera. If f is the number of complexes in the 
principal genus then the total number of complexes, which we denote by M, 
is given by M = fọ. 

We shall now determine the number a of ambig complexes. To this end 
we recall that, according to Theorem 159, the degree of the class bundle 


consisting of all ambig classes is t = t + n — AG +1). Let Ai,..., Ay bea 
basis for this class bundle. Then the expression 

Ay. An", 
where the exponents u1, ..., uy run independently through the range 0, 1, 


...,4—1, represents ambig classes which lie in different complexes. So there 
are precisely !! complexes determined by these classes. Every ambig class A 
can be represented in the form 


A= Aj)... Ait'c 


where aı, ..., a are rational integer exponents and c is an ideal class of 
k{C). We recall now that the i-th powers of the ambig classes A), ..., Ay are 
classes containing ia. .1s of k(¢). It follows that A must necessarily belong to 
one of the lt} complexes determined above. Hence the required number a is 
given by a = I! = ttn- (+1), 
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It follows from the definitions in Sect. 150 and Sect. 152 that the (1 — S)- 
th symbolic power of every complex is in the principal genus. We now fix 
our attention on those complexes of the principal genus which are (1 — 5)- 
th symbolic powers of complexes; suppose there are f’ of them, denoted by 


Pi, ..., Pp and let Py = Gis, vee, Pp = Gye where G1, ..., Gy are 
complexes of K. If P is any complex of K then P!~* must be one of the f’ 
complexes P;,..., Py; say P!~5 = P,. Then we have P!~5 = G1-5, whence 


(PGz!)!-® = 1 and so PG}! is an ambig complex A, i.e. P = AG,. Thus, 
as A runs through all ambig complexes and G, through the f’ complexes 
Gi, ..., Gy, the expression AG, represents all complexes. It is also clear 
that for each complex this representation is possible in one way only. Hence 
the total number of complexes is M = af’. Combining this result with the 
equation M = gf obtained above we have af’ = gf; since f’ < f we deduce 
that g < a = Ittr=$(!+D) as asserted in Lemma 34. 


We have the following immediate consequence of Lemmas 33 and 34. 
Lemma 35. If in a regular Kummer field the number of characters which 


determine the genus of a class is r then the number g of genera of the field 
does not exceed I"-!. 


33. The l-th Power Reciprocity Law 
in Regular Cyclotomic Fields 


8154. The l-th Power Reciprocity Law 
and the Supplementary Laws 


The theory of Kummer fields which we have developed thus far gives us the 
resources required for the proof of certain fundamental laws concerning /-th 
power residues in regular cyclotomic fields which correspond to the quadratic 
reciprocity law in the domain of rational numbers and include as a special case 
the Eisenstein reciprocity law (Theorem 140) between an arbitrary number 
in k(¢) and a rational number which we developed in Sect. 115. In order to 
be able to state these laws for [-th power residues in their simplest form we 


generalise the symbol {E} defined in Sect. 113 and Sect. 127 as follows. 


Let A be the number of ideal classes in k(¢); let h* be a positive rational 
integer such that hh* = 1 (mod J). If p is any prime ideal of k(¢) distinct 
from [ then př*” is a principal ideal in k(¢); we set p**" = (m) where v is an 
integer of k(¢) and we suppose that is primary (this is possible as a result 
of Theorem 157), Such a number m will be called a primary number for p. 
According to a remark on p. 267 every primary unit of k(¢) is the /-th power 
of a unit in k(¢); so m has a completely determined power character with 
respect to every prime ideal of k(¢) distinct from p. If now q is any prime 


ideal of k(C) distinct from p and from I then we define the symbol {2} by 


2-6 


The symbol {P\ is thus an /-th root of unity uniquely determined by the 


the formula 


two prime ideals p and q. Using this symbol we can state the following result. 


Theorem 161. Let p and q be prime ideals of the regular cyclotomic field 
k(¢), distinct from one another and from the prime ideal (. Then 


{as = (5) 
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(the so-called I-th power reciprocity law). Further, if € is any unit in k(C) and 
m is a primary number for the prime ideal p, then we have 


Ey sms A) fTÀ 

GIT) e {Etat} 
(the so-called supplementary laws for the l-th power reciprocity law) 
(Kummer (10, 12, 18, 19, 20, 21)). 


We develop the proof of this fundamental theorem step by step in the 
following sections of this chapter by applying to particular regular Kummer 
fields the theorems and lemmas obtained in the previous chapter. 


8155. Prime Ideals of First and Second Kind in a Regular 
Cyclotomic Field 


It is useful for the development which follows to distinguish two types of 
prime ideals in k(¢). A prime ideal p of k(¢) distinct from I modulo which 
not every unit of k(¢) is an l-th power residue is called a prime ideal of the 
first kind; on the other hand a prime ideal q of k(¢) distinct from [ is called 
a prime ideal of the second kind if all units of k(¢) are l-th power residues 
modulo q (Kummer (20)). We prove first the following lemmas. 


Lemma 36. If& ande are units of the regular cyclotomic field k(¢) and 
we seth = 1-—(¢, [= (A) then we have 


Em (Ep 


Proof. If £ is the l-th power of a unit in k(¢) then the equations stated in 
the lemma are obviously satisfied. Otherwise \/e determines a Kummer field 
k(./e,¢) of the type considered at the end of Sect. 147. Hence all units in 
k(¢) and also the number X are relative norms of numbers in k(,/e, ¢); so the 
equations in the lemma follow from Theorem 151. 


If we prefer to use here only the case to = [ of Theorem 151 considered in 
detail on pp. 249-250, where the number yp in question is congruent to 1 + À 
modulo [?, then we prove the last result first in the case where the unit € 


is ¢'-!. then it follows that ES = 1 and (28) = 1. Next, if £ is any 


unit in k(¢), we determine an l-th root of unity ¢* such that tel =1+À 
(mod 1?). If we take (*e!”! instead of e in the above proof it follows by means 
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of the second formula in (29.12) on p. 242 that we have {Se} = 1 and sim- 


ilarly (>5) =1. | 


Lemma 37. Ifp is a prime ideal of the first kind and x a primary number 
for p then there is at least one unite in k(¢) for which 


ern 


If q is a prime ideal of the second kind and k a primary number for q then 
for every unit € of k(¢) we have 


Proof. To prove the first assertion of the lemma let us suppose, to the 
contrary, that for every unit € of k(¢) we have 


ee) 


We write 7 = a + bA® (mod [¢t!) where a and b are rational integers 
and e is the greatest exponent not exceeding l — 1 for which we can have 
such a congruence. Since m is a primary number we must have e > 1 and 
x-s4('-U_ must be congruent to a rational integer modulo /, where gi (ll) 
is the automorphism (¢ : ¢~!) in the group of the cyclotomic field k(¢). Since 
34('-1)) = —) (mod Ê) we have 


m: sl Dr = (a + bAe)(a + B(—A)®) (mod (+) 


and from this it follows that if e < l — 1 then the exponent e must be odd. 
In the proof of Lemma 29 we found that the !* = 3(1 — 3) units denoted 
there by £1, ..., E} satisfy the conditions 


(e) = 0 (mod!) (u# 2t) t = 12...,1%; 
129e) # 0 (mod 2) (i = ir) 


In the first equation of this proof take £ to be in turn £1, ..., E1. Then, from 
the definition (29.11) of the symbol {=} on p. 242 and the extensions 
given there, we have the congruences 


ARE = 0,19 (1) = 0,... 1!) = 0 (mod!) 


and these show us that in the congruence 7 = a+bA® (mod [¢t!) the exponent 
e can have none of the values |! — 2, / —4,1-6,..., 3. Taking this together 
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with the condition on e which we found above we see that we must have 
e = 1-1. Since \'~! = —/ (mod I!) we have m = a — bl (mod (') and hence 
the norm of 7 satisfies the congruence 


n(r) =(a—bl)'!=n'-! (mod t). 


On the other hand we conclude from the definition of the symbol on p. 242, 
having regard to Lemma 24, that 


(27) = O/I, 


and, since the symbol on the left hand side has the value 1, it follows that 
n(x) = 1 (mod ?°), i.e. a’! = 1 (mod l!) or m! = n (mod I). According to 
Theorem 148 this last congruence implies that the Kummer field k(,/7, ¢) 
determined by /r has relative discriminant prime to [; hence p is the only 
prime ideal dividing the relative discriminant of k(,/r,C). If we set p = 3! 
we see that P is the only ambig prime ideal of this field. Since yr = P+ = 
Ppr- it follows that P is equivalent to an ideal of k(C). Thus the class 
bundle of the field k(,Yr, C) consisting of all ambig prime ideals has degree 0. 
Since for this field the number t of ambig ideals is 1, it follows from Theorem 
158 (where m has the meaning described in that theorem) that we have 
1+m-— ¿(l+ 1) = 0, ie. m= 3(l-1). It follows that every unit € of k(¢) 
is the relative norm of a unit in k(\/7,¢); hence, by Theorem 151, we have 
Em mee ty E _ sé € 
(=) = 1 and therefore, since (=) = {=} = Bi we have (G) =1 


for every unit £ of k(¢), contrary to our assumption that p is a prime ideal 
of the first kind. 

To prove the second assertion of Lemma 37 we consider, as in the proof of 
Lemma 36, the Kummer field k(/é,¢) where £ is a unit in k(¢) which is not 
the /-th power of a unit in k(¢). As we proved at the end of Sect. 147, every 
unit of k(¢) is the relative norm of a unit in k(\/é,¢) and hence, in the case 
of this field, the two unit bundles described in Theorem 158 and Theorem 
159 have the same degree 


m=n=3(l-1). 
Since for this field we also have t = 1 it follows from Lemma 34 that g < 1. So 
g = 1, i.e. all ideal classes of the field k(./@, Ç) belong to the principal genus. 
Since q is a prime ideal of the second kind we have {=} = 1 and hence, 


by Theorem 149, q splits into l distinct prime factors in k(\/é,¢). Let Q be 
one of these prime factors of q. The character set of a nonzero number a of 


the field k(¢) in k(./€,¢) consists of a single character {as \; according to 
Lemma 36 this always has the value 1 if a is chosen to be a unit of k(¢). The 
character of the prime ideal Q in k(/E, ¢) thus has the value (=) and by 
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the results proved earlier this has the value 1. This completes the proof of 
Lemma 37. 


Here again, if we wish to suppose that Theorem 151 for t = [ has been 
proved only in the case of a field k(./#,¢) for which a = 1 + A (mod l?) 
then the classification of the genera and in particular Lemma 34 hold only 
for this case. So to prove the second assertion of Lemma 37 we must choose 
first € = ¢'~! and then € = (*e!”! where e is any unit in k(C) and C* is 
an l-th root of unity such that (*e!"! = 1+ X (mod [*). By combining the 
two results obtained from these choices we obtain the second assertion of the 
lemma in its full generality. 


8156. Lemmas on Prime Ideals of the First Kind 
in Regular Cyclotomic Fields 


We prove the following sequence of lemmas on prime ideals of the first kind 
in the field k(¢). 


Lemma 38. Let p be a prime ideal of the first kind in a regular cyclotomic 
field k(C); let x be a primary number for p. If there exists a unit e of k(() 


such that Te c mE 
hr and ST 


then for every unit € of k(¢) we have 
$- {75} 


Proof. Since p is a prime ideal of the first kind it follows from the proof of 
Lemma. 37 that the Kummer field k(./7, ¢) determined by \/r has two ambig 
prime ideals £ and ®, namely those whose l-th powers are [ and p respectively. 
Since the ambig ideal P is obviously a principal ideal in k(\/z, ¢) it follows 
that for this field the class bundle of all the ambig ideals has degree 0 or 1 
according as £ is a principal ideal or not. Thus, according to Theorem 158, 
the number 2+m- 4(/+1) has the value 0 or 1, where m is the degree of the 
unit bundle consisting of relative norms of units in k(¥/7,¢). So m = ¿(l1 — 3) 
or m = 4(l — 1). Since, by hypothesis, we have (=) Æ 1 it follows from 
Theorem 151 that € is not the relative norm of a unit in k(./7,¢); so we must 
have m = ¿(l — 3). Thus every unit £ of k(¢) can be represented in the form 
€ = "ð where a is a rational integer exponent and ¥ is a unit which is the 
relative norm of a unit in k(./7,¢). From this we see, according to Theorem 
151, that 
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ee elite: 
and hence also (25) = 2} From this it follows, using the second formula 


in (29.12) on p.246, that we also have {7.5} = {2}. This completes the 


proof of Lemma 38. 


If we apply Theorem 151 for to = [ only in the case of a field k(.Ya,C) for 
which u = 1+ X (mod [*) then we determine an l-th root of unity ¢* such 
that (*m!"! = 1 + À (mod I?) and then, replacing the field k(./7,¢) by the 
field k(¥/¢*7'~1,¢), proceed exactly as in the proof described above. Finally, 
if we make use of Lemma 36, we complete the proof of Lemma 38. 


Lemma 39. Let p, p* be prime ideals of k(¢) of the first kind; letn, x” 
be primary numbers for p, p* respectively. If for every unit € of k(¢) we have 


H-E e (E) 


then 


Proof. Since p* is a prime ideal of the first kind we can find a unit e in 
k(¢) such that (5) = 1. We now consider the Kummer field k(./e7, 6). 


Since the relative discriminant of this field has only the two prime factors I 
and p the character set of a nonzero number a of k(£) for this field consists 


ET Q, ET a ET 
d = — 5. Si — = 

} an { p } (oS Since {=} 1 the 

prime ideal p* factorises in k(\/e7,¢); let P* be a factor of p” in this field. 

To form the character set of P* we bear in mind that p is a prime ideal of 


* 
the first kind; so we can find a unit e* in k(¢) for which (S) = 1 and 


& 
of the two characters { 


N”, eT 


E 
the character set of P* consists of the single character { }. We thus 


deduce from Lemma 35 that for the field k(W/e7,¢) we have g < 1, i.e. in this 
field every ideal class belongs to the principal genus and so the character last 


mentioned has the value 1. We now have (oh = 1 and so, according to the 


Duos en 


formula on p. 199, we have 


Further, {==} = 1, i.e. 
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E-E sa 
and finally {<= er = 1 or, by using (29.12) on p. 242, 
(EHH AEH AR} 
Since by Lemma 36 we have (=) = 1 and by Lemma 30 Tr) = 1, 


the last formula yields 
TE") ygm*,e 
ht } (93.3) 


According to our hypothesis we have 


(= }={F} mt (E 
then it follows from (33.3) that {=} = { 


together with formule (33.1) and (33.2) yields the result stated in Lemma 
39. 

Once again, if we wish to apply Theorem 151 for to = [ only in the case of 
a field k(\/n,C) for which u = 1+ A (mod Ê), we should choose the unit £ in 


the above proof so that we have not only (5) = 1 but also, for a suitable 


E 
—} and this equation, taken 
p* 


exponent a prime to l, the congruence (e7)* = 1+ (mod P). It is easily seen 
that it is always possible to find a unit £ with these properties if (=) =1. 
If, however, (£) # 1 and also to} Æ 1 then the required condition can 
be fulfilled by taking for e a suitable power of ¢. Thus it remains in ques- 
tion whether the condition can be satisfied if we have both {=} # 1 and 


{=} = 1. In this case we interchange the roles played in the above proof by 


p* 
mz, p on one hand and r*, p* on the other; then the only case left undecided 


is that in which we have simultaneously ($) #1, {2} #1, {=} = 1 and 


m* 
{—} = 1. But in this case we see at once from the latter two relations that 


the assertion of Lemma 39 holds. 


Lemma 40, Let p be a prime ideal of the first kind in k(Ç) and m a 
primary number for p such that for every unit € of k(¢) we have 


9-2 
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Let p* be a prime ideal of the first kind distinct from p such that 


GEGEN 


Then there exists a unit e in k(C) such that 


(Ea 
where n* is a primary number for p*. 


Proof. We proceed at first precisely as in the proof of the preceding lemma 
and so, by introducing certain units £ and e*, obtain the three formulz (33.1), 


(33.2) and (33.3). Now, according to the hypothesis of Lemma 40, we have 
T,Ee” 


{=} = {==}; from this and the fact that (5) = {Ey #1 we deduce 


the result of Lemma 40 from the formule just mentioned. 


If Theorem 151 has been established only in the case where u = 1+ 4 
(mod [*) we have only to choose the unit £ in the preceding proof in such a 


way that we have not only oh = 1 but also (er)* = 1 + A (mod I) for an 


exponent a prime to l; such a choice of £ is always possible. 


§157. A Particular Case of the Reciprocity Law 
for Two Ideals 


Theorem 162. If p and q are any two prime ideals of a regular cyclotomic 
PY _ al 
field such that u) =1 then we also have {3} = 1. 


Proof. Let m and « be primary numbers for p and q respectively. We 
consider the Kummer field k(,/u,¢) and distinguish two cases, according as 
p is a prime ideal of the first kind or of the second kind. 

In the first case the relative discriminant of k(./7,¢) is divisible by the 
two prime ideals p and [ and, according to Lemma 37, there is a unit £ of 


k(¢) for which the character =) # 1. Thus the character set of an ideal in 
k(4/n, Ç) consists of only a single character, i.e. r = 1 and hence, by Lemma 
35, we also have g = 1. Since {=} = 1 we see that q splits in k(./7,C); let 
Q be a prime factor of q in this field. Since 7 and « are primary numbers it 
follows from Lemma 30 (p. 267) that {=*} = 1 and since Q belongs to the 


KT 


principal genus we have =) = {=} = 1, as asserted in Theorem 162. 
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If p is a prime ideal of the second kind then, according to Lemma 37, we 
have (£7) = 1 for every unit € in k(¢) and hence, as we showed in the proof 
of Lemma 37, the relative discriminant of k(\/7,¢) is divisible only by the 
prime ideal p. Thus we again have r = 1 and g = 1. Since 4 — > = 1 it follows 


that q splits in k(./7,¢). Let Q be a prime factor of q in this field. Since Q 


belongs to the principal genus and (25) = 1 we have {=} = {3} =1 
and so the proof of Theorem 162 is complete. 


Once again, if Theorem 151, and so also Lemma 35, are applied for t = I 
only in the case of a field k(Y7,() for which u = 1 + A (mod I?) then 
for the proof of the first of the two cases distinguished above the following 
supplementary discussion is necessary. 

If p is any prime ideal and ~ is a primary number for p then from the 


definition of the symbol {2E} and Lemma 24 (p. 242) we have the equation 


{mo} = ¢(ni)-1)/t _ {2}. (33.4) 


If now the prime ideal q has the property that {2} = 1 then we determine 


an l-th root of unity ¢* such that ¢*2'~! = 1+ AÀ (mod Í) and instead of the 


Kummer field k(./1,¢) focus on the field k(,/¢*z'~!, ¢). Then we apply the 
same line of argument as above. We have 


*—t—1 * — 
een 


as above, (==) = 1 and we deduce from (33.4) that (28) = {2}, so it 


[ q 
* i-l * o i~—l 
Ks . \ = 1 and hence we conclude that {or} =], 


follows that { 
p 


i.e. (5) =1. 


Suppose on the other hand that {2} # 1. Since p is a prime ideal of the 


first kind there exists a unit cı for which (=) # 1; further, by Lemma 37 


(p. 291), there is a unit ea for which =} Æ 1. In addition, we can choose 
both these units £, and £2 congruent to 1+ modulo [*. We now show how to 
construct a unit e for which both’ =} # land i} # 1 and which satisfies 


the congruence e = 14+A (mod P): if neither £, nor € satisfies these conditions 


then we must have {=} = 1 and (2) = 1; then e = (e12)? HN) is a 
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unit with the desired properties. We now determine a power 7 = e* of the 
, K 
unit e such that (7) = 1. If (oS # 1 then the exponent a must certainly 


be prime to / and hence we would have at} # 1. Moreover it is clear, 
since & is a primary number, that some power of ns with an exponent prime 
to l is congruent to 1+ modulo [?. From (33.4) and Lemma 36 (p. 290) it 
follows that E3 #1. Accordingly the Kummer field k(,'/7K, ¢) has only 


one genus, Since {=} = 1 the prime ideal p splits in this field. If is a 


prime ideal factor of p in this field, the character of 2 is given by the symbol 


Cm mK) _ porn 
(os ={ q } 
C" 1, HK 

| * 
last equation it follows, since (21) = 1, that [$ u) = 1; since 
(=) # 1 we must have {so*) # 1 also and so, referring to (33.4), we 


see that {=} Æ 1; hence ¢* Æ 1. Since, however, that single character of the 


where (* is an l-th root of unity such that { } =1. According to the 


prime ideal P must be equal to 1 it follows from the fact that {2} = 1 that 


Gai 
we must also have {=} = 1 and this contradicts the conclusion we have just 


reached. 


§158. The Existence of Certain Auxiliary Prime Ideals 
for Which the Reciprocity Law Holds 


From Theorems 152, 140 and 162 it is easy to show the existence of certain 
prime ideals which we shall make use of in Sect. 159 and Sect. 160. We have 
the following results. 


Lemma 41. If p is any prime ideal of the regular cyclotomic field k(C) 
then there exists a prime ideal t in k(€) such that 


Er ont {2} {5} rn 


Proof. Let h be the class number of k(¢) and as in Sect. 149 and Sect. 154 
let h* be a positive rational integer such that hA* = 1 (mod 1). Let p be the 
rational prime number divisible by p and 7 = p"*” a primary number for p. 
Let p’, p”, ... be the prime ideals distinct from p and from each other which 
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are conjugate to p; let m’ = (p’)h", m” = (p”)"™, ...be the corresponding 


conjugates of m in k(¢) - these are primary numbers for p’, p”, .. . respectively. 
Then we have p = pp’p” -- -; since, in addition, p"*" /rm’n"--- must bea unit 
in k(¢) and also primary, it follows from Theorem 156 (p. 265) that this 
quotient must be the /-th power of a unit e in k(C), i.e. we have 


pr — en" en, 


We now apply Theorem 152 (p. 254), taking 
a=, QST, a3=7', wer, as =r", 
yı =Ç, Y2 =Q, y =l, y =l, ys =1, 
Since ( is not the /-th power of a unit in k(¢) and 7, 7’, 7”, ... are powers 


of prime ideals with exponents prime to /, the conditions of Theorem 152 are 
satisfied. Hence there is a prime ideal t of k(¢) such that 


i H 


Oroig [Dsp Een (EY en... 
{>} ¢ t £ t t 
for some exponent m prime to / and hence 

i H 


(Jae ae (Ean (Eh ws 


where ¢* is an l-th root of unity other than 1. From (33.5) we obtain the 
hh” hh” tlt 


I „s... 
result that (—} = {- P } = (7) = (* and hence, according 


t t 


to Theorem 140 (p. 202), we also have { = (* where p is a primary 


peh" 
number for r. 
From (33.5), using Theorem 162 (p. 296), we must have {£} = 1, 


{=} =1,.... Since 


all 
LL -Je [2 [5 o. 
ar} {7} 5) a} 
it follows that {2} = {3} = (*. Thus the prime ideal t satisfies the require- 
ments of Lemma 41. 


Lemma 42. Let p be a prime ideal of the regular cyclotomic field k(C); 
let m be a primary number for p. Ife is any unit of k(¢) which is not the l-th 
power of a unit of k(() then there exists a prime ideal t of k(C) such that 


(ei oe {B= (S} 
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Proof. Let n, 7’, 7”, ... have the same meaning as in the proof of Lemma 
41, Then, taking 


OQ, =E ET, men A3=7', wer’, Ser", ... 
y = 1, y2 =Ç, ys = 1, y =l, y = 1, rary 


we see that the conditions of Theorem 152 are again satisfied and an argument 
similar to that in Lemma 41 leads to a prime ideal t with the desired property. 


§159. Proof of the First Supplementary Law of the 
Reciprocity Law 


In order to prove the first supplementary law for a prime ideal p of the first 
kind we apply Lemma 41 which shows that there is a prime ideal t for which 


(èj ana {2} = {F} 41 


and which, in addition, is a prime ideal of the first kind. By (33.4) the prime 
ideal t satisfies the equation 


CY _ ela) _ [es 
{ t } =¢ u [ } 
where p is a primary number for t. Since {£} Æ 1 it follows from Lemma 38 
(p. 293) that every other unit € of k(¢) satisfies the equation 


EL fags 
B u { [ } 
Hence all the conditions of Lemma 40 (p. 295) are satisfied if we replace 


the prime ideals p, p* in the statement of Lemma 40 by t and p respectively. 


Thus, by Lemma 40, there exists a unit £ in k(¢) such that {>} = (=) #1 
where z is a primary number for p. It now follows from Lemma 38 (p. 293) 
that for every other unit € in k(¢) we have the equation {2} = (mE), as 
asserted by the first supplementary law. 

Next let q be a prime ideal of the second kind in k(¢). By the definition 


of such a prime ideal we have {5} = 1 for every unit € in k(¢); and if 


Kk is a primary number for q we have (23 = 1 by Lemma 37 (p. 291). 
Thus we have again the assertion of the first supplementary law, namely 


(=$) 
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8160. Proof of the Reciprocity Law 
for Any Two Prime Ideals 


Now that the first supplementary law has been proved in Sect. 159 the reci- 
procity law for the case of two prime ideals of the first kind follows at once 
from Lemma 39 (p. 294), 

Next let p be a prime ideal of the first kind and q a prime ideal of the 
second kind; let m and « be primary numbers of p and q respectively. In the 


case where ($) = 1 it follows from Theorem 162 (p. 296) that {2} =1 
and so we have the reciprocity law for p and q. Suppose now that {=} = 


(E) # 1. Since p is of the first kind there is a unit £ such that (£) =1 


and, as we see from the conclusion of the proof of Lemma 39 (p. 294), £ can 
always be chosen in such a way that a certain power of ex with an exponent 
prime to l is congruent to 1 + A modulo [*. We consider now the Kummer 
field k(,/ex,¢). By Theorem 148 (p. 227) the relative discriminant of this 
field with respect to k(¢) has two prime factors q and I. Since q is a prime 
ideal of the second kind we deduce from Lemmas 36 and 37 that for every 
unit £ in k(¢) we have the equations 


SER) _ 6} En) S) = 
ar er =1 and 3 =t 
Consequently the number r of characters which determine the genus of an 
ideal in k(./ex,¢) is equal to 2. From Lemma 35 (p. 288) it follows that 


in k(‚/er,C) the number g of genera does not exceed l. Using Lemma 42 
(p. 299) we determine a prime ideal t in k(¢) such that 


(Jar an {=d 
According to the first equation t splits in k(/en, C). Let R be a prime factor 


oft in this field and p a primary number of r. Then the character set of the 
ideal AR in k(./exK, C) consists of the two characters 


I q q 
Since the second character is not equal to 1 the ideals R, R?,..., R! deter- 
mine distinct genera and, in view of the upper bound determined above for 


the number of genera, there can be no others. Using the first supplementary 
law proved in Sect. 159 we deduce that 


PER “y= (PEN) {E FY a SEVEN SSE, 
GENE ate} a3 
i.e. the product of the two characters in (33.6) is 1. Since every ideal of 
k(,/ex,¢) must belong to one of the / genera it follows that for every ideal 
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of k(./eK,¢) the product of its two characters is always equal to 1. Since 
{=} = 1 the prime ideal p splits in k(/ex, ¢); if $ is a prime factor of p in 


this field then the two characters for % are given by the symbols 


(Se } oma {7 }= {3} 


Using the first supplementary law proved in Sect. 159 we have 
(SHH GH 
p -1 
GEG i 


That is to say, the reciprocity law holds for the two prime ideals p and q. 

Finally let q and q* be two prime ideals of the second kind; let « and «* 
be primary numbers for q and q* respectively. We consider the Kummer field 
k(W«K*,C). The numbers « and «” are (as was shown in the proof of Lemma 
37) congruent modulo l! to the /-th powers of certain integers in k((); so the 
same holds for ««* and consequently, by Theorem 148 (p. 227), the relative 
discriminant of the field kKIVRR*,C ) is not divisible by [. Thus the relative 
discriminant is divisible only by the prime ideals q and q*. Now for every 
unit € of k(¢) we have 


E KK) SELL SEK fF) _ 
{ q ei at and { q* Jain}! 
and accordingly the number r of characters which determine the genus of an 
ideal in k(\/««*,C) has the value 2. By Lemma 35 (p. 288) it follows that the 


number g of genera in the field k(/K«*, Ç) does not exceed J. Using Theorem 
152 (p. 254) we determine a prime ideal r in k(¢) such that 


(=) =1, (Sh 41 and {E} 41, 


From the first equation it follows that r splits in k(/««*, C); let R be a prime 
factor of r in this field and let p be a primary number for r. Then the character 
set of R in k(W/«K«*,¢) consists of the two characters 


KK” _ 
ea) = = (3 
(S = 
Because {=} # 1 it follows from Theorem 162 (p. 296) that the first character 


is distinct from 1. So the ideals R, R?, ..., R! all determine different genera 
and there are, as we have already shown, no more than / genera. Since we have 


or 


(33.7) 


| 
rr“ 
ih 
—— 

| 
— 
|“ 
yo 
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B #1 it follows that r is a prime ideal of the first kind; so the reciprocity 


law holds for the prime ideals t and q and also for the prime ideals r and q*. 
Hence the product of the two characters (33.7) is 


SEN _ {se = 
Gehe ta dat (33.8) 
Since every ideal of k(./««*,¢) must belong to one of the l genera it follows 
from (33.8) that for every ideal the product of its two characters must be 1. 


Now the ideal q is the /-th power of a prime ideal Q in k(W««*,¢). The two 
characters of Q in this field are thus 


(m easy" (ey (ey 
CRORE 


and since their product is 1 we obtain 


This establishes the reciprocity law for two prime ideals of the second kind 
and so completes the proof of the reciprocity law for any two prime ideals. 


8161. Proof of the Second Supplementary Law 
for the Reciprocity Law 


First let p be a prime ideal of the first kind and 7 a primary number for p. 


We determine a unit e in k(¢) such that {=} = 1 and then consider the 


Kummer field generated by Ved and C. Since {=} = 1 it follows that p 


splits in this field; let P be a prime factor of p in k(WeA, Ç). We see that the 


A 
character set of the prime ideal P consists of the single character {= E ; 


since, by Lemma 35 (p. 288), there is only one genus (which must be the 
principal genus), this character must have the value 1. Since by Sect. 159 we 


have B = =} it follows at once that {>} = {BA}. 
Next let q be a prime ideal of the second kind and let x be a primary 


number for q. There are two cases to be considered, according as {=} =1 
or Æ 1. In the first case it follows by considering the Kummer field k(v/A, C) 


‚A 
that we have {=*} = 1 also. In the second case we use Theorem 152 
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-1 
(p. 254) to produce a prime ideal p for which B = {=} # 1. Then 


p is certainly a prime ideal of the first kind and it follows by Theorem 162 
(p. 296) that if m is a primary number for p then {7} # 1; hence we can 


a 
find a rational integer a such that {=} = 1. Consider now the Kummer 
a a 
field k(VAr®,C). Then, since (=) = ($) # 1, the character set of an 


ideal of this field again consists only of a single character, which always takes 
the value 1. If we apply this fact to a prime factor Q of q in this field then 
CK, An? CITES K,A 

it follows that (=) = {>} {=} = 1; when we take into account 
the equation {7} = {3} we obtain the result that {7} = {SA}. 

The /-th power reciprocity law was first proved by Kummer. The new 
proof of the law which we have presented here differs from Kummer’s proof 
above all in this, that Kummer began by obtaining the first supplementary 
law by an ingenious extension of the formule of cyclotomy (at the expense of 
considerable computation) and only then derived the reciprocity law for two 
prime ideals on the basis of the formule he had computed; in contrast to this 
the discussion we have given above draws the arguments for the reciprocity 
law and its two supplementary laws from a common source. 

Among particular reciprocity laws which can be treated by the formule of 
cyclotomy we mention the reciprocity law for biquadratic residues ( Gauss (3), 
Fisenstein (8, 9)), the reciprocity law for cubic residues (Eisenstein (5, 7), 
Jacobi (1)), the law for bicubic residues (Gmeiner (1, 2, 3)) and Jacobi’s 
investigations concerning 5-th, 8-th and 12-th power residues (Jacobi (4)). 

We should also mention in conclusion that Eisenstein has stated without 
proof an i-th power reciprocity law and moreover has also considered the case 
where the class number of the cyclotomic field of the l-th roots of unity is 
divisible by | (Eisenstein (1, 12)). 


34. The Number of Genera 
in a Regular Kummer Field 


8162. A Theorem on the Symbol [2E } 


The most important problem in the theory of genera of a Kummer field is 
that of finding how many genera there actually are. We prove first a theorem 
which corresponds to Lemma 14 (p. 130) in the theory of quadratic fields. 


Theorem 163. Ifv and u are any nonzero integers of a regular cyclo- 
tomic field k(C) then 


where the product on the left hand side is taken over all prime ideals to 


of k(¢). 


Proof. Let h be the number of ideal classes in k(¢) and h* a positive 
rational integer such that hh* = 1 (mod l). We set v = "pipz: and 


u = lPgıqa---, where a and b are rational integer exponents and pı, pa, ..., 
di, 92, ...are prime ideals of k(¢) distinct from I. Let m1, ma, ..., Ki, Ka, 
... be primary numbers for the prime ideals pı , pa, ..., 41, q2, .. . respectively, 


chosen in such a way that 
T= pr”, m2 = pe yy Ka = qr”, Ka = a... 
If we set A = 1 — ( then we have two equations of the form 
v = ed mma, p= nA kika. TF (34.1) 


where e and n are units of k(¢). If w is any prime ideal we have in general 
hh* hh" 
u A „H }. (34.2) 
to J to 
Now let p and q be two prime ideals distinct from one another and from 
[; let r and « be primary numbers for p and q respectively. Let £ and 7 be 


any units in k(¢). From Lemma 36 (p. 290) and Theorem 161 (p. 289) it is 
easy to deduce the formulz 
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[= =1, (22) =1, 
f [ 
[STYaT)-ı, (ZE ZE] 1, 
[ p p q 


If w is a prime ideal distinct from [ which does not divide u then, ac- 
cording to Theorem 148 (p. 227), the relative discriminant of the Kummer 
field k(./f,¢) is prime to tv; if w is also prime to v then, by Theorem 150 


(p. 233), the number v is a norm residue of k(‚/p,() and hence, by Theorem 


151 (p. 248), we have [2E] = 1. This result together with (34.3) establishes 


the theorem in the case where each of the numbers v, u is either a unit or a 
power of A or else a primary number for a prime ideal distinct from t. Then 
by (34.1) and (34.2), using the rules (29.9) and (29.12), we deduce Theorem 
163 in general. 


(34.3) 


8163. The Fundamental Theorem on the Genera of a 
Regular Kummer Field 


We are now in a position to state and prove the theorem for regular Kum- 
mer fields which corresponds to the fundamental Theorem 100 (p. 127) for 
quadratic fields. This theorem is as follows. 


Theorem 164. Let r be the number of characters which determine a 
genus in a regular Kummer field K = k(,/m,(). Then a set ofr l-th roots of 
unity is the character set of a genus of K if and only if the product of the r 
I-th roots of unity is 1. Thus the number of genera in K is I". 


Proof. Let h be the class number of the regular cyclotomic field k(¢) and 
h* a positive rational integer such that hh* = 1 (mod J). Let h, ..., Ir be 
the r prime ideal factors of the relative discriminant of K chosen as in Sect. 
160. Let A be any ideal class in K, J an ideal in the class A which is prime 
to [ = (1 — () and to the relative discriminant of K; let P = (Nk(I))*?" be 
the integer of k(¢) derived from J according to Sect. 149 (p. 283) multiplied 
by a suitable unit factor so that 


w= Be} 2E) 
1 r 

are the r characters which determine the genus of J. Let p be an ideal of the 

cyclotomic field k(¢), if there is one, which occurs as a factor of V to a power 

with exponent not divisible by l; then p is certainly distinct from land prime 

to the relative discriminant of K. Since N.(J) is the relative norm of an ideal 

it follows that p must split in the field K. Consequently, applying Theorem 
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149 (p. 230), we deduce that for every such prime ideal p we have {5} =1 


and hence also (25) = 1. Referring to Theorem 163 (p. 305) we see that 


IH) 1 (34.4) 


where tv runs over all prime ideals distinct from [ which divide the relative 
discriminant of K and also the prime ideal I. Further, if (41, ry2, -.., lt are 
the prime ideals other than [), f2, ..., I, which divide the relative discrimi- 
nant, then by Sect. 149 we have 


7, p V, p P, p 
re {hen [hai 34.5 
(E) ei l } (34.5) 

If the prime ideal | divides the relative discriminant of the field X then it 
follows already from (34.4) that the product of all r characters is 1. If, on the 
other hand, I does not divide the relative discriminant of K, then it follows 
from Theorem 150 (p. 233) that 7 is a norm residue of K modulo I and hence, 


by Theorem 151 (p. 248), we have {4} = 1. Thus we see from (34.4) and 


(34.5) that in this case also one part of Theorem 164 is established. 
For the sake of brevity we shall prove the second part of the assertion 
of the theorem only in the case where the prime ideal [ does not divide the 


relative discriminant of the field K. Again we let h, ..., I be the t prime 
ideals of k(¢) which divide the relative discriminant of K; let `, ..., Az 
be primary numbers for l, ..., I; respectively. For i = 1, ..., t let If‘ be 


the exact power of I; dividing u and let ef be a rational integer such that 
e,e; = 1 (mod J), Finally let y1, ..., Yp be any r /-th roots of unity such that 
Yı''’Yr = 1; by Theorem 152 (p. 254) there exists a prime ideal p of k(¢) 
which does not divide u and satisfies the equations 


Al ne Aa me Ar ™ er 
(F) =n {F} = Yg yras (Fh = %7r 3 (34.6) 
Ars)? 5 SA2” Mm 
{ - } =1, f - } =bn {3} =1 (34.7) 
for some exponent m in the range 1, 2,...,  ~ 1. If 7 is a primary number 


for p it follows from (34.6), using Theorem 161 (p. 289), that 


{=F} = {ue} = (y = ($y =y (¢=1, 2,..., r). 


Furthermore we deduce similarly from (34.7) that 


{THY = {FP = {>} =: G@=r41,r42,...,t). (34.9) 
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Since yı -Yr = 1 we deduce from (34.8) and (34.9) that 


II} =1 (34.10) 


(to 
if w runs through all the prime ideals h, ..., x. Now let m be any prime 
ideal of k(C) distinct from p and Ih, ..., hk. According to Theorem 150 


(p. 233) the number 7 is a norm residue of the Kummer field K modulo 
m and consequently, by Theorem 151 (p. 248), we have {ae} = 1, When 
we take account of this fact and (34.10) Theorem 163 (p. 305) implies that 


we must also have (TE) =1,i.e. {=} = 1. Asa result of this last equation 


it follows, by Theorem 149 (p. 230), that the prime ideal p splits in K as a 
product of l prime ideals. If $ is one of these then, as we see from (34.8) and 


(34.9), the ideal P” obviously has the prescribed roots of unity Yı, ..., Yr 
as characters. Thus Theorem 164 is completely established in the case we are 
considering. 


If t divides the relative discriminant of K then in order to prove Theorem 
164 we must make suitable modifications to the above argument - the appro- 
priate changes are easily seen by analogy with the corresponding situation 
for quadratic fields (cf. pp. 144-145). 


Kummer carried out his investigations in a certain order of the field 
k(./H,¢), not the totality of all the integers of this field. There the notion of 
genus requires certain modification. It was Kummer’s great achievement to 
have stated and proved for the order he considered the results which we have 
formulated in Theorem 164 for the field K itself (Kummer (20)). Apart from 
the order considered by Kummer there are infinitely many other orders in K 
in which the theory could be developed with similar outcome. 


§164. The Classes of the Principal Genus in a Regular 
Kummer Field 


In this and the following section we present some important consequences of 
the fundamental Theorem 164 for the Kummer field k(./f,¢) which corre- 
spond to the theorems about quadratic fields developed in Sect. 71 and Sect. 
72 and in Sect. 82. 


Theorem 165. The number g of genera in a regular Kummer field is 
equal to the number of ambig complezes. 


Proof. Ift and n have the meaning described in Theorem 159 (p. 280) 
then, when we recall that, according to Theorem 164 (p. 306), we have g = 
I"! it follows from Lemma 34 (p. 287) thatr-1<t+n- $(i+ 1); since, by 
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Lemma 33 (p. 285), we have on the other hand that t+ n - 2(I+1)<r-1, 
it follows that 

r-1l=t+n-3$(+]). 
We thus see that the number a of ambig complexes determined in the proof 
of Lemma 34 (p. 287) must be /”~' and hence we have a = g. 


Theorem 166. Every compler in the principal genus of a regular 
Kummer field K is the (1 — S)-th symbolic power of a complex in K, i.e. 
every class in the principal genus is the product of the (1 — S)-th symbolic 
power of a class by a class which contains ideals of k(C). 


Proof. In the proof of Lemma 34 (p. 287) we obtained the equation af’ = 
gf where a is the number of ambig complexes, f’ the number of complexes 
which are (1 — S)-th symbolic powers of complexes, g is the number of genera 
and f is the number of complexes in the principal genus. Since we have proved 
in Theorem 165 that a = g it follows that f’ = f and so every complex in 
the principal genus is the (1 — S)-th power of a complex. 


§165. Theorem on the Relative Norms of Numbers in a 
Regular Kummer Field 


Theorem 167. Letv and p be integers of the regular cyclotomic field k(() 
such that u is not the l-th power of an integer in k(C). If for every prime 


ideal w of k(C) we have 
{=} -1 
to 


then the number v is the relative norm of an integer or fraction A of the 
Kummer field K = k(./p, £). 


Proof. We prove this result first in the case where v is a unit in k(¢). Again 
let n and ¢ have the same meaning for the field k(./u,¢) as in Theorem 159 
(p. 280). In the proof of Theorem 159 it was shown that r—1 = t+n—$(/4+1), 
whence n = $(/—1)—t+r. We consider on the other hand the r* = t—r units 
E,,..., Ere which were determined in Sect. 149 (pp. 283-284). According to 
the equations (32.19) (p. 284) a product of powers of these r* units can be 
the !-th power of a unit of k(¢) only if the exponents of the powers are all 
divisible by !. Since the set of all units in k(¢) forms a unit bundle of degree 
4 (i — 1) it follows that there must be a further (i — 1) — r* units er 41, 


Err4+23 +++ Ey) in k(¢) such that every unit € in k(¢) can be expressed in 
the form Peay | 

E = eiea EU-n) 
where x1, T2, ..:, T}q-1) are rational integer exponents and e is a suitably 


chosen unit in k(¢). Let us set in general 
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E 1 

(=E) = (u=12,...,3(-1)jv=12,...,r*). 

bk-v+1 

Then the r* equations 
{SAY 1 {SY yf oH Vy (34.11) 
Ce l-1 | 

lead to the following r* linear congruences for the exponents 1, X», ..., 
Tu- 


euti + ee + erq-inaf4a-) = 0 
en (mod !) (34.12) 
EiT + + Eu-r" TAL) = 0. 
According to (32.19) (p. 284) we have 
én = 1, e21, = 0, e31 = 0, pray er, = 0 
e22 =l, €32=0, ..., Creg=0 
ey3=1, ..., 320 (mod J) 
Crepe = 1 


and hence the r* linear congruences (34.12) are independent. It follows that 
all the units € which satisfy conditions (34.11) form a unit bundle of degree 


40-1) -—r* = $(l-1)-t4r. 


We established at the beginning of this proof that the degree n of the bundle 
of all units in k(¢) which are relative norms of units or fractions in K has 
this same value 3(—1)-t+r. Since every unit in k(¢) which is the relative 
norm of a unit or a fraction in K is obviously a norm residue of K modulo 
I and hence, by Theorem 151 (p. 248), must satisfy the equations (34.11), 
it follows that every unit ef the bundle considered at the beginning also 
belongs to the second unit bundle. Since both bundles have the same degree 
they must be identical. By hypothesis the unit v under consideration satisfies 
the conditions (34.11) and hence belongs to the second unit bundle; hence, 
by what we have just proved, v belongs also to the first unit bundle, i.e. v is 
the relative norm of a unit or a fraction in K. 

Now let v be any integer in K which satisfies the condition of Theorem 
167. We consider the prime ideals of the field K which divide v. Set A= 1-—¢ 
and [= (A). If the prime ideal [ of the field k(C) occurs as a factor of v toa 
power whose exponent b is not divisible by / and if, furthermore [ does not 
divide the relative discriminant of K then, using the results at the end of 
Sect. 133 on p. 251, we see that we have 
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er" 


then, as a consequence of the equation 


= 


which we derive from this, we deduce from Theorem 149 (p. 230) that I splits 
in K as a product of l prime ideals. Let £ be one of these; then we have 
N.(£) = 1. 

Next let p be a prime ideal of the cyclotomic field k(¢) distinct from [. 
Suppose that p occurs as a factor of v to a power whose exponent 0 is not 
divisible by l; on the other hand suppose that the exponent a of the power 
to which p divides u is divisible by l. Then, by definition of the symbol, we 


have 
b 


HE) (HE S? 
Ir 
and hence, according to the hypothesis of Theorem 167, we have (£) =1. 


From Theorem 149 (p. 230) we deduce that p splits in K as a product of | 
prime ideals. If % is one of these ideals we have p = N (%¥). 

Finally, the prime ideals of k(¢) which divide the relative discriminant of 
K are all l-th powers of prime ideals in K and hence relative norms of ideals 
of K. When all these facts are taken together it follows that v must be the 
relative norm of an ideal § in K, i.e. that v = N(9). 

According to the hypothesis of Theorem 167 we see further that 9 
belongs to the principal genus of K and hence, by Theorem 166 (p. 309), 
we can write 


H~ ig1-8 
where i is an ideal in k(¢) and 7 is an ideal in K. If h is the number of ideal 


h 
classes in k(¢) we have i ~ 1 and consequently A = a5) must be an 
integer or fraction in the field K; for the relative norm of this number A 
we clearly have N,(A) = ev? where e is a unit in k(¢). From this equation 
it follows by Theorem 151 (p. 248) that for every prime ideal tv in k(¢) we 
h 
have {4 = 1 and hence also {==} = 1. Now in the first part of this 


proof it was shown that under this condition € must be the relative norm of 
a number in K; we set € = N;,(H) where H is in K. If b and e are rational 
integers such that bh + el = 1 it follows that 


v = Ny(APH Pre), 


and this completes the proof of Theorem 167, 
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In this proof we can on both occasions restrict the application of Theorem 
151 to the case where w # I since then, by Theorem 163 (p. 305), the assertion 
follows also for w = I. 

With this we have succeeded in carrying over to regular Kummer fields all 
the properties which were already stated and proved by Gauss for quadratic 
fields. 


35. New Foundation of the Theory 
of Regular Kummer Fields 


8166. Essential Properties of the Units 
of a Regular Cyclotomic Field 


We have seen how important a role the symbol {=} plays in the theory of 


Kummer fields. The definition of this symbol in Sect. 131 and the derivation 
of its properties in Sect. 131 to Sect. 133 were intimately connected with the 
logarithmic derivative (introduced by Kummer) of the function w(x) associ- 
ated with a number w congruent to 1 modulo [. The computations involving 


the symbol “iF in a Kummer field which were carried out in Sect. 131 


to Sect. 133 correspond precisely to the considerations presented in Sect. 
I 


64 for the symbol (==) in a quadratic field. Although we have already 


succeeded in reducing the computational machinery invented by Kummer to 
modest dimensions, it still seems to me necessary, especially for the future 
development of the theory, to investigate whether it might not be possible 
to lay a foundation for the theory of Kummer fields completely lacking any 
computation. In this chapter I indicate briefly the way to do this. 

First of all it is easy to deduce the properties of the units of a regular 
cyclotomic field which will be needed later on without any calculation and 
without introducing the Bernoulli numbers. For Theorem 156 we call to mind 
the second of the proofs given on p. 266. 

We can then deduce Theorem 155 (p. 264) from Theorem 156 as follows. 


We let £1, ..., &ı- be any fundamental set of !* units of the field k(¢); then 
we determine positive exponents eı, ..., €+ and rational integers aı, ... , ay- 
bi, -.., bt prime to / such that the congruences 

6p = a+b” (mod [¢1+1) 

Et = aye + bX (mod (+1) 
are Satisfied. We suppose that eı is the least among the exponents eı, ..., 
e. Then it is easy to see that the /* — 1 units £2, ..., & can be multiplied 
by powers of £, in such a way that the /* — 1 products £3, ..., Ef. so obtained 


satisfy the congruences 
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e& = exf = ar (mod let!) 
ef. = eet = al. +b Ai (mod lir+1) 
where a, ..., Gje, bh, ..., bj. are rational integers prime to / and the expo- 
nents €h, ..., €j are all greater than e,. The units £1, Eh, €4,..., Epe form 
a fundamental set of units for k(¢). Now suppose that e; is the least among 
the exponents ey, ..., €;.. Then it is again possible to multiply the units £3, 
..., Eja by powers of £3 so that the /* — 2 products eZ, ..., eje satisfy the 
congruences 
ef = ehe = al +t (mod lest!) 
Ee. = ef = al, + bi AS" (mod [ei +1) 
where af, ..., a, b3, ..., bj are rational integers prime to / and the ex- 
ponents ef, ..., ej. are all greater than e. The units eı, €h, E3, eq, -.., Ef 
again form a fundamental set of units for k(¢). Proceeding in this way we 
obtain eventually a fundamental set £1, €h, &3, ..-; ei =D of units in k(¢) 
which satisfy the congruences 
El = @ı +b,4° (mod [eı+1) 
EJ = ah + bhàt (mod 182+!) 
ed = az +b% (mod (¢3 +!) 
-_ -_ "_ ("-1) (1) 
(Po) = a Dy pt D) yer (mod I +1) 
(i -1) (1) . 
where aı,..., @. » Oi, «+6, OF are rational integers prime to / and the 
exponents €1, ..., ei. =D satisfy the chain of inequalities 


e <e cece cell 2), (35.1) 
Since the units under consideration are all real the exponents eı, &5, ef, ..., 


el) are all even. If we had 


Ys 1-1 


then (by Theorem 156) el D would be the l-th power of a unit 7 in k(¢). 
If we express 7 by means of the units Ç, &ı, Eh, <., el! =D in the form 


n = Geet (e5)? (e ON, 


where u, u1, U2, ..., upe are rational integer exponents, and raise this equation 
to the l-th power then we obtain a relation between the /* units £1, &2, ..., 
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(1-1) 


Eje with exponents which are not all zero; this contradicts the fact that 
El, 5, ---, el -1) form a fundamental set of units for k(¢). It follows that 
AD c11. 


Hence, examining the inequalities (35.1), we see that we must have 
€)=2,e,= 4, e3 = 6,...,e0 7 = 1-3. 


This fact allows us to conclude at once that there exist units £1, ...., &- with 
the property required by Theorem 155 (p. 264). 
Theorem 157 (p. 266) follows from Theorem 155 as in Sect. 142. 


§167. Proof of a Property of Primary Numbers for Prime 
Ideals of the Second Kind 


We take as basis for our discussion the definition of the symbol [2E] given 
in Sect. 131 for a prime ideal w Æ I, leaving aside for the present a definition 
of the symbol (Eh accordingly we make use of Theorems 150 (p. 233) 
and 151 (p. 248) only for w # I. Theorems 158 (p. 273) and 159 (p. 280) 
then follow immediately for the Kummer field k(,/z,¢) as shown earlier, 
provided we make the restrictive assumption that the relative discriminant 
of k(,/u,¢) with respect to k(¢) is prime to I. Under the same restriction 


we obtain, without using the symbol [2E , the notion of the character 


of an ideal in k(./#,¢), the classification of the ideal classes of a Kummer 
field into genera and the validity of Lemmas 33 (p. 285), 34 (p. 287) and 35 
(p. 288). Then we can prove first the following lemma. 


Lemma 43. Every primary number x for a prime ideal q of the second 
kind is congruent modulo l! to the I-th power of an integer in k(C). 


Proof. Let £1, ..., cE be the /* = i(i — 3) fundamental units of the field 


k(¢) determined in Sect. 166 (denoted there by £1, €4,..., m), Let p, pı, 
.., pte be prime ideals of k(¢) distinct from [ such that 


(= {2}. (B}en on {pan 


G Ge Ghr | a 
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where ¢*, ¢1,..., C= are any l-th roots of unity distinct from 1. The existence 
of such prime ideals follows from Theorem 152 (p. 254); if we refer back to 
the proof of this theorem we see that not only the number but also the sum of 
the reciprocals of the norms of all the prime ideals t with the properties given 
there are infinite; accordingly, as is clear from consideration of the proof of 
Theorem 83 (p. 95), we may suppose in the present situation that the prime 
ideals p, pı, ..., pı- are all of degree 1. Furthermore we can suppose that the 
rational prime numbers divisible by p, pi, ..., pı- are all distinct. Let m, 7, 
.., Tie be primary numbers for p, pi, ..., pie respectively. 

We now examine the possibility that there are !* +1 integer exponents u, 
U1,+.-, Ws, not all divisible by l, for which the expression a = n"n]! m." 
is congruent modulo l! to the l-th power of an integer in k(¢). By Theorem 148 
(p. 227) the relative discriminant of the Kummer field k(./a,¢) is divisible 
by a certain number ¢ of the prime ideals p, pi, -.. , pie but not by the prime 
ideal I. On the other hand it follows from (35.2) with the help of Theorem 151 
(p. 248) that the degree m of the unit bundle consisting of the units of k(¢) 
which are relative norms of units in k(\/a, Ç) is no greater than (J — 1) — t; 
thus for the Kummer field k(./a,¢) we would have 


m<$(l-1)-t, ie t+m-2(-1)<0 


which, according to Theorem 158 (p. 273) cannot be the case. Hence the 
possibility described above cannot occur and so if the exponents u, un, ..., 
u are all prime to l the number r*]" m;e” cannot be congruent modulo 
[! to the i-th power of an integer in k(C). 

Let « be a primary number for the prime ideal q. We deduce from the 
proof of Theorem 157 (p. 266) that there are precisely ({—1)i'~3/l"" primary 
numbers mutually incongruent modulo I”! and hence (/ - 1)/'"+! mutually 
incongruent modulo ['; on the other hand the l-th power of a number in k(() 
which is prime to [ is always congruent modulo I! to the /-th power of one 
of the l — 1 numbers 1, 2, ..., | — 1. From the facts we have just obtained 
it follows that it must always be possible to determine the exponents u, u1, 

.., up in such a way that the expression u = n"r1' m." K is congruent 
modulo [! to the l-th power of an integer of k(C); if u, w1,..., ur are obtained 
in this way then we write a = n"m’ --- 7/2", so that u = ax. Consider now 
the possibility that a certain positive number a of the exponents u, uj, ..., 
u are prime to l while the remaining $(!-1)- a are divisible by l. Then by 
(35.2) we see that for the Kummer field k(,Ya,() we have (using the notation 
of Sect. 149) £ = a + 1, r* = a, r =t—r* = 1 and hence, by Lemma 35 
(p. 288), all ideal classes of the field k(./f, ¢) belong to the principal genus. 
This implies at once that if r is any prime ideal of k(¢) with the property 


{=} = 1 and p is a primary number for r then, by suitable choice of the unit 


E, the character set of the number £p in the field k( 4/4, ¢) consists entirely of 
units +1; hence in particular 
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ae}: 
q q 


and since q is a prime ideal of the second kind it follows that {a} =1. 


Next we denote the ideals distinct from q and conjugate to it by q’, q”, 
...and the automorphisms in the group of k(¢) which transform q into q’, q”, 
... by s’, s”, ... respectively. If h and h* have the same meaning as in Sect. 
149 and q is the rational prime divisible by q then, just as in Sect. 158, when 
we take account of the remark after Theorem 157 (p. 266), we have 


K(s'k)(s"K) +++ = elg 

where e is a unit in k(¢). According to our assumption about the exponents 
U, ül, ..., we and since the prime ideals p, pi, ..., pı- are of degree 1 and 
divide distinct rational primes we can conclude from Theorem 152 (p. 258) 
that there is a prime ideal t of k(¢) with the properties 


=} =l, (5) =l, (35.3) 


where (* is any l-th root of unity distinct from 1. The equations (35.3) give 


at once , 


Mn mn 


EEE Er Er (35.5) 


t 
from the first of the equations (35.4) it follows by what was previously proved 
that {-} = 1 and similarly the remaining equations in (35.4) lead to the 


relations ta} = 1, {a} = 1, .... Multiplying these relations we obtain 
{=} = 1 which, according to Theorem 140 (p. 202) contradicts equation 
q 

(35.5). It follows that the possibility we are considering in relation to the 
exponents u, ui, ..., ue cannot in fact occur, i.e. these exponents as deter- 
mined above must all be divisible by ! and hence a is the /-th power of an 
integer in k(¢). From this it follows that « is congruent modulo [' to the /-th 
power of an integer in k(¢) and so the proof of Lemma 43 is complete. 
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8168. Proof of the Reciprocity Law Where One of the 
Two Prime Ideals is of the Second Kind 


Now we prove successively the separate parts of the [-th power reciprocity 
law as follows. 


Lemma 44. Let q be a prime ideal of the second kind andt a prime tdeal 
oo, d t 
th t d kind .Ifs-}=1 th -+t=1 . 
of the first or second kind in k(¢). If { a} en B also 


Proof. Let k and p be primary numbers for q and t respectively. Referring 
to Lemma 43 (p. 315) we see that by Theorem 148 (p. 227) the relative 
discriminant of the field k(./«,¢) has only the single prime factor q; hence, 
according to Lemma 35 (p. 288), all ideals of this field belong to the principal 


genus. Since {3 } = 1 the prime ideal r splits in the field k( 4K, Ç) as a product 
of ! prime ideals; the character of any one of these prime ideals has the value 


ARSE 
{ q }= {a} l; 
this completes the proof of Lemma 44. 
Lemma 45. If q and qı are any two prime ideals of the second kind in 
A G [a 
k(C) then {a} = { 3 }. 


Proof. If {+} = 1 then the assertion of the lemma follows at once from 
1 


Lemma 44. 

We now consider the case in which {a} #1. Let s and sı be primary 
numbers for q and qı respectively; let q’, q” ‚...bethe prime ideals distinct 
from q which are conjugate to it and let «’, K” ,...be the primary numbers 
for q’, q”, ... respectively conjugate to «. Similarly let qi, qf, ... be the prime 
ideals distinct from qı which are conjugate to it and «4, «/,...the primary 
numbers for q/,9%, ... respectively conjugate to «1. Finally let q be the ratio- 

ltt hh” 


nal prime number divisible by q; then we have KK'« = g'g" where e is 
a unit in k(¢). By Theorem 152 (p. 254) there is a prime ideal r for which 


Ge fn a 
(e {8-1 (San an 
(Ken {S}-2 2) E] s 


where (* is any [-th root of unity distinct from 1 and eı, ..., eı- are the /* 
units determined in Sect. 166 (denoted there by £1, €4, ..., el! D), From 
(35.6) it follows that 
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KKK. q . 
{ t } u (4) =g, 
and hence, if p is a primary number for t, we deduce from Theorem 140 
(p. 202) that we also have 


DESOI I <6 ea 


q 
On the other hand, it follows from (35.6) by Lemma 44 that 


Gha so 
Similarly we deduce from (35.7) the relation 
GESE op 
Kp? 


Now we determine a power pë of p such that {=} = 1 and consider 


1 
the Kummer field k(\/«p*,¢), Since q (by hypothesis) and t (by (35.8)) are 
prime ideals of the second kind it follows by means of Lemma 43 that the 
relative discriminant of this field has only the two prime ideal factors q and 
t. By Lemma 35 (p. 288) we deduce that k(.//«Kp®,¢) has at most / genera. 
The prime ideal t is the !-th power of a prime ideal R in k(W/Kp®,¢). The two 
characters of R in this field are 


(E) (E) we arg" 
and from these we obtain the characters of R?, R3, ..., RE, According to 


(35.10) the ! ideals R, R?, ..., R! determine / distinct genera and by the 
same formula (35.10) the product of the two characters of each of these ideals 


is 1. It follows that this holds for every ideal in k(./Kp*,¢). Since (5) =] 
1 
the prime ideal qı splits in k(./«p*, C); the characters of a prime factor of qı 


are K1, Kp? K Kl, Kp? K 
N 1 t e 
(r and e) 


Kl 
t 


Kı 


and so we have {=H y = 1, Since, on the other hand, we have 
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a 
qı qa qa 
it follows by means of (35.11) that {=} = {+}. 
q qa 


Lemma 46. Let p be a prime ideal of the first kind and q a prime ideal 


ndi P\_ al 
of the second kind in k(C). If { a) = 1 then (5) = 1 also. 


Proof. Let 7 and « be primary numbers for p and q respectively. Suppose 
that (E) = 1 but {5} # 1. By Theorem 152 (p. 254) there would be a 


prime ideal r distinct from p and q such that 


T K 
[}zı {=} 41, (35.12) 
J-a {Bp {£} 
{2}=1, that... l=, (35.13) 
where £1, .-., Epe are the units determined in Sect. 166 (denoted there by £1, 


Ehys eD), According to (35.13) r is a prime ideal of the second kind. If 
p is a primary number for t we have {5} Æ 1; for if {2} = 1 it would follow 


from Lemma 44 (p. 318) that {=} = 1, which contradicts the first equation 


in (35.12). Thus we can find a power p° of p such that {=} =1. 


Since t and q are prime ideals of the second kind it follows by means of 
Lemma 43 (p. 315) and Theorem 148 (p. 227) that the relative discriminant 
of the field k(./«Kp®,¢) has only the two prime ideal factors q and r. Now, by 


(35.12), we have {=} # 1 and by Lemma 45 (p. 318) 


RY fA) fF). 

{ t } u { t } { q if 
hence it follows, as in the proof of Lemma 45, that for every ideal in k(.Y«p*, ¢) 
the product of its two characters must be equal to 1. Since Fe) = 1 the 


prime ideal p splits in k(./«p®, C); each prime factor of p has the two characters 


mT, Kp") _ fP mT, Kp) Tye 
{ q =i) and { t ich 
Since, by hypothesis, the first character is equal to 1 it follows from what 


we have just proved that {=} = 1 which contradicts (35.12). Hence our 


hypothesis that {3} # 1 leads to a contradiction and so (5) = 1 as 


asserted in the lemma. 


far 
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Lemma 47. If q is a prime ideal of the second kind and p is a prime ideal 
of the first kind then {=} = {E). 
p q 
Proof. We proceed precisely as in the proof of Lemma 45, replacing the 
prime ideal qı by p and then in the course of the proof in order to derive the 
relation corresponding to (35.11) we use Lemma 46 instead of Lemma 44, 


8169. A Lemma About the Product {=} Where ro 
(m) 
Runs Over All Prime Ideals Distinct from | 


We are now in a position to derive the following lemma. 


Lemma 48. Ifv and u are integers prime to | and p is congruent modulo 
( to the l-th power of an integer in k(C) then 


PUY _ 
Wie} 


where the product is taken over all prime ideals to distinct from I. 


Proof. Under the hypothesis made about p we can obviously write u as a 
product of primary numbers for prime ideals divided by the /-th power of an 
integer in k(¢). If in particular v is equal to a primary number for a prime 
ideal q of the second kind then the assertion of the lemma follows at once 
from Lemmas 45 and 47, i.e., under the conditions imposed on p we have 


I} =1. (35.14) 


(m) 


Now we consider the Kummer field k(.Y, €). If r is the number of charac- 
ters which determine the genus of an ideal class of this field then, according 
to Lemma 35 (p. 288), there are at most I7-1! genera in this field. Let y1,..., 
yr be any r I-th roots of unity whose product is 1. Then we can establish, 
precisely as in the proof of Theorem 164 (p. 306), that there are ideals in the 
field k( 4/4, Ç) whose characters coincide with yı, ..., Yr. To do this we have 
only to add to the conditions (34.6) and (34.7) the further conditions on the 
prime ideal p occurring there: 


(S} 248} =f} aa 


where £1, ..., E} are the units introduced in Sect. 166 (denoted there by £1, 


Edy aa ef), In this way of course we obtain the result that p is actually a 
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prime ideal of the second kind. Hence we may refer to Lemmas 45 and 47 and 
apply the reciprocity law in the same way as we did in Theorem 164. Instead 
of Theorem 163 which was used there we bring into play here the formula 
(35.14). At the same time it follows that there are actually {"7! genera in 
k(./u,¢) and hence that for each of them the product of the r characters 
must always be 1. We now apply these facts to prove Lemma 48 for the case 
where v is a unit and then for the case in which v is a primary number for a 
prime ideal of the first kind. 

Again let £1, ..., ey be the /* units mentioned above; let l1, ..., ı be, as 
in Sect. 149, the ¢ distinct prime ideals which divide the relative discriminant 
of k(./z,¢); let prime ideals [;, (1, ..., (-41 be chosen from among them as 
in Sect. 149; let A-41,..., A: be primary numbers for [,41,..., Iz respectively; 
finally, let € be any unit of k(¢). By Theorem 152 (p. 254) there is a prime 
ideal q such that 


{5} =1, {a pahes {=} =1, (ahah (35.15) 
ee = G56 


where m is a certain exponent prime to l. Let x be a primary number of q. 
According to the equation (as = 1 the prime ideal q splits in k(,./u, Ç) and 


according to the remaining equations (35.15) q is a prime ideal of the first 
kind. Since we have (as we see from (35.16) and Lemmas 45 and 47) 


-m -m 
[FERN =1,..., [E] =1, (35.17) 
+1 l 
the r characters of each prime factor of q have the values 
(Th) {fee} {SHY 
si ' Co uo ly l 


Now according to what was proved above the product of these characters 
must be 1; referring to (35.17) and the last equation in (35.15) we deduce the 


relation 
PETK H 
E re t, 
(m) 


where the product is taken over all prime ideals t distinct from [. Hence it 
follows with the help of (35.14) that 


Teer mao {St} (ss 


(m) (m) 


Thus Lemma 48 holds also in the case where v is any unit in k(¢). 
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(m) w 
Now let p be any prime ideal of the first kind which satisfies the condition 


that {5} = 1 and hence splits in k(Yp,G). The r characters of each prime 


ideal factor of p are 
er eh PE) 


where 7 is a primary number for p and € is a suitable unit of k(¢). Since the 
product of these characters is 1 we have, as before, 


and hence, by (35.18), 


If, finally, p is a prime ideal of the first kind prime to p such that (E) #1 
then we determine a prime ideal q of the second kind such that ($) # 1; by 


Lemma 44 we also have {5} # 1. If « is a primary number for q and «® is a 
power of « such that {=} = 1 then, by what we have just proved, 
TURN _ 

I] { tv } =l 

(w) 
and since, by Lemma 47, we also have 

-1 

Tg 
(m) p q 
it follows that we have 


IT {=} =1. (35.19) 


So Lemma 48 holds if v is a primary number for a prime ideal of the first kind. 
From (35.14), (35.18) and (35.19) we see that Lemma 48 holds in general. 
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8170. The Symbol fv, u} and the Reciprocity Law 
Between Any Two Prime Ideals 


We have now reached in a surprisingly simple way the new foundation of the 
theory of regular Kummer fields on which we set our sights at the beginning 
of this chapter. If v and y are any two integers of k(¢) we set 


{va} = MEESE (35.20) 


(m) 


where again the product II is taken over all prime ideals m distinct from [. 
(m) 

The symbol {v, u} is an l-th root of unity which is completely determined by 

the numbers v and p and from (29.9) (p. 240) we deduce the formulae 


(viva, u} = {vu} {van} 
{v, pa} = {v, pai} {y, pa} (35.21) 


Ye} {mv} =1, 


where v, 44, Vo, H, Hi, Ha are integers in k(¢). Let r be a primitive root 
modulo / and s = (Ç : (”) the corresponding automorphism in the group of 


k(¢). Then 
{sv su} = {v,p}". (35.22) 
We have also the following result. 


Lemma 49. Ifv and u are any two primary numbers of the field k(C) 
then the symbol {v, u} has the value 1. 


Proof. If a is any rational integer prime to v and l then it follows from 
Theorem 140 (p. 202) that we have 


{u,a} = BEH =1. (35.23) 


Since we have taken p to be a primary number the product p: study 
is congruent modulo ['-! to a rational integer. Consequently we can also 
determine a rational integer a modulo [' in such a way that 


ap std, =1 (mod) 


and moreover we can choose a prime to v. Applying Lemma 48 we have 


{v,a} {vpn} {v, st da} = {man st Vy} = 1, 
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hence, by (35.23), we also have 


wurst Pu} =1. 


Similarly we prove that 
{v, EU yl shl-Dy, sed u} =]. 
From formula (35.22) we have 
{v, p} {s} Dy, std.) =1, 


The last three equations taken together lead to the result that 


(vu =1. 


Hence vu} = 1 and the proof of Lemma 49 is complete. 


If we choose v and p in particular to be primary numbers for arbitrary 
prime ideals p and q in k(¢) then the assertion of Lemma 49 is equivalent to 
the general reciprocity law (Theorem 161 (p. 289)) for these prime ideals p 
and q. 


§171. Coincidence of the Symbols fv, n} and i} 


We deduce from Theorem 151 (applying it only in the case where to # |) 
that {v, u} always has the value 1 if v is the relative norm of an integer in 
the field k(,./fi,¢); we now go on to prove that {a, p} also has the value 1 
provided that the integer & is a norm residue of the field k( 4m, ¢) modulo I. 
To see this, let us suppose for the sake of brevity that both numbers a and u 
are prime to I; let a = N;(A) (mod [!), where N}(A) is the relative norm of 
an integer A in k( 4/7, Ç); then a- (N,(A))'~! is obviously congruent modulo 
t to the i-th power of an integer. Hence, using formula (35.21) and referring 
to our earlier remarks and Lemma 48, we have 


{a (NAT, u} = {ow} NA = {au} =1 


as asserted. If one of the numbers a, p is divisible by I or both are, then the 
proof of this result can be carried out without difficulty using the same kind 
of argument. 

If u is an integer of k(C) prime to [then we can easily deduce from (35.20) 


that 
{cu} — cn), 
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accordingly the symbol {v, u} satisfies the same conditions as those we 


established at the end of Sect. 133 for the symbol [ZE}; and so, if we 


use the definition of the symbol {+} given on p. 251, it follows that 


{rn} = {A}; 


In this equation we recognise Theorem 163 (p. 305). 

If, in particular, both numbers v and p are prime to [ and P and ñ are 
integers of k(C) congruent to v and u respectively modulo l! then, by using 
Lemma 48, we deduce easily that 


Vey [2E 
(E) 
From this, in view of the formula (35.21), we deduce the following result: if 


the numbers v and yp are both prime to [ and 


at(1 + A)™(1 + A?)"2---(1 +Alym-ı (mod 14), 


v = 
p = DL +A)™ (14-2) --- (1 + Aıymi-ı (mod t), 
where a and b and the exponents ni, na, ..., Ni-ı, Mı, Ma, .-., Mi- are 


rational integers, then there is an equation of the form 


{2E} — CEM tama ys 1) 
[ 

where L is a homogeneous bilinear function of both sets of variables nj, ..., 
Ni-1; Mı, .-., My_1 and the coefficients of L are rational integers which 
depend only on ! and which, for a given prime l, can be easily calculated by 
making special choices of the numbers v and u. 


Now that the symbol {+} has been defined and its most important 


properties derived we may relax the restriction hitherto in force in this chap- 
ter to Kummer fields with relative discriminant prime to l; then, precisely 
as above, we obtain proofs of Theorems 164 (p. 306), 165 (p. 308), 166 
(p. 309) and especially the fundamental Theorem 167 (p. 309). With the 
help of Theorem 167 and appropriate use of Theorem 152 (p. 254) it can also 


be shown that if v and p are any two integers of k(¢) such that [=E} =] 


and p is not the /-th power of an integer in k(¢) then the number v must be 
a norm residue of the Kummer field k( 4/4, C) modulo [. Thus Theorem 151 
(p. 248) holds also for the case to = [ and from this we deduce that Theorem 
150 (p. 233) is also valid for m = {. Thus, in the method of developing the 
theory of Kummer fields which we have been describing, Theorems 150 and 
151 for w = [ appear (in contrast to the earlier development) as the keystone 
of the whole construction. 


36. The Diophantine Equation 


8172. The Impossibility of the Diophantine Equation 
a! + 8B! +~ = 0 for a Regular Prime Number Exponent l 


Fermat advanced the conjecture that the equation 
a” +b" 4+c%=0 


is not solvable in nonzero rational integers a, b, c if m > 2. Although there 
were already remarkable isolated results about this Fermat equation before 
the time of Kummer (Abel (1), Cauchy (1, 2). Dirichlet (1, 2, 3), Lame 
(1, 2, 3), Lebesgue (1, 2, 3)) nevertheless Kummer, using the theory of ideals 
in regular cyclotomic fields, was the first to succeed in completely proving 
Fermat’s conjecture for a very extensive class of exponents m. The most 
important result obtained by Kummer is as follows. 


Theorem 168. Ifl is a regular prime number and a, 3, y are any integers 
of the cyclotomic field of the l-th roots of unity, all of them nonzero, then the 
equation 

a+ 6'+7'=0 (36.1) 


never holds (Kummer (1, 9, 11)). 


Proof. Let ¢ = e?"/! A = 1—¢, [= (A). We suppose, in contradiction to 
the assertion of the theorem, that the equation (36.1) does have a solution 
in integers a, 8, y of the field k(¢). We distinguish two cases: (1) in which 
none of the three integers a, 8, y is divisible by I, (2) in which at least one 
of them is divisible by I. 

(1) In the first case the values 3 and 5 for the exponent l are certainly 
excluded. To see this in the case where | = 3 suppose each of the three 
integers a, G, y = +1 (mod [) and consequently each of the three powers 
a3, 8°, Y = +1 (mod PP); from this it follows that the sum of these three 
powers would turn out to be congruent to +1 or +3 modulo [?, which is not 
consistent with equation (36.1). We reach a similar contradiction with | = 5 
if we notice that in this case each of the three integers a, 8, y = +1 or +2 
(mod I) and so each of the powers a°, 8°, 7° = +1 or +32 (mod IP). 
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So we consider the equation (36.1) where / > 7. If the equation holds for 
the three integers a, 8, y then obviously we also have (a*)!+(6*)'+(7*)! = 0 
if a*, 8*, y* are products of a, 8, y respectively by arbitrary /-th roots of 
unity. In consequence of this we may assume from now on that the three 
numbers a, ß, y satisfying (36.1) are semiprimary. We now write (36.1) in 
the form 

(a + Bla + CB)(a+ CB) (at cl) = =y. (36.2) 
If two of the factors on the left hand side, say a+ (“8 and a +c"*9g, have a 


is 


common factor this must also divide (Çf — 1)a and (1 — (2); since = 


a unit and [ does not divide y, this common factor must be a common factor 
of a and ß. Since each prime factor which divides only one of the factors 
on the left hand side of (36.2) must obviously (on account of this equation) 
occur to a power with exponent divisible by /, it follows that the / factors on 
the left hand side of (36.2) can be decomposed as follows: 


l 


a+8 = ta, 
a+lß = ila, 
a+ = ila, 
a+ gtg = ij-1%, 
where a is the greatest common (ideal) divisor of the numbers a and 8 and 
i, ii, a, ..., 4-1 are ideals in k(¢). Since in particular a + ¢'-18 is prime to I 
we can find an l-th root of unity (* such that ¢*(a + ¢'~!) is semiprimary. 
We set 
a B 


P= Gat Cig)’ 


wtp = (È) 


H+ = (= 


Then we have 


(36.3) 


i.e. we have 


E 

+ 

wx 

| 

bo 

DS 

| : 
* oo, 
: ‘le 
: |i 

wo 
AN San” ee” 


and in addition 
p+ Ooi p= (Cr). (36.4) 
If h is the number of ideal classes in k(¢) then we have on the other hand 


i i xh TERN. 
(Syn GE) et GY 
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and since h is prime to | it follows that 


From this we see, referring to Theorem 127 (p. 173), that the equations (36.3) 
can be put in the form 


u+co= (He, (u=0,1,2,...,1-2), (36.5) 


where the e, are certain rational integer exponents, the e, suitable real units 
of the cyclotomic field k(¢) and the a, are integers or fractions in k(C) with 
numerators and denominators prime to [. Since the /-th power of each number 
a, is congruent modulo [! to a certain rational number a, we deduce from 
(36.5) the congruences 


u+C*p=Ce,a, (mod!) (u=0,1,2,...,1-2). (36.6) 


To these congruences we apply the automorphism (¢ : ¢~'); denoting the 
images of u and p under this automorphism by p’ and p’ respectively we 
have 


p! +C" =C era, (mod l) (u=0,1,2,...,1-2). (36.7) 
From (36.6) and (36.7) we obtain 
p +p = Cpu +e (mod H) (u=0,1,2,...,1-2). (36.8) 


Setting u = m and p = r (mod [*) where m and r are rational integers we 
deduce from (36.8) that 


m+l"r = Cm +r (mod Ê) (36.9) 


and, from the general relation (? = 1 — gÀ (mod I?), (36.9) yields the con- 
gruence 
2e,(m+r)=?2ru (mod l). 


On the other hand we deduce from (36.4) that m +r = 1 (mod !) and hence 
we have 

€u =ru (mod!) (u=0,1,2,...,/—2). 
If we take the congruences (36.8) for u = 0, 1, 2, 3 and use the relations we 
have just established then, by eliminating the numbers u, p, p’, p', we obtain 


1 1 1 1 

1 ar 2r~-1 

1 È Cay (Črna =0 (mod ('), 
| 1 ¢3 (¢?r)3 (¢?7—1)8 


i.e. 
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1-JA-MNA-TIC- CP) eTEN? — C771) = 0 (mod). 


(36.10) 
We claim that none of the factors on the left hand side is 0. For otherwise 
we would have to have r = Oorr=lorr= 3 modulo l. If we had 


r = 0 (mod l) then 8 would be congruent to 0 modulo [; if we had r = 1 
(mod !) it would follow that 8 = a+ 8 or a = 0 (mod J); in both cases we 
have a contradiction to our current hypothesis about the numbers a, 8, y. If 
we had r = 4 (mod l) we would have p = 3 (mod J), i.e. 26 =a+f ora= 
(mod [). Since, however, a, 8, y appear symmetrically in the equation (36.1) 
the same argument would lead to the conclusion that a = y (mod [); then 
we would have a! + 6! + y! = 3a = 0 (mod 1), hence a = 0 (mod 1), which 
contradicts our assumption about a, 8, y. Thus each factor on the left hand 
side of the congruence is divisible by I but not by (*. Hence, when we recall 
our assumption that ! > 7, we see that the congruence (36.10) is impossible. 

(2) We now suppose, secondly, that in the equation (36.1) one of the three 
numbers - say y - is divisible by I; suppose further that [ divides + to the 
m-th power precisely. Then, if we replace y by A”6, where 6 is an integer of 
k(¢) prime to [, the equation (36.1) takes the form 


a! + pi = ering: (36.11) 


with e = —1. We shall now show that in general no equation of the form 
(36.11) can hold if a, 8, 6 are integers prime to [ and e is any unit of the 
cyclotomic field k(¢). To this end we suppose again that the numbers œ and 
ß are semiprimary and bear in mind that a’ and 8! are congruent modulo 
(‘+1 to rational integers; hence, by (36.11), ¢d!5! is also congruent modulo 
(‘+1 to a rational integer. It follows that we must have m > 1. Furthermore 
we see, by an argument similar to that in the previous case and recalling that 
a+ 8 is semiprimary, that we have the following equations: 


a+8 = Am- Dila, 
at+¢B = Aija, (36.12) 
a+ titg = Mija, 
where i, i1, ..., {4—1 and a are ideals of k(¢) prime to C. If, in particular, ! = 3, 


then the class number of the field k(¢) is equal to 1 and so every ideal of k(¢) 
is a principal ideal. In this case we set a = (x), where « is an integer of k(¢), 
and write 

Q p 


HER PER 
The equations (36.12) are transformed into 


utp = Am- I+ l 


u+cp = di, (36.13) 


+p = Aid. 
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In the case where l > 3 we form the numbers 


_ aX E BX 
are Far lg 
these can also be written as fractions with numerators and denominators 


prime to I. From the first three and the last of equations (36.12) we obtain 
the equations 


H 


_ i \! 
ym v+1(—) 


utp 
Y-ı 


ut Cp 


> = X). 
B+ Cp eo) 


I 
>- 
ATN 
œ 
“ = 
J= 
a 


(36.14) 


As in case (1) above we conclude from these equations that we have again 


and in consequence we can write the equations (36.14) in the form 


er im DHL ey! 
TT 


pt+p - 
prep = D (36.15) 
VY 
2, _ AB 
B+P = —; 


where v, a*, 6*, y* are integers prime to [ and e and e* are units in k(C). 
According to (36.13) we have a set of equations like (36.15) also when / = 3. 
By eliminating u and p we obtain, both for / = 3 and / > 3, an equation of 
the form 

(ar)! + ler)! = AD ay (36.16) 
ar and n* = or: are units in k(C). Since (a*)! and 
(8*)' are congruent modulo l! to rational integers and, as we proved earlier, 
m > 1, it follows from this equation (36.16) that 7 must also be congruent 
modulo I! to a rational integer and hence, by Theorem 156 (p. 265), n is 
the i-th power of a unit in k(¢). Now in equation (36.16) write 9*nV! in 
place of @*; this gives an equation of the same form as (36.11) except that 
the exponent m is reduced by 1. Repeated application of this procedure to 
equation (36.16) leads eventually to an equation of the form (36.11) with 
m = 1 and hence to a contradiction. 

This completes the proof of Theorem 168. 


where 7 = — 
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8173. Further Investigations on the Impossibility of the 
Diophantine Equation a! + B! + y! =0 


Kummer has proved, in addition to the above results, that the equation 
a! + B! + y! = 0 is not solvable in integers a, 3, y of the cyclotomic fields of 
the /-th roots of unity in the case where / is a prime number which divides 
the class number h of k(e?7*/') to the first but not to any higher power and, 
in addition, the units satisfy certain conditions (Kummer (16)). Referring to 
the remark on p. 264 we see that this shows in particular that the Fermat 
conjecture is established for all exponents m not exceeding 100. The problem 
of proving that the Fermat conjecture is true in general still awaits a solution. 

It still remains to study the equation a” + 3” +” = 0 for the case 
where the exponent m is a power of 2. It is of course well known that the 
equation a? +5? = c? has infinitely many solutions in rational integers. We 
have in addition the following result. 


Theorem 169. If a, 8, y are nonzero integers of the quadratic field 
generated by i = /—1, then the equation 


at +p y (36.17) 
never holds. 


Proof. Let us suppose, to the contrary, that there exist three integers a, 
3, y which satisfy this equation. Set A\=1+i and I = (A). First we see easily 
that one of the numbers a, 8 must be divisible by A. Suppose, to the contrary, 
that œ and @ are both prime to A and recall that an integer of k(t) which 
is prime to A is congruent to 1 or i modulo FP; its square is thus congruent 
to +1 modulo [f and its fourth power is congruent to 1 modulo 1, So if a 
and 3 are both prime to \ we have at + 64 = 2 (mod I). Hence y must be 
divisible by [ but by no higher power of I, If accordingly we set y = A+ A77, 
where 7’ is again an integer of k(i), then we find y? = 2i (mod [*) and hence 
y? # at + 64 (mod [*), which is a contradiction. The case in which both 
numbers a and 8 are divisible by I can obviously be excluded at once since 
then y would be divisible by I? and so the power A? may be cancelled from 
both sides of the equation (36.17). 

Thus there remains only the possibility that one of the numbers a, 8 - 
say a - is divisible by | while 8 and y are prime to I. Accordingly we set 
a = A™a* where a* is a number prime to [ and turn our attention to the 


more general equation 
Bt - 7? = er" (a*)* (36.18) 


where e is any unit in k(i). From this equation (36.18) we derive (replacing 
y by —y if need be) two equations of the form 
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B? +y = nà? (ant 
B- y = DP 


where 7 and 3 are units and a’ and 5’ are integers of k(i) prime to I. Adding 
the equations (36.19) and dividing the result by VA? we obtain an equation 


(p’)4 _ 0B? — nA- a) (36.20) 


(36.19) 


where d and 7’ are units of k(i). This equation certainly cannot hold if 
m = 1 since the numbers 9’, W, 8, n and o’ are all congruent to 1 modulo 
(. Thus we must have m > 1. In this case, however, it follows from our equa- 
tion (36.20) considered as a congruence modulo I? that # = 1 (mod I?) and 
hence 9 = +1, If now we set 8 = 7’ or 8 = ty’ according as ¥ = +1 or —1 
then the equation (36.19) takes the form of (36.17) except that m is reduced 
by 1. Appropriate repetition of this procedure leads to a contradiction. 


From the Fermat theorem for the case | = 3 we can immediately deduce 
that there is no cubic equation with rational coefficients whose discriminant 
is 1 other than 

ge —at 4 = 0 


and those derived from them by transformations x = zc’ + a where a is a 
rational number (Kronecker (8)). 

According to Hurwitz the general Fermat statement is equivalent to the 
assertion that the expression Y1 —2™, where x is a positive proper fraction 
and m is a rational integer exponent greater than 2, is always irrational. 
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